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TO THE 

READER. 


V> 


O any Thing in Prdife of the 
enfuing Treat if e t were an At¬ 
tempt as needlefs and imperti¬ 
nent , as to write a Panegyrick 
on its Author. *Tis enough that the Sub- 
jeft it Algebra ; and that it was written by 
Sir Ifaac Newton : Thofe who know any 
Thing of the Sciences , need not to be told 
the Value of the former•, nor thofe who 
have heard any Thing of Pbilofophy and 
Mathematicksy to be inftrutted in the Praifes 
of the latter. If any Thing could add to 
the Efieem every Body has for the Analyticfc 
Art , it mufl be, that Sir Ifaac has conde¬ 
scended to handle it ; nor could any Thing 
add to the Opinion the World has of that 
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ii To the R E A D E R. 

iQuflrious Author's Merit, but that he has 
written with [o much Succefs on that won - 
derful Subjeft. ; 

< I 

'Tit true, we' have already a great many 
Books of Algebra, and one might even fur * 
nifh a moderate Library purely with Authors 
on that .Subjett : But as no Body-will ima¬ 
gine that Sir Ifaac would have i taken the 
Pains to combofe a new one, v had he not 
found all the old ones defective ; fo, it will 
be eafily allow'd , that none was ynore ablfr 
than he, either to difcoyer the Errors and ; 
Defeats in other Books , or to fupply and 
rtftify them in his own . 

' The Book was originally writ for the 
private JJJe of the Gentlemen' of Cambridge, 
and was deliver'd in Lectures, at the pub - 
lick Schools, by the Author, then Lucalian 
Profejfor in that Univerfty. Thus, not be -' 
ing immediately intended for the Prefs, the 
Author had not profecuted his Subjett fofar 
as might otherwife have been expected ; nor 
indeed did he ever find Leifure to ' bring his 
Work to a Conclufion : So thatit ' mufl be^ 
obferv'd, that all the ConflruBions, both - 
Geometrical and Mechanical, - which occur 

towards 
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the R E A D ER. 

towards the. End of the Rook, do only fervt 
for finding-the fir ft two or three Figures of 
Roots j' the Author having here only given 
w the Conflruttion of Cubick AEquations , 
‘tho he had a Defign to have added, a ge- ■ 
neral Methbd of con (hutting Biquadratick 9 
and Other- higher Powers, and to have par- 
Ocularly fi.dswn in what' Manner the other 
Figures of Roots were to be extracted. In 
this UnfinifiAd -State it continu'd till the Tear 
1707, when'■ Mr. \Yhifton, '• the Authors 
Succcjfdr in tht- Lucafian Chair, confidering 
that it wUs b&t '[mail in Bulk; and yet am¬ 
ple in Matter, ' not tdo rtiuch crowded with 
Rules and 'Precepts, and yet well furnijh'd 
with choice' Examples, (ferving trot only 
as Praxes on the. Rules, but as Inftances of 
the great Ufefulnefs of the Art itfelf; and, 
in fhort , every Way qualifyd to condutt the 
young Student from his firfi fetting out on 
this Studyf thought it Pity fo noble and 
ufeful a Work Jhould be doom'd to a College- 
Confinement, and obtain'd Leave to make 
it Publicki And in order to fupply what 
the Author' had left undone, fubjoyn'd the 
General and truly Noble Method of extract¬ 
ing the Roots of /Equations, publijVd by 

Dr. 
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w To the READER. 

Dr. Halley in the Philofophical Tranfa£li- 
<SK, having firft procur’d both thofe Gentle • 
men’s Leave for bis fo doing. 

As to the publifbing a Tranjlation of this 
Book, the Editor is of Opinion, that ’tis 
enough to excufe his Undertaking, that fuch 
Great Men were concern d in the Original^ 
and is perjwaded, that the fame Reafott 
which engag’d Sir Ifaac to write, and Mr, 
Whiftoo to publijh the Latin Edition , will 
hear him out in publifbing this Englilh one : 
Nor will the Reader require any farther i> 
vidence, that the Tranjlator has done Juflice 
to the Original, after l have ajfur’d him, 
that Mr, Raphfon and Mr. Gunn were 
hath concern’d in this Tranjlation. 
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OR, A 


TREATISE 


O P 


Arithmetical Composition 
and Resolution. 



|OMPtJTATION is either perform’d by 
Numbers, as in Vulgar Arithmetick, or by 
| Species, as ufual among Algebraifts.They are. 
both built on the fame Foundations, and aim 
at the fame End, Arithmetick Definite¬ 
ly and Particularly, Algebra Indefinitely and 
Univerfally; fo that almoft all ExprelEon* 
that are found out by this Computation, and particularly Con* 
clufions, may be call'd Theorems. But Algebra is particularly 
excellent in this, that whereas in Aritfmetick Queflions are 
only refolv’d by proceeding from given Quantities to the 
Quantities fought, Algebra proceeds, in a retrograde Order, 
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from the. Quantities fought as if they were given^ totfe 
Quantities gi 'en as if they were fought, to the End that we 
. may fome Way or other come to a Condufion or ^Equation* 
from which one may bring out the Quantity fought. And 
after this Way the mod difficult Problems are refolv’d, the 
Refolutions whereof would be fought in vain from only com¬ 
mon Arithmetick. Yet Arithmeiick in all its Operations is 
fo fublervient to Algebra, as that tliey feem both but to make 
one perfed Science of Computing; and therefore I will explain 
them both together. 

Whoever goes upon this Science, muft firft uhderftancF the 
Signification of the Terms and Notes, [or Signs] and learn 
the fundamental Operations, viz,. Addition, Subftrattion, Mul¬ 
tiplication , and Divifhn ; Extraction of Roots, Reduction of Fra- 
llions , and Radical Quantities; and the Ale:hods of ordering the 
Terms of tAEquations, and exterminating the unknown Quanti - 
ties , (where tney are more tlpn one). Then let [the LearnerJ 
proceed to exercife [or put in Pra&ice] thefe Operations, by 
bringing Problems to ^Equations ; and, laftly, let him [learn 
or] contemplate the Nature and Refolution of ^Equations. 

Of the Signification of fome Words and Notes* 

By Number we underftand not fo much a Multitude of U- 
nities, as the abftra£ied Ratio of any Quantity, to another 
Quantity of the fame Kind, which we take for Unity. 

[Number] is threefold; integer, framed, and furd, to which 
lad Unity is incomnienfurable. Every one underftands the 
Notes of whole Numbers, (o, i, 2, 3, 4, 6, 7,8, p) and the 

Values of thofe Notes when more than one are fee together. But 
as Numbers plac’d on the left Hand, next before Unity, denote 
Tens of Units, in the fecond Place Hundreds, in the third 
Place Thoufands, &c 9 fo Numbers fet in the firft Place aftejr 
Unity, denote tenth Parts of an Unit, in the fecond Place 
hundredth Parts, in the third thoufandth Parts, &c . and theft 
are call’d Decimal FraElions , becaufe they always decreafe in a 
Decimal Ratio 5 and to diftinguifh the Integers from the Deci¬ 
mals, we place a Comma, or a Point, or a feparating Line : 
Thus the Number 732 L$ 6 p denotes feven hundred thirty two 
Units, together with five tenth Parts, fix centefimaL or 
hundredth Parts, and nine millefimal, or thoufandth Parts 
of Unity. Which arc alfo written thus 732 , L^ 6 p ; or 
thus, 732.^69 ; or alfo thus, 732 L569, and fo the Number 
571C4 2C^3 fifty feven thouDml one hundred and fourUnits, 

together 
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together with two tenth Parts, eight thoufandth Parts, and 
three tqn thoufandth Parts of Unity ; and the Number 0,064 
denotes fix centefimals and four millesimal Parts. The Notes 
of Surds and framed Numbers are fet down in the follow¬ 
ing [Pages]. r 

When the Quantity of any Thing is unknown, or look’d 
UjppQ as indeterminate, fo that we can’t exprefs it in Numbersj 
we denote it by fame Species , or by fame Letter. And if we 
confide* known Quantities as indeterminate, we denote them, 
for Diitin&ion fake, with the initial [or former] Letters of the 
Alphabet, as 4, b , c y d 9 8 cc. and the unknown ones by the fi¬ 
nal ones, z> y y, x , 8 cc, Some fubflitute Confonants or great 
Letters for known Quantities, and Vowels or little Letters fox 
the unknown ones. 

Quantities are either Affirmative, or greater than nothing • 
or Negative, or lefs than nothing. Thus in humane Affairs, 
Pofleffioiis or Stock may be call’d affirmative Goods, and Debts 
negative ones. And fo in local Motion, Progrefiion may be 
call’d affirmative Motion, and Regreflion negative Motion ; 
becaufe the firft augments,and the other diminifhes [the Length 
of] the Way made. And after the fame Manner in Geome¬ 
try, if a Line drawn any certain Way be reckon’d for Affir¬ 
mative, then a Line drawn the contrary Way may be taken 
for Negative : As if A B be drawn to the right, and B C to 
the left ; aijd AB be reckon’d Affirmative, then B C will be 
Negative $ becapfe fo the drawing it diminilhes AB 9 and re¬ 
duces it either to a faorter, as A C, or to none; if C chances 
to fall upon the Point A , or to a lefs than none, if B C be 
longer than 4 B from which it is taken [vide Fig. 1.] A 
negative Quantity is denoted by the Sign — ; the Sign -f- is 
prefix’d to an affirmative one ; and ip denotes an uncertain 
Sfon, and Hr a contrary uncertain one. 

In an Aggregate of Quantities the Note + fignifies, that 
the Quantity it is prefix’d to, is to be added, and the Note —, 
that it is to be fubtra&ed. And we ufually exprefs thefe 
Notes by the Words Plus C°* mart) and. Minus (or iels'). 
Thus 2+3, pr 2 more 3, denotes the Suni of the Numbers 
2 and 3, that is 5. And 5—3, or 5 lefs 3, denotes the Dif¬ 
ference which arifes by fubdufting 3 from 5, that is 2: 
And—5-f 3 fignifies the Difference which arifes from fubduft- 
ing <5 from 3, that is 2; and 6 —1+3 makes 8. Alfa a\b 
denotes the bum of the Quantities a and b 9 and a — b the Dif¬ 
ference which arifes by fubdufling b from a ; and 4— b^c fig¬ 
nifies th$ Sum of that Difference, and of the Quantity c. 
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Suppofe if 4 be 5, b 2 , and c 8 , then 4 +t wiD be y, and 
41—t 3, and 4—fc+c will be 11. Alfo 24 + 3 * is { 4 , and 
3ft— 24 —i+34 is 26+4 ; for jfc—i makes 2&, and —>14+34 
makes $4, whofe Aggregate, or Sum, is ifc+2 4 , and fo in o- 
thers. Thefe Notes + and — are called Signs. And when, 
neither is prefix’d, the Sign + is always to be qnderflood # 
Multiplication, properly fo call’d, is that which is made by 
Integers, as feeking a new Quantity, fo many times greater 
than the Multiplicand, as the Multiplyer is greater than Uni¬ 
ty ; but for want of a better Word Multiplication is alfo made 
Ufe of in Fra&ions and Surds, to find a new Quantity in the 
fame Ratio (whatever it be) to the Multiplicand, as theMul- 
* tiplier has to Unity. Nor is Multiplication m&de only by 
abflrdEl Numbers, but alfo by concrete Quantities, as by Lines, 
Surfaces, Local Motion, Weights, &c. as far as thefe may 
be conceiv’d to exp refs [or involve] the fame Ratio’s to fome 
other known Quantity of the fame Kind, efteem’d as Unity, 
as Numbers do among themfelves. As if the Quantity A be 
to be multiply’d by a Lipe of 12 Foot, fuppofing a Line of 
2 Foot to be Unity, there will be produc'd by that Multiple 
cation 6 A y or fix times A in the fame manner as if ^ were 
tol>e multiply’d by the abftraft Number 6 ; for 6 Ai*w the 
fame reafon to A, as a Line of 12 Foot has to a Line of 2 Foot* 
And fo if you were to multiply any two Lines, A C and A £>, 
by one another, take A B for Unity, and draw B C, and pa¬ 
rallel to it DE, and AE will be the ProduQ of this Multi¬ 
plication ; becaufe it is to AD as AC y to Unity A B y [vide 
Fig • 2.] Moreover, Cuftom has obtain’d, that theGenefis or 
Defcription of a Surface, by a Line lAoving at right Angles 
upon another Line, fhopld be called the Multiplication of 
thofe two Lines. For thef a Line, however multiply’d, can¬ 
not become a Surface, and conftquently this Generation of a 
Surface by Lines is very different from Multiplication, yet they 
agree in this, that theNumber of Unities in either Line, mul¬ 
tiply’d by the Number of Unities in the other, produces an 
ahflracied Number of Unities in the Surface comprehended 
under thofe Lines, if the fuperficial Unity be defin’d as it ufed 
to be, viz a Square whofe Sides are linear Unities. As if 
the right line AB confift of four Unities, and AC of three, 
then the Refhngle AD will confift of four times three, or 
12 fquare Unities, as from the Scheme will appear, [vide 
Fig . 3 ] And there is the like Analogy of a Solid and a Pro- 
due* made by the continual Multiplication of three Quanti¬ 
ties. And lienee it is, that the Words to multiply into, th$ 

Content, 
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Content, a Reftangle, a Square, a Gefe, a Dimenfkn, a Side, 
and the like, which are Geometrical Terms, an made Ufe or 
in Arithmetical Operations. For by a Sqtutrt,' or RetlangU, 
or a Quantity of two Dimenfions, we do not always under¬ 
hand a Surface, but moft commonly a Quantity of fome other 
Kind, which is produc’d by the Multiplication of two other 
Quantities, and very often a Line which is produc’d by the 
Multiplication of two other Lines, And fo we call a Cube, 
or ParAlelopiped, or a Quantity of three Dimenfiont, that which 
is produc’d by two Multiplications. We fay likewife the Side 
for a Root, and ufe Dueert in Latin inftead of Multiply; and 
fo in others. 

A Number prefix'd before any Species, denotes that Species 
to be fo often to be taken ; thus 24 denotes two as, %b three 
b’s, i^x fifteen *’s. Two or more Species, immediately con- 
neaed together without any Signs, denote a Produfl or Quan¬ 
tity made by the Multiplication of all the Letters together. 
Thus ab denotes a Quantity made by multiplying a by b, and 
Ax denotes a Quantity made by multiplying a by b, and the 
Froduft again by x. Asfuppofe, if a were 2, and b 3, and 
x 4, then db would be 6 , and Ax 30. Among Quantities 
multiplying one another, take Notice, that the Sign x, or 
the Word by or bits, is made Ufe of to denote tne Produ& 
fometimes ; thus 3X S» or 3 b y or int0 5 denotes 15 ; but the 
chief Ufe of thefe Notes is, when compound Quantities are 
multiply’d together ; as it y—ib were to multiply j+b; the 
Way is to draw, a Line over each Quantity, and then write 

them thus, y — 2b into l-\-b, or y*—2 b X y+b* 

Divifion is properly that which is made Ufe of for integer 
or whole Numbers, in finding a new Quantity fo much left 
than the Dividend, as Unity is than the Divilbr. But be- 
caufe of the Analogy, the Word may alfo be ufed when a 
new Quantity is fought, that Hull be in any fuch Ratio to the 
Dividend, as Unity has to the Divifor, whether that Divi- 
for be a Frafiion or furd Number, or other Quantity of a- 
nJr other Kind. Thus to divide the Line AE by the Line 
AC, AB being Unity, you are to draw ED parallel to CB, 
and A D will be the Quotient, [vide Fig, 4.} Moreover, it 
is call'd Divifion, by reafon of the Similitude [it carries with 
it] when a Re&angle is divided by a given Line as a Bafe, 
in order thereby to know the Height. 

One Quantity below another, with a Line interposed, de- 
nptes a Quotient, or a Quantity arifing by {lie Divifion of 
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the upper Quantity by the lower. Thus 4 denote? a Quan? 
tity ariling by dividing 6 by 2, that is 3 j and f a Quantity 
atifing by the' Divifion of 5 by 8, that is one eighth Part of 

the Number 5. And ~ denote? a Quantity yrhich arifes by 

dividing 4 by b ; as fupppfe 4 was ?nd b 3, then — would 

denote 5. Likewife thus —denotes a Quantity asifjng 

by dividing ab—bb by a-\-x ; and fo in others. 

Theft Sort? of Qpaotjtie? a# called FrtQiotfs, a^d the up¬ 
per Part is call'd by the Name of the Numerator, and the 
lower is call’d the Denominator. 

Sometimes the Divifor is fet before the divided Quantity' 
[or Dividend] and ftparated from it by [a Mark refemMing j 
an Arch of a Circle. Thus to denote the Quantity which av 

rifes by the Divifion of by a—b, we write it thus, 
„ 4 * X 4 T b 


Altho' we commonly denote Multiplication by the imme¬ 
diate Conjunflion of the Quantities, yet an Integer, [fet] be¬ 
fore a Fraction, denote? the Sum of both ; thus 3 f denotes 
three and a half. 

If a Quantity be multiply’d by it felf^ the Number of 
Tafts or Products is, for Shojrtneft fake, fet at the Top of the 
Letter. Thus for aaa we write 4 3 , for aaaa a\ for 44444 4 f , 
and for aaabb we write a}bb, or a'b z •. as, fuppofe if 4 were 
5 and b be 2, then 4 3 will be 5 X«JX 5 or 125, and 4 * will be 
or 625, and 4 5 i* will be‘^X'5X5X2X2 or 500* 
Where Note, that if a Number be written immediately be¬ 
tween two Species, it always belongs to the former ; thus the 
Number 3 in the Quantity a’bb, does not denote that bb is to 
be taken thrice, but that 4 is to be thrice mdtiply’d by it felf. 
Note, moreover, that thefe Quantities are faid to be of fo 
many Di mentions, or of fo high a Power or Dignity, as they 
confift of Factors or Quantities multiplying one another ; and 
the Number fet [on forwards] at the top [of the Letter] is 
called the Index of thofe Powers or Dimenfions ; thus aa is 
[a Quantity] of two Dimenfions, or of the 2d Power, and. 
4 3 of three, as the Number 3 at the top denotes, aa is alfo 
call’d a Square, 4 1 a Cube, 4 4 a [Biquadrate, or] fquared Square, 
4 5 a Quadrato-Cube , 4* a Cubo-Cube, a 1 a Quadrato-Quadratt- 
Cube , [or Squared-Squared Cube ] and fo on, N. B. Sir lf«c : 
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ids net here taien any Notice of the mere modern Win of exptef- 
fing thefe Potters, by calling the Root, or a, the firjf [or fimple ] 
Potter, o? the feCond Potter, a 1 the third Potter , &c.. And the 
Quantity a, by whofe Multiplication by it felf thefe Powers 
die generated, is called their Root, viz* it is the Square Root, 
of the Square aa, the Chbe Root of the Cube ana, Sec. Bat 
when a Root, multiply'd by it felf, produces a Square, and that 
Square, multiply’d again by the Root, produces a Cube, 0 V. it 
will be (by the Definition of Multiplication) as Unity to the 
Root; to that Root to the Square, and that Square to the 
Cube. &c. and confequently the Square Root of any Quanti> 
ty,will be a mean Proportional between Unity and that Quan¬ 
tity, and the Cube Root the firft of two mean Proportionals, 
and the Biquadratic!! Root the firft of three, and lo on. Where¬ 
fore Roots have thefe two Properties or Affeflions, flrft, that 
by multiplying themfelves they produce the fuperior Powers ; 
jdly, that they are mean Proportionals between thofe Powers 
and Unity. Thus, 8 is the Square Root of the Number 64, 
and 4 the Cube Root of it, is hence evident, becaufe 8x8, 
and 4X4X4 make 64, or becaufe as 1 to 8, fo is 8 -to 64, 
and 1 is to 4 as 4 to 16, and as 1 6 to 64 ; and hence, if the 
Square Root of any Line, as AB, is.to be extracted, produce 
it to C, and let BC be Unity; then upon A C defcribe a Semi¬ 
circle, and at B Cre£l a Perpendicular, occurring to [or meet¬ 
ing] the Circle in D; then will BD be the Root; becaule it 
is a mean Proportional between AB and Unity B C, [vide 
Fig. $.} 

To denote the Root of any Quantity, we ufe to prefix this 
Note V for a Square Root, and this V 3 if it be a Cube Root, 
and tliis V4 for a Biquadratick Root, &c. Thus V64 de¬ 
notes 8, and V3:64 denotes 4; and Van denotes a 5 and Vax 
denotes the Square Root of ax; and V q:q.axx the Cube Root 
of 4.4XX: As if 4 be 5 and x 12 ; then Vax will be Y$6, or 
6 i and V\.\axx will be Vyij2%, or 12. And when thefe 
Roots can’t be [exaQly] found, or extra&cd, the Quantities 
are call d Surds, as Vax ; or 'Surd Numbers, as V 12. 

There are fame, that to denote the Square or full Power, 
make Ufe of q, and of c for the Cube, qq for the Biquadrate, 
and qc for the Quadrato-Cube, &c. After this Manner for 
the Square, Cube, and Biqpadrate of A, they write Aq, Ac, 
Aqq, &c. and for the Cube Root of abb—x\ they write 
Vctabb — x*. Others make Ufe of other So^ts of Notes, but 
they are now almofi out of Faihion. 

The 
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"fhe Mark [or the Sign] e= fignifies, that the Quantities on 
each Side of it are equal. Thus x=b denotes x to be equal 
tot. ' 

The Note :: fignifies that the Quantities on both Sides of 
It are Proportional* Thus a.b :: e.d fignifies, that 4 is to b 
[in the fame Proportion] as c to d j and «.b.t :: c.d.if fig- 
nifies that 4, b, and e, are to one another refpeflively, as c, d, 
and f, are among themfelves; or that 4 to c, b to d, and t tt> /, 
are in the fame Ratio. Laflfy, the Interpretation of any 
Marks or Signs that may be compounded out of thefe, will 
eafily be known by the Analogy [they bear to thefe]* Thus 

% 4 ‘bb denotes three quartets of Jbb, and 3 — fignifies thrice 
M ’ A C 

—, and 7 Yax feven times Vtx. Alfo -7 * denotes the Pro- 

C £ ^ v 

duft of * by — 5 and J denotes the Produfl mad<» by 

multiplying x? by ■ , that is the Quotient arifing by the 


T" 1 24* • 

'Divifion of <,ee by 44+gf j and ~y*x y that which is 
made by multiplying V 4 *byJ^-, and the Quotient a- 
rifing by the Divifion of yYax by e; and the 

24+p'c* 

Quotient arifing by the Divifion of 84VC* by the Sum of the 

_ . . ,} — . , z«xx—x J 

Quantities la+Ycx- And thus — denotes the Qu<h 

tient arifing by the Di vifion of t he Difference 3 axx—x* by 

the Sum 4+*, and denotes the Root of that 

4+a: 

Quotient, & 24+3 ^***^** denotes the Produft of the 

M ultiplica tion of that Root by the Sum 24+31;. Thus alfo 
y r ^aa-\-bb denotes the Root of the Sum of the Quan¬ 
tities ^ 44 and bb, and i/ i TTvr** = TTT j , 

r k A -T' \aa-\-bb denotes the Root 

of the Su m of the Qu antities | 4 and t / ^aa-\-bb, and 
-—-—j/^a*^-/^aA-\-bb denotes that Root multiply’d by 

24 5 


44 —X* 


•, and fo in other Cafes, 
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But note, that in Complex Quantities of this Na¬ 
ture, there is no Neceffity of giving a particular Attention 
to, or bearing in yout Mind the ‘ignifi ation of each 
letter , it will fuffice in general to underftand, e. g. that 

2 ^fignifies the Root of the Aggregate [or 

Sum] of f ^44-1 -kb, whatever that Aggregate may 

fiance to be, when Numbers or Lines are fulftituteJ in the 
Boom of Letters. And thus [it is as fufficient to understand] 


that 


fignifies the Quotient arifing by 


the Divifion of the Quantity *+/k**+bb by the 

Quantity * —* i/*b y as much as if thofe Quantities were 
fimple and known, though at prefent one may be igno¬ 
rant what they are, and not give any particular Attention 
to the Constitution or Signification of each of their Pam. 
Which I thought I ought here [to infinuate or] adtaonilh, 
leaft young Beginners fhould be frighted [or deterred] in the 
Wy Beginning, by the Complexnds of the Terms. 


Of Addition. 

'T'HE Addition of Numbers, where they are not com- 

* pounded, is [eafy and] manifeft of it felf. Thus it is 
at firfl Sight evident, that 7 and 9, or 7+9, make 16, and 

* 1 +15 make 26. But in [longer or] more compounded 
Numbers, the Bufinefs is perform’d by writing the Numbers 
in a Row downwards, or one under another, and fingly col- 
lifting the Sums of the [refpeftive] Columns. As if the 
Numbers 1357 and-172 are to teadded, wnte either of 
them, (fuppofe) 172 under the other 1357, fc that the li¬ 
nks of the one, viz,. 2, may exaftly Hand under 

the Units of the other, viz* 7, and the other Num¬ 
bers of the one exactly under the correfpondent 
ones of the other, -viz,, the Place of Tens under 
Tens, viz,. 7 under 5, and that of Hundreds, viz,, j , 1529 

under the Place of Hundreds of the other, viz,. 3. 

Then beginning at the right Hand, fay, 2 and 7 make 9, 
which wrke.underneath ; alfo 7 and 5 make t2; the laft of 
which two Numbers, viz,. 2, write underneath, and referve 
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in your Mind the other, viz. i, to be added to the twk next 
Numbers, viz,, i and 3 ; then fay 1 and 1 make 2, which 
being added to 3 they tnake *5, which write underneath, and 
there will remain only 1, the firft Figure of the upper Row 
of Numbers, which alfo mull be writ underneath • and then 
you have the whole Sum, viz* 1529. 

Thus, to add the Numbers 87899+13403+835+1920 
into one Sum, write them . one under another, fo that all 
the Units may make one Column, the Tens another, the 
Hundredths a third, and the Places of Thoufands a fourth, 
and fo on. Then fay, 5 and 3 make 8, and 8+9 make 
17 ; then write 7 underneath, and* the 1 add to the next 
Rank, faying 1 and 8 make p, 9 + 2 make 11, and 11+9 
makes 20 5 and having writ the o underneath, 
fay again.as before, # 2 and 8 makes 10, and 10 87800 

+.p make 19, and 19 + 4 make ,23, and 23 A 402 
+ 8 make 31 ; then referving 3 [in your Memo- j J ' 
ry] write down 1 as before, and fay again, 3 gg 

+ 1 make 4, 4 + 3 make 7, and 7 + 7 make —- 1 

14, wherefore write underneath 4, and laftly fay,t 114107 
1 + 2 make 3, and 3+8 make n, which in 
the laft Place write d( 5 wn, and you will have the Sum 
of them all. 

After the fame Manner we alfo add Decimals, as in the 
following Example may be feen : 

630,95? 

51,0807 
P 8 7,3037 

Addition is perform'd in Algebraick Terms, [or Species] 
by confiding the Quantities to be added with their proper 
Signs ; and ^noreover, by uniting into one Sum thofe that can 
be fo united. Thus 4'and b make a + b; a and — h make 
a — b ; — 4 and — b make —a — 74 and pa, make 
74 + 94 ; — aV*c and b^ac make —aVac +bYac 9 

or bVac — as/ ac ; for it is all one, in what Order fo- 
ever they are written. 

Affirmative Quantities which agree in [are of the fame Sort 
of} Species, are united together, by adding the prefix’d Num¬ 
bers that are multiply’d into thofe Species. Thus 74+94 

make 164. And nbc-^i^lc make 2 6bc. Alfo 3 
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-H - make 8 - j and 2 ^ac-\“jf^ac make • and 

6 'Vab — xx 4" 7 Vab — xx make i%\/ab — xx» 
And in like manner, 6 V 3 4- 7V 3 mike 13 V 3. More. 

over, ay ac -|- bY»c make a 4- b Vac, by adding toge- 
gether a and b as Numbers multiplying Vac. And fo 

+ htSSS », ke 

. _ *_Z*_ 

- - ~f 3 *** x* becaufe Za and 34 make 

a x 

5 a + 3 c ' 

AffirmativeFraflions, that have the fame Denominator’ 
are united [or added together] by adding their Numera¬ 
tors. Thus f 4- f make f, and 


and thus - — - 4. 


4. 3£5 make %** 

b ^ b maJce r 

,74V “ make 


2 4 4 - Vex ’ 


24 4- W* ' 24 4 - - Vex 

and " 4- — make • 

f p ; r ’ c 

Negative Quantities axe added after the fame Way as Affir¬ 
mative. Thus — 2 8 c — 3 make — 5 ; — 4 *-&. 


n^ake — —~ ~ J •— a Ya x and — b Y a x make — a —b Yax. 
b 

But when a Negative Quantity is to be added to an Affir¬ 
mative onej the Affirmative muft be diminiih'd by a Nega¬ 
tive one. Thus, 3 and .— £ make 1 ; 


1 r ax 




make 


7 ax 


; — aY ac aild bY ac make b— aY ac. And 

V 

note, that when the Negative Quantity is greater than the 
Affirmative, (he Aggregate for Sum] will be Negative. Thus 

2 and —- 3 make —1; —1L— and —— make — 

u b b 

and 2 Y ac and —>7^ ac mike— ^Vac. * 

.In the Addition of a greater Number of Quickies, or 
(nqre compounded ones, it wih be convenient toobferve. 

C 2 the 
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the [Method or] Form of Operation we have laid down 
above in the Addition of Numbers* As if 174* — 144 
3, and 44 -F 2 — 84 AT, and 7 4 — 94*, were to be 
added together, difpofe them fo in Columns, that the Terms 
that contain the fame Species may ftand in a Row one un¬ 
der another, vim. the Numbers 3 and 2 in one Column, 
the Species — 144, and 44, and 74, 
_ ' , in another Column, and the Species 

ll/xXhtl ' 7 **' and — 84*. and - 9 4 * 

— 4^+ 4 4 ilia tMrd 5 then 1 “ d thC T ? m ? 

—--—— 2 - each Column by themfelves, faying, 

^ 3 a - "V" 5 2 and 3 make 5, which 1 write un¬ 

derneath, then 7 4 and 4 4 make 114, 
and moreover —144 make-*— 34, which 1 alfo write under¬ 
neath; laftly,—*94A',and—8 ax make — 17 4#, to which 
174 x added makes o. And fo the Sum comes out — 34 
- 4 - 5* After the fame Manner the Bulinefs is done in the 
following Examples: 


12* + 74 

7* -fr 9* 
19 x + 164 


11 be *—» 7V4C 
15 fee 4 - r/ae 
26b c 


tli +6V 3 +-t 

'■£-**+* 

t r- + i 


— 6xx + \x 

_ S* 8 4- 4 * 

5 #* — 6xx 4 - jX 


447 + 2* 5 «— — 
27 

— 2 ayy — 44474* 4 ’ 

7 8 4*. 2477-f 447 _ 

7 8 ^aaj + 3 4 ’ — *- 


5 x 4 4- 2 4 x' _ 

3a- 4 — 24* 8 4 r 84 4 8 1 /44 4 - xx 

— 24f 4 ■+■ $bx* —- 204 8 V44 — XX 

— 4 lx*7$d*Y*a + xx 
bx* + 4 8 Y* 4.4 xx ~ 208,5 V 44 xx * 


zed by CjOO^lC 


> 


[ >3 ] 

1 


Of Subtraction. 

T HE Invention of the Difference of Numbers [that axe") 
not too mtich compounded, is of k felf evident; as if 
you take 9 from 17, there will remain 8. But in more 
compojioded Numbers, SubtraSion is perform’d by fubfcrib- 
ing [or fetdng underneath! the Subtrahend, and fubtra< 5 Hng 
each of the lower Figures from each of the upper ones. Thus 
to fubtraft 6554a firom 782579, having fubfcrib’d 65545, 
fay, 5 from 9 ana there remains 6, which write underneath; 
then 4 from 7 and there remains 3, which write likewife 
underneath; tnen 5 from 5 and there remains nothing, which 
in like manner fet underneath ; then 3 comes to be taken • 
from 2, but becaufe 3 is greater [than 2] you muft borrow 
I from the next Figure 8, which fet down, together with 2, 
makes 12, from which 3 maybe taken, and*there will re¬ 
main 9, which write likewife underneath; and then when 
befides 6 there is alfo 1 to be taken from 8, add the 1 to 
the 6, and the Sum 7 [being taken] from 8, there will be 
ieft t, which in like manner write underneath. 

Ta/liy, when in the lower [Rank] of Numbers 782579 
(here remains nothing to be taken from 7, write 65543 
underneath the 7, and fo you have the [whole] S 7 

Difference 719036. 7 y 3 

But efpecial Care is to be taken, that the Figures of the 
Subtrahend be [plac’d] or fubfcrib’d in their [proper or] ho¬ 
mogeneous Places • viz,, the Units of the one under the U- 
nits of the other, and the Tens under the Tens, and likewife 
the Decimals under the Decimals, &c m as we have flxcwn in 
Addition. Thus, to take the Decimal 0,63 from the Inte¬ 
ger 547, they are not to be difposd thus but thus 

W 63’ ^ at °'*> w hich fupplies the Place of U- 

nits in the Decimal, muft be plac’d under the Units of the 
‘other Number. Then o being underftood to Hand in the 
empty Places of the upper Number, fay, 3 from o, which 
fince it cannot be, 1 ought to be borrow’d from the forego¬ 
ing Place, which will make 10, from which 3 is to be taken, 
and there remains 7, which write underneath. Then that 
j which was borrow’d added to 6 makes 7, and this -is to 
; .. t„ r “ be 
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be taken from o above it; but fince that can't be, you mull 
again borrow i from the foregoing Place to make 10 ; then 
7 from io leaves 3, which in like manner is to 
^ a~ be writ underneath ,• then that 1 being added to o, 
0 fa makes 1, which 1 being taken from 7 leaves 6 , 
—t*— which again write underneath. Then write the 

54 >37 two Figures 54. (fince nothing remains to be taken 
from them) underneath, and you'll have the 
Remainder *546,37. 

For Exercife fake, we here fet dQwij forpe ipore Exam¬ 
ples, both in Integers and Decimals : 

1673 i 6 73 45 8 074 35>7 2 4 6 >5003 308,7 

1541 1580 9205 14*32 3,078 25,74 

132 93 4488657 21,4 43>4 22 3 282,96 


If a greater Number is to be taken from a Iefs, you muft 
firft fubtraft the lefs from the greatet, and then prefix a ne¬ 
gative Sign to it. As if from 1541 you are to fubtradl 1673, 
on the contrary I fubtra<ft 1*541 from 1673, and to the Re¬ 
mainder 132 I prefix the Sign ^ ; . 

Tn Algebraick Terms,/Subtra&ion-is perform’d by con¬ 
necting the Quantities, after having chang'd all the Signs of 
the Subtrahend, and by uniting thofe together which can be 
united, as we have done in Addition. Thus +74 from 
+ 94 leaves 94-—74 or 24; —74 from +94 leaves 
+ P« + 74, or 1 ,6a m r + 74 from —-94 leaves — 94—74, 
or •— 1 6a; and ^— 7 a from — 94 leaves — 94 -p 74, or 


4 4 4' ' 

— 24 ; fo 3— from 5 — leaves 2 *7 Vac from 2 Vac leaves 

C ■ € ■ ■ € 


2 ~ from — leaves from ^-leaves-; 

9 9 9 7 7 7 

■ * * 2 4 + \/cX 2 4 +y^fAT 

, —25 <v/cx aa r lx , bx —44 

leaves --—7—; — from — leaves -; a — b 

24 4 - vex c c . * 


from 2A+1 leaves 2 4 + t —4 + t, or a + 2I ; 3 42, 
— a^-j-4e from 34s, leaves 34s,*— 34:5,-f- *»&■— 


or 



Or *.*. 
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2 44 — r Ad + db . 

-- from -— leaves 

£ f 


44 + 4i— 2 d*+ab —dd+tab ' - - , 

-!--- % or--— f ana- a — xw ax 

_ c . . . _£__ ; 

from * + x Vdx leaves a 4- x — 4 + * l/ 4 #, or 2#,v' ax, 
and fo in others. But where Quantities confift of mom 
Terms, the Operation may be manag'd as in Numbers, as ill 
the following Examples: 


12# + 7 * 

7# + <?4 
5#-24 


i$bc + 2 Vac 
— II be + 7 Vac 


+T# 

6 x z — \x- 


2 6 bc — 5 Vac 5 a: 5 — 6 xx + 


MAX 


b 

4 ax 


• 7^3 + ^- 
■ 6 ^ 3 —~ 


7 ax 


V^3 + 


O/Multiplication. 


N UMBERS which arif^ [or are produc’d] by the Mul¬ 
tiplication of any two Numbers, not greater than 9, 
aie to be learnt [and retain'd] in the Memory : As that 5 
into 7 makes 35, and that 8 by 9 makes 72, &c. and then 
the Multiplication of greater Numbers is to be perform’d af¬ 
ter the fame Rule in thefe Examples. 

If 795 is to be multiplyd by 4, .write 4 underneath, as 
you fee here. Then fay, 4 into 5 makes 20, whofe 
laft Figure, viz. 0, fet under the 4, and referve the 
former 2 for the next Operation. Say moreover, 795 

4 into 9 makes 36, to which add the former 2, and -- 4 . 

there is made 38, whofe latter Figure 8 write un- 
derneath as before, and referve the former 3. Laft- 
ly* fay, 4 into 7 makes 28, to which add the former 3 and 
there is made 31, which being alfo fet uniemeath. you’ll 
have the Number 3180, 'which comes out by multiplying 
the whole 79*5 by 4. 

Moreover, 
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Moreover, if 9043 bp to be multiply’d tjr 2305, 
either of them, viz* 230$ under the other 0043 as before, 
and multiply the upper 9043 firft by 5, after the Manner 
fhewn, and there will come out 45215 ; then 
by o, and there will come out 0000 ; thirdly, 
by 3, mid there will come out 271201 laftly, 
by 2, and there will come out l8oo6» Then 
thefe Numbers fo coming out in a de- 
feending Series, [or under one another] fo that 
the laft Figure of" every lower Row (hall Hand 

one Place nearer to the left Hand than the lafl__ 

of the next fuperior Row. Then add all thefe 20844115 
together, and there will arife 20844115, the 
Number that is made by multiplying the whole 9043 by 
the whole 2305. 

In the fame Manner Decimals are multiply’d, by Integers, 
or other Decimals, or both, as you may fee in the following 
Examples: 


write 


9043 

45215 

0000 

27129 

18086 


72,4 50,18 3 * 902 $ 

_29 2,75 0,0132 

6516 25090 78050 

1448 35126 117075 

• 2099,6 too? 6 __ 39 ° 2 5 _ 

137)9950 0,05151300 


But note, in the Number coming out [or the Produft] fo 
many Figures muft be cut off to the right Hand for Decimals, 
as there are Decimal Figures both in the Multiplyer and 
the Multiplicand. And if by Chance there are not fo many 
Figures in the Produ£i, the deficient Places muft be fill’d up 
to the left Hand with os, as here in the third Example. 

Simple AlgebraicTc Terms are multiply*d by multiplying 
the Numbers into the Numbers, and the Species into the 
Species, and by making the Pioduft Affirmative, if both 
the Fa&ors are Affirmative, or both Negative : and Negative 
if otherwife. Thus 2* into 3 by or — 2 a into — %b make 
6 a by or 6 b a ; for it is no Matter in what Order they are 
plac’d. Thus alfo 2 a by —or —2 a by 3 b make 
~~6aK And thus, 2 ac into $bcc make 1 6abccc, or 
1 6abc' ; and 7 axx into —• 12 aaxx make —84 a*x 4 ; 
and — 1 6cy into 31 aj 3 make —4and — 4s 
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into — 3 Vat make i 2 z Yaz. And fo 3 into —4 make 
•—12, and — 3 into — 4 make 12. 

FraSions are multiply’d, by multiplying their Numera¬ 
tors by their Numerators, and their Denominators by their 

Denominators; thus -into 1 make - ; and ~into ~ 

•i 7 3S b d 

5 and 2^ into 3 j make 6 + j, or <5 ^; 


and m into =22! make 


into 


-~ 3 V 4 t 


• 21 accy* 
8 b~ 


and 


•— 4 *- 


make 


4 ^ 5 »t»’ ;C- 

HzVaz ,4 . e • 

—--; and— a? into - a? 1 make 

* CC ' p d 

4 2 6 

Alfo 3 into — make —, as may appear, if 3 be re¬ 
duc’d to the Form of a Fraflion, viz. -i, by making Ufe of 
Unity for the Denominator. And thus -l* 4 - into 


AC , 


24 make 

4, 


304 J a 


Cf 


4 k 


Whence note by the Way, that 

CC J f 

afld — ate the fame j as alfo — v and alfo 
_ f c <7 ’ * 

* + t Vf* A 4 * + * y , - . 

-— and- vcXj and fo mothers. 

4 4 r 

Radical Quantities of the fame Denomination <that is, if 
they are both Square Roots, or both Cube Roots, or both 
Biquadratick Roots, &c.y aremultiply’d by multiplying the 
Terms together [and placing them] under the fame Radical 
Sign. Thus V3 into 1/4 makes Y ; and the Yah. into 
Ycd makes Yabcdf ana Y 3 $<tyy into V’7 dyz makes 

y 3 3544y J *; and V— into V— makes V^-^, that is 
a \c CC 

Mlh —rnmmmmmm.m 

t — ; and 2,4 Yaz into 3 b-Y ax, makes 6ab\^A4Zz, l 
that is 6A4bz; and. into ^ - 2 * makes * ^“ ^* * , 

V4C yAc W aacc 

D that 


f Sit tb* Cbafttr if Notation. 
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dm h'=i£l, and into ante 

*r V • 74 lore 

jiidxV^abcx 

jotte 

jQuantities that connfi of fcveral Parts, arfe multiply**! by 
multiplying all the Parts of the one into a 8 the Parts of the 
other,- as'is file wn in the Multiplication of Numbers* Thus, 
r — x into 4 makes 4 #*— 4 at, andaa+ 2 ac — bc into 
4 — b makes 4 J + 244c — 44& —3^4*: -f for 

44 + 2 4 C — fcr into —b makes -<-Aab — iacb + bbc y 
and into 4 makes 4 3 4- 2 a ac*-* a be, the Sum whereof is 

4 3 -f 24 4i“ — aab — % abc + blc. A Specimen of this 
Sort of Multiplication, together with other like Examples*, 
yob have underneath * 

44 2 *c+~bc 4-f-> 

4 — b a-\-b 

— *ab+-+ 2 *yc-\-bbc " JF+TJ 

* 4 * H* 244 £ — 4 tr 44 + ab 

4 ^* 2 i 44 C" 44 fr— $ 4 k + fctf 44 ^ 2 Ahbb 

> + & J7+2*J —144 

4^-4 jy y — 2 4 ji + f 4 

— 4t —bb 24 5 7 — f>4* 

44 + 4^ ^2rfy 3 ^44 W 4 

J7~W^Vb y + 2*r'—t**jy _ 

j 4 * — 3 «»j— 


2>»t 


i.+e'f 

2 axj/abb aab 
* r e r 

* 44 * //^ 


- ^-3/^ 
c J c 
> )< » - < 1 < - 

64ax g/d* . 2 ax f/abb 44b 

— -3 *r- + -—r — — 
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0/Division. 

VI SION is perform’d in Numbers, by feeding how 
1 / ““py times the Divifor is contain’d in the Dividend, 
and as often fubtrafling, and writing fo many Units inthj: 



7 ) 371 (53 
21 

21 , 


there wiB come out precifely p for the Quotient; and confe- 
quently V is e ?ual to p. Moreover, to divide 27.1 by 7 
prefix the Divifor 7, and beginning a t the firft Figures of 

the Dividend, coming as near them as jtofli- 
ble f fay, how many times 7 is contain'd in 
27, and you‘11 find then writing 3 in 
the Quotient, fubtraS 5 X 7, or 35, from 37, 
and there will remain 2, to which fet the 
laft Figure of the Dividends viz* 1 ,• and 
then 21 will be the remaining Part of the Di¬ 
vidend for the next Operation ; fay therefore 
as before, how many times 7 is contain'd in 21 ? and the 
Anfwer will be 3; wherefore writing 3 in the Quotient, take 
2 X 7, or ?i 9 from 21 and there will'remain 0. Whence it 
is manifeft, that 53 is precifely the Number that arifes from 
the Divifion of 371 by 7. 

And thus to divide 4798 by 
23, firft beginning with the ini¬ 
tial Figures 47, fey, how many 
times is .23 contain'd in 47 ? An¬ 
fwer 2 ; wherefore write 2 in the 
Quotient, and from 47 fubtrafl 
2 X 23, or 46, and there will re¬ 
main 1, to which join the next 
Number of the Dividend, viz. 
p, and you’ll have ip to work 
upon next. Say therefore, how 
many times is 23 contain'd in 
Ip ? Anfwer o *, wherefore write 
G in the # Qpotient; and from 19 
fubtrad o X 23, or o, and there 
remains 19,to which join the laft 
Number 8, and youll have 198 
to work upon next. Wherefore 


23)4798(208,6086, fee . 
46 

* 19 

00 

198 

184 

140 

138 

20 

00 

200 

184 

160 


D 2 
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in the laft Place fay, how many times is 23 contain’d in 198 
(which may be guefsd at from the firft Figures of each, 2 
end 19, by taking notice how many times 2 is contain’d in 
19) ? I anfwer 8 ; wherefore write 8 in the Quotient, and 
from 198 fubtraft 8 X 23, or 184, and there will remain 
14 to be farther divided oy 23 ; and fo the Quotient wiD 
be 20814. And if thisFraflion is not lik’d, you may con¬ 
tinue the Divifion in Decimal Fra&ions as far as you pleafe, 
by adding always a Cypher to the remaining Number. Thus 
to the Remainder 14 add o, and it becomes 140. Then 
fay, how many times 23 in 140 ? Anfwer 6 ; write there¬ 
fore 6 in the Quotient; and from 140 fubtraS 6 X 23, or 
138, and there will remain 2; to which fet a Cypher (or o) 
as before. And thus the Work being continu’d as far as you 
pleafe, there will at length come out this Quotient, viz. 
208,6086, &c. 

After the fame Manner the 
Decimal Fraction 3,^218 is di¬ 
vided, by the Decimal Fraftion 
46,i,and there comes out 0,07639, 

CTc. W here note, *th2t there 
mull be fo many Figures cut off 
in the Quotient, for Decimals, as 
there are more in the laft Divi¬ 
dend than the Divifor: As in 
this Example becaufe there are 
6 in the laft Dividend, viz. 

3,^2180 Oy and i in the Divifor 221 

4 ^r. 

We have here fubjoin’d more Examples, for Clearnefs 
fake, viz. 


46,1) 3,5218 (0,07*39 

2948 
27 66 

1820 

1383 


9043) 20844115 (2305. 

72,4) 2099,6 (29 

18086 

1448 

27581 

6516 

27129 

6516 

45215 

0 

45215 

# 


0 




Digitized by Google 


L ai 3 


50,18) 137,995 (Vi 
10036 

37 d 35 

35*26 

25090 

25090 


0,0132) 0,051513 (3,9025 

396 


1191 

1188 


33 Q 

264. 

660 

660 


N. B. The wording of this Rule in Sir Ifaac, feeming a tittle 
dbfcure, this other equivalent Rule may be added, viz. Obferve 
what is the Quality of that Figure in the Dividend under which 
the Place of Integer Units in the Divifoi- does or (hould ftand } 
for the fame will be the Quality of the firft Figure of the Quo¬ 
tient, e. g. ■ 

345) ,00468 (i 

In this Exatnple, 5 being the Place of Integer Units in the 
Dividend,that Jet under the Dividend, Jo as to dii/ide it, would 
fall under the Figure 8, which is the Place of Hundreds of Thou- 
fandths in the Dividend ; therefore the Unit in the Quotient 
mult ftand in the Place of Hundreds of Thoufandths ; and to 
male it do fo, four Cyphers mull be plac'd before it, viz., 00001, 
See. is the true Quotient, 

In Algebraick Terms Divifion is perform’d by the Refo- 
lution of what is compounded by Multiplication. Thus, ab 
divided by 4 gives for the Quotient b. 6ab divided by 24 
gives 3 b ; and divided by — 24 gives — 3 b. —r 6ab di¬ 
vided by 24 gives -1-3 b, and divided by — 2 4 gives 3 b. 
\6abc * divided by 3 ac gives 8 bcc. — %&a'x* divided 

6 . . 2 

by — i2 aaxx gives "jaxx. Likewife — divided by — 

35 j 5 

gives-i. ^ divided by ~ gives ■£. — divid " 

pd by Hi* gives 6 - divided by 3 gives ; 

2 bb 4 0 5 5 

„ 6 . 2 . 3 30 4 *Z. 

2nd reciprocally - divided by - gives -2 or 3. ——- 

S 5 1 cc 

divided 
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divided by 24 give* -2-• and reciprocally divided by 

c c • 

~j~ gives 2 4 . Likewife divided by V 3 gives V«j, 


Vdbci divided by Vcd gives Val. -yVf by Y*c gives 
Vaa, cr a. v' 5 35 44jdivided by VUsyj gives 

divided by — gives 

cc c c 70 ate 

divided by {^S cx gj vcg And fo 

_ loee 74 

a + b Vax divided by 4 + b gives Vax; and reciprocally 
divided by Vax gives 4 + t. And 

«■ v * 

I 


divided 


by —^1 S ivcs 4 r > or divided by 4 gives 1/4 

Vax Vrfx 

or — Y~r ; and reciprocally divided by ——_ gives 4. But 
a “T[ v a -\-b 

in Divifions of this Kind you are to take care, that the 
Quantities divided by one another be of the fame Kind, 
.viz,, that Numbers be divided by Numbers, and Species by 
Species, Radical Quantities by Radical Qu unities, Nume¬ 
rators of Fra&ions by Numerators, and Denominators by 
Denominators ; alfo in Numerators, Denominators, and 
Radical Quantities, the Quantities of each Kind muft be 
divided by homogeneous ones [or Quantities of the £mie 
Kind.] 

Now if the Quantity to be divided cannot be divided by 
the Divifor [propos’d], it is fufficient to write the Divifor 
underneath, with a line between them* Thus to divide db 

bye, write — - ; and to divide d + bVcx by 4, write 

a + b Vex d + b , . ,__ 

, or- Vex • And {ovdx—xx divided 


by Vex gives 


4 

VdX — 

V ex 


XX 


or 


V 


ax* 


■ex 


ex 


And dd 4 b 


>/**— 2Jr* divided by » — bV**—xx gives — 
__ 4 —b 




ax — 2 xx. 
a a — xx 


And 12 V 5 divided by 4 V7 gives 3V4 


But 
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fiat when thefe Quantities are Fra&ions, mnltiply the 
Numerator oi the Dividend into the {Denominator of the 
Divifor, and the Denominator into the Numerator, and the 
firft produft wifi be the Numerator, and the latter the De¬ 
nominator of die Quotient. Thus to divide ~ by— write 


ai 


jr-, that is, multiply a by i and l by c. In like Manner, 

V C 

— by — gives —. And — Vix divided by — gives 

7 4 35 4f 5* 6 


il 


a 4 


Sec 


Vase, and divided by 2 c 


Vat 


• xx 


given 


a’* 


^AVax 

IK 4 ^X 4(1 

. ~ z 1 1 i ■ - After the fame Manner. *j- divided by 

*ccVa4-*xx b 1 

t (or by -) gives r^. Aftd c (dr -^) divided by gives 

And 2 divided by — 

4 

And Vex divided by a gives —- Vex' 
c AC 


be ' i 

~ r And 1 divided by 5 gives h 
*d 7 35 

■ . 12 

gives —, 


And a -+• bVcx divided by — gives Vex. And 

C 4 




4XX 


divided by 3 Vcd gives > and divided by 

3/^— gives - And ~ f/l- divided by-f/$- 

0 X ° 3 ccd 5 II 2 ■ 7 

gives — —, and fo in others. 

A Quantity compounded of feveral Terms, is divided by 

dividing each of its Terms by the Divifor. Thus 44 ■+• 

- 

3 ax-*- xx divided by a gives 4 + 3 *-—. But when 


the Divifor confifts alfo of feveral Terms, the Divifian is 
perform’d as in Numbers. Thus to divide 4 } -J- 24 *e 
■—aab — 3 abe + bbc by a — b, fay, how many times is 
4 contain’d in a s , viz., the firft Term of the Divifor in the 
firft Term of the Dividend? Anfwer a a. Wherefore write 
a a in the Quotient 3 and having filbtrafted a—b multiply’d 
into 44, or 4’ — aab from the Dividend, there will remain 

2 A AC 

Digitized by Google 



C 24 3 

f 24 ac *-*%abc + bbc yet to be divided. Then (ay again, f 

how many times a in 2 44c ? Anfwer 2 ac. Wherefore 
write alfo 2 d % c in the Quotient, and having fubtra&ed 4 —b 
into 2 ac, or 2dac — 2*bc from the aforefaid Remainder, 
there will yet remain —*abc + bbc . Wherefore fay again, 
how many times 4111—- abc ? Anfwer — bc 9 and then 
■write be in the Quotient; and having, in the laft Place; 
fubtrafied -f 4 — b into — be, viz. —abc + bbc frdm 
the laft Remainder, there will remain nothing ; which (hews 
that the Divifion is at an EnJ, and the Quotient coming 
out [juft] 44 -f- 2 ac—-he. \ 

But that thefe Operations may be duly reduc'd to the | 
Form which we ufe in the Divifion of Numbers, the Terms 
both of the Dividend and the Divifor muft be difpos'd in 
Order, according to the Dimenfions of that Letter which is 
Fofteneft found or] judg'd mod proper }fOr the [Eafe of the! 
Operation; fo that thofe Terms may ftand firft, in which 
that Letter is of moft Dimenfions, and thofe in the fecond 
Place whofe Dimenfions are next higheft; and fo on to thofe 
wherein that Letter is not at all involv'd, [or into which it 
is not at all multiply’d] which Ought to ftand in the laft . 1 
Place. Thus, in the Example we juft now brought, if the 
Terms are difpos’d according to the Dimenfions of the Let¬ 
ter 4, the following Diagram will ihew the Form of the 
JVork^/a. 

c ( 

1 .,,* — Z* hc + bbc (44 + 24 c — be 

a**—aab . 

o + 2 aac — %abc 
2 *ac— 2*bc 

o *— abc + bbc 
— abc+bbc 

. • OO 

Where may be feeii, that the Term 4 % or 4 of three Dl- 
tnanfions, ftands in the firft Place of the Dividend, and the 

Terms in w bich ** °f* wo Dimenfions, ftand in 

the fecond Place, andfo on. The Dividend might alfo have 
been writ thus; - - - * r • 

4 ! 
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4 ’ 44 — $bi* -\-hbe. 

Where the Terms that ftand in the fecond place are united, 
by colleding together [or placing by one another] the Fa- 
dors for Coefficients] of the Letter [where it is] of the 
fame Dimenfion. And thus, if the Terms were to be dis¬ 
pos'd- according, to the Dimenlions of the Letter b, the Bu- 
iinels ma/l be perform’d [or would Hand] as in the follow¬ 
ing Diagram, the Explication whereof we ihall here fub- 
join: 


—* + 4 .) cbl — ** c b 

• ' ■*— 44 


+ 4 J 
■+■ 2 44 C 


( -«cb 


+ 24C 
+ 44 * 


fbb — acb 


24c • 4 5 

44 244 C 


— 2 ae , + 24 ac 

' r 44 9 + 4 * 


o o 


Say, How many times is —.b contain’d in ebb ? Anfwer 
r-rtb. Wherefore having writ—■ cfc in the Qgptient, fub- 

tra£l —d + ix«“{l, or bbc —■ 4 bc t and there will re¬ 
main in the fecond Place 2 dd b. To this Remainder 
add, if you pieafe, the Quantities [that Hand] in the laft 
Place, viz. * 2dac , and fay again, how many times is — b 


contain’d in ? Anfwer J 2 Thefe therefore 

being writ in the Qjiotient, fubtrad — b + 4 myltiply'd by 

4C — 24C ,-Y I4*t , . 

-j- 4 4> or ^— 4 * + » an “ t * iere will remain no¬ 

thing. Whence it is manifeft, that the Divilion is at an 
End, the Quotient coming out — cb + 2 4C + 44, as 
before. 

And thus, if.you were to divide 44j* — 44c 4 + y<yc* 
+ y < — 2 y A cc — 4* —24 4 cr—4 4 yy byyy —44 — ec. 
I order [or place] the Qpantities according to the [Dimen- 
fionx of the] Letter y, thus : 


E • „ . yj 
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la"/ 4 + ?< ” 


la 4 cc* 


—r* 


Then I divide as in the following Diagram. 

Here are added other Examples, in which you are to take 
Notice, that where the Dimenfions of the Letter, whicty 
[this Method of] ordering ranges, don’t always proceed in 
the fame Arithmetical Progreffion, but fometimes [inter¬ 
ruptedly, or] by Way of Skipping, in the defeftive Places 
we note [this Mark] 


yy _ cc^y - 


+ -4 —* A ,, —2 

— zc C y -\-c* y y\_, 


— HA 

—cc y 


O 4 L 


+ 2 AA 


— 2 a* 

+ 2 AA 4 - aacc y-. 

— CC' +( .4 


+ AMCC 


A* 

+ **CC, 


■+44C C 


r* —2 4*CC 
44C 4 ' 


4-J-&) 44^—hi (4~t 

44 4^. 

O —4& 

^—Ab — lfb 




ed by Lie ■ le 



[ 27 l 

**}+**).. (yy-¥2*y—k* 4 

9*-* — \h**yy + ?<’;—H v 

y 4 — 2 ay> + iiayy 

o + 24 y ! —4 k**yy 

+ 2 ay '—4 aayy + 24’y 

• ' o — § 44 yyk*'j' 

s t + — f< 4 

OOO 
* ‘ 

'44 4" 40^2 + it) (4A.-—4W.2+bb 

4 * * % * 4- i 4 ' 

4 4 + A'bV 2-f 44 ti . • 

— 4 , iV / 2 - 44 i^ 

— A'bV 2 — 2 aabb> —4&'V' 2 1 » 

■ _ • ~ ■■ ___ r ‘ • 

4 1 aabb J \rab*V2 "* 

aabb + ab'V 2 ^ b* 

' x _ j _ _ 

► • - _ _ ^ ' '- 

0.00 

Some begin Divifion froim the laft Terms, but it eddies 
to the fame Thing, if, inverting the Order of the Terms, you 
begin from the firft. There are alfo other Methods of di¬ 
viding, but it isfufficient to know the moft eafy and com¬ 
modious; 


O/'ExtrAction of Roof s. 

W HEN the Square Root of any Number is to be ex- 
trailed, it is firft to be noted with Points in every 
Other Place, beginning from Unity ; then you are to write 
down fuch a Figure for theQuotient, or Root, whofc Square 
fliall be equal to, or neareft, lefs than the Figure, or Fi¬ 
gures to the firft Point, Arid [then] fubtraiUng that Square-, 
the other Figures of the Root will be found one by one, by 
dividing the Remainder by the double of the Root as fjr as 
extracted, arid each Time taking from that Remainder the 
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Square of the Figure that laft came out, and the Decuple of 
the afbrefeid Divifor augmented by that Figure. 

Thu* to extraft the Root out of 99856, firft Point it af¬ 
ter this Manner, 99856, then feek a Number whole Square I 
fliall equal the firft Figure 9, viz,. 5, and Write it in the 
Quotient; and then having fubrnded from 
9,3x3, or 9, there will remain o ; to which : 
fet down the Figures to the next Point, viz. 998$6 (316 
98 for the following Operation, Then taking 9 
noJNoticeof the laftFigure 8, fay, How many “Jo --- " 
times is the Double of 3, or 6 , contain'd c '® 1 

in the firft Figure 9 ? Anfwer 1 ; where- _ 

fore haying writ 1 in the Quotient, fubtraS ^^5 
the ProiduS of 1 X 61, or 61, from 98. and 3756 

there will remain 37, to which conneS the - j 

laft Figures 56, and you’ll have the Number O 
3756, in which the Work is next tq be car- __ ! 

ry’d on. Wherefore alfo negle&ing the laft Figure of thia, 
viz. 6, fay. How many times is the double of 3!, or 62, 
contain’d in 375, (whkh is to-be guefs’d at from die initial 
Figures 6 and 37, by taking Notice how many times 6 is 
contain’d in 37 ?) Anfwer 6; and writing 6 in the Quoti¬ 
ent, fubtra£\ 6x626, or 3756, and there will remain o ; j 

whence it appears that the gufinefs is doiie j the Root com- j 

ingout 316. 

Otkervift with the Oiviftrs fet domra it mil ft and thru ! 

99856 (316 j 

9 _ 

6)98 

61 

62)3756" 

3756 

—<4 - " — — ■ 


And fo in others. 

/And fo if you were to extraS the Root out of 2217879 r, 
firft having pointed it, feek a Number whofe Square (if it 
cannot be [exaSly] equall’d) fhall be the next left Square 
(or neareft) to 22, the Figures to the firft Point, and you’ll 

find 
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find it to be 4- Foi 5 X 5 , or 
4x4, or 16, left ; wherefore 4 
Root. This therefore being 
writ in the Quotient, from 
22 take the Square 4* 4. or 
16, and to the Remainder 6 
adjoin moreover the next Fir 
gipes 17, and you’ll have 
617, from whofe Divilion by 
the double of 4 you are to 
Obtain the fecond Figure of 
the Root, viz- negle£Ung the 
lad Figure 7, iky, how ma¬ 
ny times is 8 contain’d in 
61 ? Anfvfrer 7 ; wherefore 
write 7 in the Quotient, and 
from 617 take the Product of 
7 into 87, or 609, and there 
will remain 8, to which join 
the two next Figures 87, and 
you’ll have 887, by the Di¬ 
vilion whereof by the double 
of* 47, or 94, you are to ob¬ 
tain the third Figure; as fay. 


25, is greater than 22; and 
will be the firft Figure of the 

22178791 (4709,43637, &c. 
16 

~6?r 

609 ' 

88791 

84681 

411000 

376736 

3426400’ 

2825649* 

. 60075100 
56513196 

356x90400 
282566169 1 

73624231 


How many times is 94 con¬ 
tain’d in 88 ■ Anfwer 0 , wherefore write 0 in the Quoti¬ 
ent, and adjoin the two lad Figures 91, and you’ll have 
88791» by whofe Divilion by the double of 470, or 940, 
you are to obtain the lad Figure, 'fit. fay. How many timee 
940 in 8879 ? Anfwer 9; wherefore write 9 in the Quoti¬ 
ent, and you’ll, have the Root 4709. 

But fince the Product 9% 9409, or 84681, fubtrafled from 
88791, leaves 4H0, that is a Sign that the Number 4709 
is not the Root of the Number 22178791 preciiely, but 
that it is a little lefs, And in this Cafe, and in others like 
it, if you defire the Root fiiould approach nearer,- you mud 
{proceed or] carry on the Operation in Decimals, by adding 
to the Remainder two Cyphers in each Operation. .Thus 
the Remainder 4110 having two Cyphers added to it, becomes 
411000; by the Divilion whereof by the double of 4709* 
or 9418) you’ll have the fird Decimal Figure 4. Then 
having writ 4 in the Quotient, fubtraft 4x94184, ox 
376736 from 411000, and there will remain 34264. And 
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fo having added two more.Cyphers, the Work may be ca 
ifd on at Pleafure, the Root at length coming otic 
470 P» 43 6 ? 7 , 

But when the Root is carry'd oil half-way, or above, thd 
reft of the Figures may be obtain’d by Divifion alone. As 
in this Example, if you had a Mind to extract the Root to 
nine Figures, after the five former 4709,4 are extra died, the 
four latter may be had, by dividing the Remainder by the 
double of 4709,4- ‘ 1 

And after this Manner, if the Root 0P32976 wa$ to be 
extra&ed to five Places in Numbers : After the Figures are 
pointed, write 1 in the Quotient, as [being the Figure] 
whofe Square ixi, or i„ is the greateft that is contain'd in 
3 the Figure to the firft Point; and 
having taken the Square of 1 from 3; 
there will remain 2 ; then having let 
the two next Figures,, viz,. 29 to .it, 

(viz* to 2) feek how many times the 
double of 1, or 2, is contain'd in 22, 
v ani you’ll find indeed that it 4 .con¬ 
tain'd moire than 10 times ; but you ar t • 
never to take your Divifor to times, 
no, nor 9 times in this Cafe ; becaufe 
the ProduSl of 9X29, or .261, is great- 362)215 (59,’&c; 
er than 229, from which it would be 
to be taken [or fubtrafted^. Wherefore write only 8.’ Antfc 
then having writ 8 in the Qaotient >and ftibtradled 8xsS, 
or 224, there will remain 5 ; and naving fet down to thi£ 
the Figures 76, feek how many times the double of 18, or 
36, is contain’d in *57* and you'll find 1, and fa write 1 in 
the Quotient; and having fubtrafted 1X36^ or 361 from 
576; there-rwill remain 215. Laflly, to obtain the remain- 
ing Figures, divide this Number 215 by the double of 18 i, 
or 362, and you’ll have the Figures <59, which being writ 
in the Quotient, you 11 have the Root 18 [,*59. : 

After, the fame Way Roots are alfo extracted out of De¬ 
cimal Numbers. Thus the Root of 329/76 is 18,159 ; and 
the Root of 3,2976 is 1,8159 ; and the-Root of 0,032976 
is 0,181*9, and fo on. But the Root of 3297,6 is 57,4247; 
and the Root of 32,976 is 5,74247.. And thus the Root 
of 9,985.6 is 3,16. But the Root of 0,99856 is 0,999273?, 
&c. as will appear from the following Diagrams : ■> 

32 77^0 


32976 

t 

2)229 

224 

3 ^, 57 ^ 
, 361 
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3297>6o (*7,4*47 •• 9,98*5 (J,l5 

a* 

io) 797 5 ) 98 

749 • 61 

114),4860 • 62) 3755 

4*75 • . 37*6 

1148)28400 p 

32964 

11484) *43600 * 

4*9376 

114848) 8422400 
8039409 
382991 . 

• ' • • • 

0,998*60 (0,999279 

18) 1885 
1701 

198) 18460 

17901 

1998) **900 
39964 

19984) 1593600 
i 39 § 929 _ 

199854) 19467100 
" ’ ’ 1798 694 1 

1480159 

1 will comprehend the Extra£lion of thp Cubick Root, 
and of all others, under one general Rule, confulting rather 
the Eale of thePraxis than the Expeditioufnefs of it, left ( 
ihould [too muchl retard [the Learner} in Things that are 
of no frequent Ufe, viy every third Figure beginning 
from Unity is firft of all to be pointed, if the Root [to be 
extracted} be a Cubick‘one $ or every fifth, if it be a Qua¬ 
dra to-Cubick [or of the fifth Power], and then fuch a Fi¬ 
gure is to be writ in the Quotient, whofe greateft Power (». e. 
whofe Cube, if it be a Cubick Power., or whofe Quadrato- 
Cube, if' it b6 the fifth Power, &c.) lhall either be equal 
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to the Figure or Figures before the firft Point, or next left* 
[under them] ,• and then having fubtra&ed that Power, the 
next Figure will be found by dividing the Remainder augr 
mented by the next Figure of the Refolvend, by the next 
leaft Power of the Quotient, multiply^ by the Index of the 
Power to be extra&ed, that is, by the triple Square, if the 
Root be a Cubick one ; or by the quintuple Biquadrate 
[i.f. five times the Riquadrate] if the Root be of the fifth 
Power, &c. And having again fubtrafted the Power Of 
the whole Quotient from the firft Refolvend, the third Fir 
gure will be found by dividing that Remainder augmented 
by the next Figure or the Refolvend, by the next leaft Power 
of the whole Quotient, multiply^ by the Index of the 
Power to be extra&ed. 


Thus to extra# the Cube Root of 13312053, the Num¬ 
ber is firft to be pointed after this Manner, viz* 13312053* 
Then you are to write the Figure 2, whofe Cube is 3 , in the 
[firft Place of] the Quotient as which is the nexr leaft 
[Cube] to the Figures 13, [which is not a perfect Cube Nufn- 
berj or to the firft Point ; and having fubtrafted that Cube,, 
there will remain 5 ; which being augmented by the next 
Figure of the Refolvend 3, and divided by the triple Square 
of the Quotient 2, by 


feeking how many times • • • 

3x4, or 12, is con- , , ^ , T| 3 I20 53 ( 2 37 

tai^d in 53, it gives 4 Spbtrafi the Cube 8 

for the fecond Figure of ,*) rem. 53 (4 or 2 . 

the Quotient. But fince —— — -~—* 

the Cube of the Quoti- * Subtract Cube 12167 
pnt.24.yvlz* 13824 would 1587) rcm. 7i45 0 (7 

come out too great to be **” JTT “ ” 

fubtrafled from the Fi- * Spbtra# .13312053 
gpres 13312 that preceed Remains o 

.the fecond Point, there 

muft only 3 be writ in the Quotient : Then the Quotient 
23 being m a feparete Paper, [or Place] multiply’d by 23 
gives the Square 529, whicn again multiply’d by 23 gives 
, the Cube 12167, and this taken from 13312, wiD leave 
1145; which augmented by the next Figure of the Refol¬ 
vend Oy and divided by the triple Square of the Quotient 
23, viz. by feeking how many time* 3x 529, or 1587, is 
contain'd in 11450, it gives 7 for the third Figure of the 
Quotient. Then the Quotient 237, multiply^ by 237, gives 

•the 
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the Square 56169, winch again mulriply-d by 237 gives the 
Cfcbe 13312053. and this taken from the Refolvend leaves 
o. ^Whence it » evident that the Root fought is 237. 

And fo to extra# theQuadrato-Cubical Root of 36430820,' 
it liiuft be pointed Over every fifth Figure, and the Figure 3* 
whofe Quadrato-Cube [or fifth Power] 243 is the next leaft 

¥ > 364, viz. to the fijft Point, muft be writ in the Quotient;^ 
hen the Quadrato-Cube 243 
being fubtra&ed from 364, 
there remains i$ I, which aug¬ 
mented by the next Figure of 
the Refolvend, viz. 3, and di¬ 
vided by five times the Biqua* 
dxate of the Quotient, viz. by 
feeking how many times 5x81, 
or 465, i? contain'd in j213, 


36430820 (32,$ 

—- 4 *. 

243 

403) 1313 (a « 

33554432 

5242880) 2876388,0 £5 


it gives 2 for the fecond Figure* That Quotient 32 being 
thrice multiply'd by it felf, makes the Biquadrate 1048576; 
and this again multiply’d by 32, makes the Quadrato-Cube 
335 54432, which being fubtra&ed from the Refolvend leaves 
. 2876388* Therefore 32 is the IntegerTart of the Root, 
but not the true Root; wherefore, if you have a Mind, to 
prOfecute the Work in Decimals, the Remainder, augment¬ 
ed by a Cypher, mult be divided by five times the aforefaid 
Biquadrate of the Quotient, by feeking how many times 
5x1048576, ot 5242880, is contain'd in 2876388,0, and 
there will come out the third Figure, or the firft Decimal 5. 
And fo by fubtrafling the Quadrato-Cube of the Quotient 
3 2,5 from the Refolvend, and dividing the Remainder by 
five times its Biquad rate, the fourth Figure may be obtain’d. 
And lo on in Infinitum, 

When the Biquadratick Root is to be extracted, you may 
extra# twice the Square Root, becaufe V 4 is as much as V* 
V*. And when the Cubo-Cubick Root is to be eitra$ed, 
you may firft eXtra# the Cube-Root, and then the Square- 
Root of that Cube-Root, becaufe the \/ 6 is the £une~aa 
V* Y y ; whence feme have call’d thefe Roots notCufco-Cu- 
bick ones, ’ but Quadrato-Cubes. And the fame is to be 
obferv'd in Other Roots, whofe Indexes are not prime 
Numbers* * 

' The Extraction of Roots out of fimple Algebra ick Quan¬ 
tities, is evident, even from [theNature or Marks of] Nota¬ 
tion it felf; as that Y*si* a, and that V 44 cc is *c, and 

F that 
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that Vpaacc i« $dc y and that y^pd 4 xx u jadx. And 
alfo that (/—, or-jr^h —, and that is **** 

and tbit f/ 9 **** is and that is f, and that 

* iftt e obh 

is -—, and that y*aabb is V*b. Moreover, 
w 274’ 34 

that by dace, or fr into y aacc, is b into ac or abc» And 


paait. . 34% 

—rr « 3 e X ~—r-, 

2^bb 5 <f»* 

'.s\ hbx * . 4 + 3* 2bxx 
' 81 da - X 


or 


Or 


paeza 


And that 


5 */ 

24 bicx + 6b*'* 


aar\r 24 b bb (4 b 

**; - - •••''' / : I 

C*-f* 2 ab^bb 
+ -{-bb ‘ .. j 


that 

<±3*_ 

' 8144 < * p4 / _ : 9 *c. 

1 lay, thefe are all evident, becaufe it will appear,"it fit# 
Sight j that the propos’d Quantities are produc’d by multi¬ 
plying the Roots into themfelves (as ad from ay. a, date 
from ac into ac, paae'e front' 3 ac into 3 ac, 8ccS But 
when Quantities’ corilift of fevtral Tei’rrts, the Bufinef$ is 
perfbrma as in Numbers. 1 Thus, to extract,the Square Root 
Out of a a + 24 t r\- bb, in the firft Place, Write the Root of 
the firft Term aa, viz. a in the 
Quotient, and having fubtrafted 
its Square a y a, there will re¬ 
main iab + lb to find the Re¬ 
mainder, of the Root by. Say 
therefore. How many times is 
rite double of the Quotient, or 
2 4, contain'd in the firftTerm of ' O O 
the Remainder 2 ab { I anfwer b • 

[times], therefore wrice b in the Quotient, and having fub- 

traSed the Produfl of b into ia + b, or zab + kb , tlier* j 
will remain nothing. Which ihews that the. Work is fi- 
ni!h’d r tlje Root coming out a ■+■ b. 

' , And thus,to extratf the Root out of 4 ? 4 - $a ’ b-\- $a 1 bb 
f— ta 4 6 ! +4 b\ firft, fet in the Quotient the Root of the 
firft Term 4 4 , viz. aa, and having fuhtracled its Square 
44x44, or 4 4 , there will remain 6 a % b ^aab.b —> 
nab ’ 4* 46 4 to find the Remainder^ of the Root. Say 
therefore, How many times is 244 contain’d in 6 a % jb i 
Anfwer 3 ab; wherefore write 34I1 jn the QuOtient f and 
having fubtraaed the Produa of 346, into 2 aa -\- 3*b+ or 
&d*b 4 " 9 ** bb > there will yet remain — 4 a abb — .Jz.ab % 
H*'4 t° Clt py on ?he Work, 'Therefore foy again. How 

• many 
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many timesij thedouWe of tbe Qooticnt, vkl 244 + 6 ** 
contain’d in —\44bb — i 24 b* y or, which is the fame 
Thing, fay. How many times is the double of the firflTerm 
of the Quotient, or 244 , contain’d in the firft Term of the 
Remainder —~^a*bb ? Anfwer •—•zbi* Then having writ 

-—zbb in the Quotient, and fubtra&ed-the Produfl_ abb 

into 244 + 64b—2bbi or — 444+b — ia4i * + 4^ 4 * 
there will remain nothing. Whence it follows, that the 
Root is 4 4 +• 3 4 b — 2 b b, 

* 4 + * * "d" —’'124b V+4 (.44+-*Ah—-2bb 

£ * ' ’ • ' * ' ' . 


if 4 bb T~l 24 b 

T*" 6 *'b + 94 abb 



O —-$44bb-—i24b i +4b‘ l 
— 4 44 bb — 124b * 4 * 4^ 4 

' 9 9 o- 


. And thus the Ropt of the Quantity xx— 4 x •+• I44 is 
x —- f 4 ; and the Roof of the Quantity y 4 + 41»^-Sy +4 
is yj + 2} — 2 i >nd the Root of tbe.Quantity i6« 4 — 
2 ^<faxx+ 9 X* ■+ i 2 bbxx~-'\ 644 bb +4if is 
4 44 + 2 bff t 9Sj njay i^ppeaj: by the Diagrams underneath: . 

'(*—|s. t 

, .r ■■ xx - 1 ' ’ ;.. 

~o — -4X •+• 2 4 + 

O 9 


4-1 6a* * - 

9 *‘ + »{»■*’ - G*‘ + tit 

8 X* _ r ■ 

° — 24.44 + l6< » 4 

■ . — 164*i* 


r~- 


+ 


+ 4 ^ 


o 

F 2 
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j 4 +4j* *—8>+ 4 (yy + zy—z 
y* 
o, 

4j* 4 4 yy_ . 

o *‘” 4 JJ' • 

— 4^^ — 8 ^ 4-4 

o o p • 

, ( If you would extrad the Cube. Root of 4 * + %sab + 
%*bb -\- b ', the Operation is [perform’d] thus : 

4 5 + 344b + % 4 bb + b * (4 + b 

4 » 

344) 0+3 44 b (b 

. 4 * + 3446 + %dbb-\-b* 

OOOO I 

Extrad firft the Cube Root of the firft Term 4 ’, viz. 4, 
and fet it down in the Quotient: Then, fobtrading its Cube 
4 ’, fay. How many times is its triple Square, or 3 ad, con-' 
tain'd in the next Term of the Remainder 3 44 b t and 
them comes out b ; wherefore write b in the Qpotient, and 
fubtrading the Cube of the Quotient, there will remain o. 
Therefore 4 + b is the Root 

After the fame Manner, if the Cube Root is to be ex- 
traded out of x . 6 + 6 *, \ — 40a } + $6 — 64, - it will 
Dome out && + 24. And fo in higher Roots. 

Of the Reduction of Fractions and 
Radical [Quantities^ 

r h ^ HE Redudion of Fradions and Radical Quantities is 
1 of Ufe in the preceding Operations, and is [of re¬ 
ducing them] either to the lead Terms, or to the fame De¬ 
nomination. ' ; 


Of 
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Of the Reduction of Fractions to the 
leaf Terms, 

F R A CTIONS are reduc'd to the leaft Terms by di¬ 
viding the Numerators and Denominators by the 

greateR common Divifor. Thus the Fra&ian —^ is reduc'd 

be 

tp a morq Simple one ~ by dividing both tec apd be by 
e i and is reduc’d to a more Simple one ^ by divid- 


.23 


• * 

ing both 203 and 667 by 29 } and - is reduc’d to 

607 be 

7 ~ by dividing by 29 c. And fa ~~T g4 c . c becomes 

044 + 3<IC 

244 — jee t J. , . , 4 '— 4 db + dbb — i» 

, - by dividing by 24, And-,-- 

2 4 + f ’ 44 — sb 

. 44 -f bb 

becomes ■ ■ ■ . by dividing by 4 — b- 

And after this Method, the Terms after Multiplication or 
Divifion may be for the moft part abridg'd. As if you 

wre to multiply — ^ by ■?^rr, or divide it by —\ 
Seed J bid * 1 pecc* 

there will come out —r—jr-» and by Reduction — 

3 heed* * <1* 

But in thefe Cafes, it is better to abbreviate the Terms be-* 
tore the Operation, by dividing thofe Terms £firft] by the 
greateft common Divifor, which you would be oblig’d to do 
afterwards. Thus, in the Example before us, if I divide 
isb ’ and bid by the common Divifor t, and %ccd and 
9 *cc by the common Divifor 2 cc s there will come out 

the Fraction ~~j~ t0 be multiply'd by or to be divid¬ 
ed by —, there coming out ~ 4 *^ as above. Andfo *— 

jnto ~ become? — into^i or And — divided by-? 

. 0 "t 1 b b t c 

' becomes 
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become* 44 diviJed by b 9 or **. And —into 

b . ” xx 

cx • 4—a: . . c dc a j o j- 

-■- becomes -, into. — t or — — r. And 28 <!*• 

dd-\- dX X I 1 X 

y*ded hy Z becomes 4 divided by 1 , or 12. 


Of the Invention of Divifors. 


iTT^O this Head maybe referr’J the Invention of Divifors.* 
j by which any Quantity may be divided. If it be a 
fimple Quantity, divide it by its leaft Divifor, and the 
Quotient by its leaft Divifor,*till there remain an indivifibie 
Quotients and you will have all \he prime Divifors of [that] 
Quantity. Then multiply together each Pair of thefe 
Divifors, each ternary for three] of them, each quaterna¬ 
ry, &c. and you will alfo have all the compounded Divi? 
fors. As, if all the Divifors of the Number 60 arc requir'd, 
divide it by 2, and the Qpptient 30 by 2, and the Quotient 
by 3, and there will remain the indivifibie Quotient 5. 
Therefore the prime Divifors are I, 2, 2, 3, <>; thofe conjt 
pos’d of the Pairs 4, 6, 10. 15 $ of the Ternaries 12, 20, 
30 ; and of all of them 60. Again, If all the Diviforg 
of the Quantity 21 dbb are defird, divide it by 3, and the 
Quotient jdbb by 7, and tl e Quotient dbb by 4, and the 
Quotient lb by t, and there will remain the prime Quo¬ 
tient b» Therefore the prim? Divifors are 1, 3, 7, 4, b, b $ 
and thofe compos’d of the Pairs 21,34, 3♦, 74, 7 b y ab , bbj 
thofe compos’d of the Ternaries 214, 2it, 34^, fbb 7 yab^ 
7 bbj abb; and thofe of the Quaternaries 21 4 ^, 2 ibb\ 
3 4 & jdbb 9 that of the Quinaries 21 dhb f After the fame 
Way all the Divifors pF 2 dbb. — 6d*c are 1, 2, 4, 
hb — %dc 9 2 4, 2 bb — 6 dc 9 abb — 344c, ?ahb — 6aac . 

Jf after a Quantity is divided by all its fimple Divifors* 
it remains [fUll] compounded, and you fufpeci it has fome 
compounded Divifor, [order it or] difpofe it according to 
the Dimenfions of any of jche-Letters in it, and in the Room 
pf that Letter fubftitute fucceffiyely three Of tpore Terms, 
of this Arithmetical Progrefiion, 3, 2, 1,0, — t, —2, 
^pd fet the refulting Terms together with all their Di> 
vifors, by the correfponding Terms of the Progrelfion, 
fetting cjown alfo the Signs of the Divifors, both Affirmative 
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aftd Negative, Then fet alfo down the Arithmetical pt<>2 
gremons which run thro’the Divifors of all the Numbers 
proceeding fromtfce greater Trims to the left, in theOrdec 
tl»t the Terms of the Progreffion 3* 2,1, o, — r **-2 pro¬ 
ceed, and whofe Terms differ either by Unity, ’or by fame 
Number which divides the Mgheft Term of the Quantity 
propos’d. Ifany Progreffion of thft kind occurs that Term 
of it which Hands in the fame Line with, the Term o of the 
firft Progreffionj divided by the Difference of the Terms 
will compofe the Quantity by Which you ate to attempt the 
Diviiioa - r 

Aaif^e-Qiiantity bex> ~~Xx*-to* + 6, by fublli-' 

tuting, one by one, the Terms of this Progreffion 1. o._1 

there will arife fte Numbers —a, 6-^14 whi-b* 
together with all their Divifors, I place right dgainft the* 
Term* of the Progreffion * r o. -r- 1. after this Manner ; 


11 4 
. o | 6 
—.1 I 14 


I» 2«^s “• •f’ • 

1. 2. 3.6 4- 3. 

1.2.7.14 1+ 2k 


^ Then, Vectufe the higheft Terim a> } is divWMe by no 
Number hut .Unity, I feck among the Divifors a Progref¬ 
fion whofe Terms differ by Unity, and (proceeding from 
the higheft to the lowtft) decjleafc • ab the Terms of rhe la¬ 
teral Progreffion. 1. Oi —t. Ahd 1 find only ’one Progreffion 
of. this Sort; viz. 4.3. ?. whefe Term therefore +3 I 
chufe, which Hands in the fame Tine with the Term o of 
the firft Progreflldn 1. 0. — 1. hnd I attempt the Divifion 
by a: + 3, afid [find] it foccefeds, them coinlhg Out . 

4* i' 

Agai».::i£ the Quantity be --7* *_. 2 tyy+ 2 y 

+ 20, forj j» Ifubflitute fiimeffiveiy i.o.-i-i. antfthe re* 
fulling Numbers y. 20.9. with all their Divifors, I place - 
by them as follows: 


1 7 

1.7. ■■■ 

1 20 

1.2.4.5.10.20 

[9 

1.3J9 


And among the Divifors I peifceive there is this decreafirig 
Arithmetical Progreffion 7,4.1. The Difference of the 
Terms of this Progreffion*‘ viz. 3. divides the higheft Term 
of the Quantity 6y Wherefore 1 adjoin the Term -^4, 

• which 
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which Hands [in the Row] oppolite to the Term 6, divided 
by the Difference of the Terms, viz~ 3, fand l attempt the 
Divifion by j -f- f, or, which is the fameThingj by 37+4, 
and the Bufinefs fucceeds, there coming out.27 1 — 37.7 
— 3 7 + 5 * 

And fo, if the Quantity be 244' —504 4 -I- 494' — 
1404 1 + 644 -I- 30, the Operation will be as fallows: 


2 

42 

I.2.3.5.7.14.21.42 

+ 3 * + 3- + 7 - 

I 

23 

1.23. 

+1— 1. + 1. 

0 

30 

1.2.3.5.6.10.15.30 

—,—5.-5. 

— I 

297 

I. 3.9.11.27.33.99.297 

—3.—9.— u. 


Here are three Prosreffions, whole Terms 1. — <5. ^ 

divided by the Differences of the Terms 2, 4, 6, give three 
Divifors to be try’d 4— 4 — -i, and 4 — 4, And the 
Divifion by the laft Divifor 4 — 4, or 6 a — 5, fucceeds, 
there coming out 44"* — 54' + < 144 — 204 — 6 . 

If no Divifor occur by this Method, or none that divides 
the Quantity propos’d, we are to conclude, that that Quan¬ 
tity does not admit a Divifor of one Dimenfion. But per¬ 
haps it may, if it be a Quantity of more than three Di- 
menfions, admit a Divifor of two Efimenfions. And if fo, 
that Divifor will be found by this Method. Subffitute in 
that Quantity for the Letter [or Species] as before, four or 
more Terms of this Progreflion 3,2, r, 0.—1.—- 2. —- 3.' 
Add and fubtraft fingly all the. Divifors of the Numbers 
that refult to or from the Squares of the correfpondent Terms 
of that Progreflion, multiply’d into fome Numeral Divifor 
of the higheflTerm of the Quantity propos’d, and place 
right againft the Progreflion the Sums and Differences. Then 
note ail the collateral Progreflions which run thro’ thofe 
Sums and Difference. Then fuppofe ZfC to be a Term of 
• fuch a prime Progreffion, and 4IB the Difference which a- 
rifes by fubdu&ing 4IC from the next fuperior Term which 
Hands againfl.the Term 1 of the firft Progreflion, and A to 
be the aforefaid Numeral Divifor of the higheft Term, and 
/ [to be] a Letter which is in the propos’d Quantity, then 
A//+B/ + C "ill be the Divifor to be try’d. - 

Thus fuppofe the propos’d Quantity to be x l ■—x ’ — 5*.* 
4-12* — 6, for *1 write fucceflively 3, 2, 1,0,—I, and 

the Numbers that come out 39. 6 .1.—6 _2t. — 26. I dif- 

pofc [or place] together with their Divifors in another Co¬ 
lumn in the fame Line with them, and I add and fubtraa the 

• Divifors 
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Divifors to and from the Squares of the Terms of the firft 
Progreffion, multiply f d by the Numeral Divifor of the Term 
x' A , which is Unity, viz,* to ahd from the Terms 9.4.i.o. 
1.4^ and i difpoft likewife the Sums afld Differences on the 
Side. Then 1 write, as follows the Progreffions which occur 
among the fame. Then I makeUfe of the Termsof thefe Pro- 
greffions 2 and — 3, which ftand oppolite to the Term o in 
that Progreffion which is in the firft Column, fucceffively 


3 

39 

1; 3 . X 3 . 59 

9 

—30: —4.6.8. xo. 12.22.48 


2 

6 

1.2. 3. 6 

4 

—2. r. 2. 3. f . Si 7.10. 

—2. 3 

I 

I 

■I. 

1 

0. 2. 

0, 0 

O 

6 

1.2. 3. 6 

0 

—6. —3.— 2.— x. x.2.3 .6 

3 

X 

21 

l • 3. 7-21 

I 

—20. —6. —2. 0.2.4.8.22 

4—^ 

— 2 I 

2 6 

1.2. 1.3. 25 

4 

—2 2. r-9* 2*. 3.5-17. Jo 

6-9 


for 4IC, and I make Ufe of the pifferences that arife by 
fubtrafting thefe Terms from the fuperior Terms o ?nd o* 
viz,. — 2 and + 3 refpe&ively for Zp B. Alfo Unity for A; 
and x for /. Ana fo in the Room ox A //i B/ + C, I have 
thefe two Divifors to try, viz* xx 2X — 2, and## — 
3# + 3, by both of which the Bufinefs fucceeds. 

Again, if the Quantity 3 y\ — 67 4 — 877—14y 

+ 14 be propos’d, the Operation will be as follows : Firft, 
I attempt the Bufinefs by adding and fubtra£hng to and from 
the Squares of the Terms of the Progreffion i.o.—x, making 
Ufe of 1 firft, but the Bufinefs does not fucceed. Where- 


3 

170 

1.2.19.38 

2 7 

2 

38 

12 

1 

so 

1.2. 5.’io 

3 

0 

M 

1.2. 7.14 

0 

—1 

*—*2 

10 

190 

1.2. 5.10 

3 

12 


—16 --7.xo.11.x3.14.3x.fo' 
*—7.—2. x.2.4.5^.13 
—14 —7.—a.—1.1.2.7.14 
—7. —2.1.2.4. 5.8.13 


7 * 17 
— 7 -— « 
— 7 - S 
—7. —1 
-7. — 7 
—7—13 


fore, in the room of A, I make Ufe of 3, the other Divifor 
of the higheft Term; and thefe Squares being multiply^ by 
3 ,1 add andfubtra&'the Divifors to and from the Produ6b ? 
vizu 12.3. 0. 3, and I find thefe two Progreffions injthe re- 
fulting Terms, —7. —7. — 7. —7, and x 1. 5. — 1. —7. 
FotEipedition lake, 1 had negle&ed the Divifors of tne 
4 >utermoft Terms 170 and 190. Wherefore, the Progreffi- 
ons being continu'd upwards and downwards, I take the next 
Terms viz » —7 and 17 at the Top, and 7 and—13 at 
— J * -— fubdaflei fn— KT *— 

G ^ 
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bfrt 27 and 12, which (land againfi them in the 4th C ai 
Jumn, [their] Differences divide thofe [Numbers] 170 and ipo, 
which (land againft them in the fecond Column. And the 
Differei>ce between 27 and —7, that is, 34, divides 170 ; 
and the Difference of 12 and —7, that is, ip 9 divides i^o* 
AJfo the Difference between 12 and 13, that is, 10, divides 
170* but the Difference between 27 and 17, that is, 25, 
doesiiot divide 190. Wherefore I rejeft the latter Progref- 
fion. According to the former, + C is —7, and 4: B is 
nothing ; the Terms of the Progreffion having no Diffe¬ 
rence. Wherefore the Divifor to be try’d A// + B/ + C 
will be 3 7. And the Divifion fucceeds, there com- 

ingAuty* — 27*— 27 + 2. 

If after th[s Way, there can be found no Divifor which 
fiicceeds, we are to conclude, that the propos'd Qu intity 
will not admit of a Divifor of two Dimenfions. The fame 
Method may be extended to the Invention of Divifors of 
more Dimenfions, by feeking in the aforefaid Terms and 
Differences^ not Arithmetical Progreflions, but fome others, 
the firft, fecond, and third Differences of uhofc Terms are 
in Arithmetical Progreffion: But the Leaimer ought not to 
be detain’d about them. 

Where there ate two Letters in the propos’d Quantity, and 
all its Terms afeend to equally high Dimenfions 5 put Unity 
{far one of .thofe Letters, then, by th? preceding Rules, feek 
a Divifor, and compleat the deficient Dimenfions of thi* 
Divifot, by reftoring that Letter for Unity. As if the 
Quantity be 67 4 — c y % — 2\ecyj + 3^*7 +20c 4 , 
Where all the Terms are of four Dimenfions, for c I put I, 
and the Quantity becomes 67 4 — 7 1 — 2177 + 37 + 20. 
whofe Divifor, as above, is 37 + 4; and having compleatea 
the deficient Dimenfion of the laft Term by a [correfbon- 
dent] Dimenfion of c, you have 37 + 4 c [fQr] the Divi¬ 
for fought. So, if the Quantity be x 4 — bx' *—$bhxx 
-R i&S 5 — 6i 4 , putting 1 for b 9 and having found x* 
4 2 the Divifor of the refulting Quantity * 4 * 

-*+^x# * 4 ? 12* — 6, 4 compleat. its deficient: Dimenfions 
by [rlefpe&ive] Dimenfions of b, and fo I have xx + 2^ 
-R at b the Divifor fought. 

Where there are three or more Letters in the Quantity 
propos’di and all its Terms afeend to the fkme Dimenfions, 
the DiVifdr may be found by the precedent Rules; but 
more expeditioufly offer this Way : Seek all the Diviibrs 
of all the Terms in which fome [one] of iths Letters is 
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not, and alfo of all the Terms in which fom« other 6f the 
Letters is not ; as alio of all the Terms in which a third, 
fourth, and fifth Letter is nor, if there are fo many Letters ; 
and fo run over-all the Letters: And in the fame Line 
with thofe Letters place the Divifdrs refpe£Hvely, Then 
fee if in any Series of Divifors going through all the Let¬ 
ters, all the Parts involving, only one Letter can be as often 
found as there are Letters (excepting only one) in the Quan¬ 
tity propos’d ; and [Jikewife] if the Parts involving two 
Letters [may be found] as often as there are Letters (except¬ 
ing two) in the Quantity propos'd. If fo, all thofe Parts 
taken together under their [proper] ^igns will be the Divi- 
for fought. 

As if there were propos’d the Quantity 12* * — i±bxx 
tjrpcxx — jibhxr— 6b cx &ccx + 8k* — 12 bve**- 
4.b'cc -j- 6 c ? ; the Divifors of one Dimenfipn of the Terms 
8 b % — I2bbc — \bcc + 6c *, in which x is not (found 
out by the preceding Rules) will be 2 b — 3 c 3 and 4 1 * 1 —6 c; 
andof the Terms 12 x 3 + pcxx + 8 ccx 4- 6c *, in which 
b is not, there will be only one Divifbr 4^ 4- 3 c; and of 
tte Terms 12# ’ —- 14 bxx — 12bbx + 3 b in which 
there is riot i c, there will be the Divifors 2 x~~b and^ 
4* —* 2 i. I difpofe thefe Divifors in the fame lines with^ 
«c Letters *, b 3 e 3 as you here fee ; 

x J 2b —3*. 4* — 6c. 

b 4.x + 2 c. . 

c \ 2 X — V . 4#«— 2 &. 

SiKe there are three Letters, and each*of the Parts of the 
Divifors only involve one of the Letters, thofe Parts ought 
to he found twice in the Series of Divifors. But the Parts 
4 by 6 c, 2 x 9 b of the Divifors^<* — 6c and 2 x — b 3 only 
occur once, and are not found any where out of thofe Diri- 
fors whereof they are Parts. Wherefore 1 negle& tbofe Di¬ 
vifors. There remain only three Divifors 2b — 3 c, 4* 4- 3 c y 
and 4X — 2b. Thefe are in the Series going through all 
the Letters at, b y c 3 and each of the Parts 2 b , 3 4 a:, are 

found in them twice as ought to be, and that with the fame 
Signs, if only the Signs of the Di vifor 2 b — 3 c be chang'd, 
and in its place you write—2 4 + For you may 
change the Sighs of any Divifor. I take therefore all the 
Parts of thefe, viz,* 2b, 3 c 9 4 v once [apiece] under .their 
[proper] Signs, and the Aggregate —■ 2b + 3c + 4# will 

G 2 be 

Digitized by. Goc le 


L 44 1 

be the Divifor which was to be found. For if by this you 
divide the propos’d. Quantity, there will come out 3 x sc 

— 2hx-\-2cc — 4 bb* 

Again, if the Quantity be 12 x ' -rIO 4 * 4 —pfe** 
r-264 2 x ? 4 * 12 *lx l + obbx* -J- 244 5 XX — SaabXX 

— 8 abbxx — 2qb ' xx—*^a' bx + 6**bbx ~i2*b * x 
-F 18 b A x + \2*'b 32 **b l — i2b\ I place the Divi- 
fors of the Terms in which x is not, by x ; and thofe 
Terms in which a is not, by a ; and thofe in which b is not, 
by b , as you here fee. Then 1 perceive that all thofe that 

K b. 2b. 4-b. aa + %bb, 244 + 6bb. 4**+ i2bb. 
bb—~%aa. zbb — 6aa. 4 bb — 12 * 4 . 

a 4.V.V — %bx-{-2bb. ,i2xx—<?bx + 6bh* 
l *• 2x. %x — 4 4.6x — 84 . 3 **— • 4 . 4 xs 6 xx*-i’ 8 dx, 

2 xx\ax —3 44. 4 *# + 24*—6.44. 

sure but of one Ditnenfion are to be rejefted, becaufe the 
Simple ones, b. 2 b. 4 k x. 2 x y and the Parts of the coot- 
pounded ones, 3 x — 4 4. 6 x t- 8 4, are found but once ia 
all the Divifors: but .there are three Letters in the propos’d 
.Quantity, and thofe Parts involve but one, and fo ought 
to be found twi^e. In like Manner, • the Divifors of two 
Dimenfions, 44 -J- $11. 2aa + 6bb. 444 + 12 bb. bhrrr- 
344. and 4 bb — 1244 I rcje£l, becaufe their Parts a*. 
24 4 . 444. bb. and 4 fei\ involving only one Letter 4 or b 9 
are not found more than once. But the Parts 2 bb and 
6*4 of the Divifor 2 hJb — 6aa y which is the only re¬ 
maining one in the tine with x ,* and which likewife involve 
only one Letter, arc found again [or twice], viz*, the Part 
2 bb in the Divifor 4** — i 3 bx Hr *2and the Part 6*jt 
in the Divifor 4# 4*+2 ax —6 a a. Moreover, 'thefe 
three Divifors are in a Series /landing in the f^me Lines 
With the three Letters jr, 4, >; and all their Parts 2 b 4 , 
644, 4:xx, which involve only one Letter, are found twice 
in them, and that under their proper Signs • but the Parts 
$bx 9 2 4 Xf which involve two Letters, occur but once iti 
them. Wherefore, all the divers Parts of thefe three Divi- 
fo* s 9 zbby baa, 4.xx r 3 bx, 24 v, conne&ed under their 
proper Signs, will make the Divifors fought, viz*. 2bb 

— 644 4 ; + 24 *. I therefore divide the 

Quantity propos’d by this [Divifor] aud ther? qri% 3 *; 1 

\*'XX '£Z.Z**b~ 6> % v . . 
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• If all the Terms of any Quantity are not equally high,' 
" the deficient Dimenfions muft be fill’d up by the Dimenii- 

,ons of anyaflum’d Letter $ then having found a Divifor 
by the precedent Rules, the aflum’d Letter is to be blotted 

• out. . As if the Quantity be \2x* -r-i^bxx*^ pxx 

—* 12 bhx -r*6bx -¥ 8 at 4* 8 i 3 12 & 1 — 4^ + 6 ; af> 

fume any Letter, as.r, and fill up the Dimenfions of the 
Quantity propos’d by its Dimenfions, after this Manner, 

X2X * —14 bxx + pC XX *rrr l&bbx —i 6b C X + QcC X + 

t ~ .izbbc—^bcc •+ 6 c Then having found out 

r its Divifor —ib + % c, blot oqt c, and you’ll have the 
Divifor requir'd* viz. 4 * — 2M- 3. 

Sometimes Divifors may be found more ealily than by* 
theft Rules. As if feme Letter in the propos’d Quantity be 
of only one Dimenfion, you may leek for the greateft com¬ 
mon. Divifor of the Terms ip which that Letter is found, 
and of the remaining Terms in which it is not found ; for 
that Divifor will divide the whole. And if there is no 
fuch common Divifor, there will be no Divifor of the 
whole* Fqi Example, if there be propos’d the Quantity 

? 4 ■.*r %*x 3r — 8 aaxx + 184 3 x *— cx 1 *\-? 4 cxx + 
f *[c x — 6 a 3 c — 8 4 4 , let there b? fought the common 
Divifor of the Terms — cx* + acxx + 8 aacx~~ 6 a* c, 
in which c is only of one Dimenfion, and of the remain¬ 
ing Terms x A ~i'ax* — Saaxx + 1 %a* x — 8 a 4 , and 
that Divifor, viz. xx + 2ax — 244, will divide the whole 
Quantity. 

. , But the greateft common Divifor of two Numbers, if it 
i 8 not known [or does not appear] at firft Sight, it is found 
* by a perpetual Subtraction of the lefs from the greater, and 
Of the Remainder from the [laft Quantity] fqbtraCted; and 
that will be the fought Divifor, which leaves nothing. Thus, 

. to find the greateft common Divifor of the Numbers 205 
and 667, fubipraCt thrice 203 from 667, and the Remainder 
* 58 thrice from 203, and the Remainder 29 twice from 58, 
and there will remain nothing; which fhews, that 29 re the 
Divifor fought. 

After the fame Manner the common Divifor in Species, 
when it is compounded, is found, by fubtra&iftg either 
Quantity, pr its Multiple, from the other ; if thofe Quan¬ 
tities and the Remainder be order'd [or rang’d] according 
to the Dimenfions of any Letter,* as is (hewn in Divifion, 
and be erfeh Time manag'd by dividing them by all their 
piyrfpjS; which are either Single, or divide each of its 

Tenw 
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Terms as if it were a Simple one. Thus, to find the greatefl 
common Divifor of the Numerator and Denominator of this 

_ x 4 — 34 x» —844XX+184** — 84 4 , 

Fraftion q ~ r z x ) itxul* 

x > — axx — 844 * 4 - 64 * 

tiply the Denominator by x, that its firft Term may become 
the fame with the firft Term of the Numerator. Then fub- 
trad it, and there will remain — 24 ** 4 - I 24 *x— 8 x 4 , 
which being rightly order’d by dividing by —24, it be- 
'comes x 1 —64* x + 44*. Subtrad thu from the Deno¬ 
minator, and there wul remain '—axx — 244 * 4 - 24 ’; 
which again divided by —4 becomes xx -f- 24*— 244. 
Multiply this by x, that its firft Term may become the 
fame with the firft Term of the iaft fubtraded Quantity 
x * —1 6 44# 44 *, from which it is to be £likewife] fnb- 

traded, and there will remain — 2 4*4—444* + 44', 
which divided by — 24, becomes alfo xx + 24 * — 244. 
And fiiKe this is the fame with die former Remainder, 
and consequently being fubtraded from it, will leave no¬ 
thing, it will be the Divifor fought; by which the propos’d 
Fradim, by dividing both the Numerator and Denomi¬ 
nator by it, may be reduc’d to a more Simple one, vix., to 
xx — $ 4 x 4 - 444 . 
x — 34 

And fb, if you have the Fradion 

64* -Fi$4 4 b— 44 5 c c—ioaabcc 
pa' b^rTaabe — 6 abcc+ iSbc'* 
its Terms muft be firft abbreviated, by dividing the Nume¬ 
rator by 44, and the Denominator by 3 b t Then fubtrading 
twice 34* —p 44 f—24cc + 6c* from 64’ + i^xab 

-sacc-iobcc, there will remain . *1* 44 ““ I0 ^ f . 

.Which being order’d, by dividing each Term by 6c 
after the fame Way as if ^b + 6 e was a fimple Quantity, 
it becomes 344 — 2 cc. This being multiply’d by 4, fub- 
tradit from 34* — £ 44 Cr— 24 fc + 6 c *, arid there will 
remain — paac 6 c ', which being again order’d .by a 
Diviiion by — 3 c, becomes alfo 3 a a — 2 c c } as before. 
Wherefore 344— 2 cc is the Divifor fought. Which be¬ 
ing found, divide by it the Part* of the propos’d Fradion, 

and yoofl hare . 
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Now, if a common Divifor cannot be found after this 
Way, it is certain there is none at all; unlefs, perhaps, it 
be one of the Terms that abbreviate the Numerator and 
Denominator of the Fraftion : As, if you have the Fra&ir 

dadd — ccdd — ddcc + c* , „ ’ , . _ 

on : - j --=--— - --, and fo difpofe its Terms, 

4444—44*4— 24 ** +2*’ * 

according to the Dimenfions of the d, that the Numerator 

and the Denominator 


may become _ 44 Ad 


cc 


This mull firft be abbreviated, by di- 


— dace 
■f c 4 * 

444.*— 2dcc 
.-—4 dc a •\- 2 c 3 • 
viding each Term of the Numerator by aa — cc, and each 
of the Denominator by 2 a — 2c, juft as if da — tc and 
24 — 2* were Ample Quantities ; and fo, in Room of the 
Numerator there will come out dd — **, and in Room of 
the Denominator 2ad — **, from which, thus prepar’d, no 
common 'Divifor can be obtain’d. Rut, out of the Terns 
Aa—cc and 24 — 2c, by which both the Numerator and 
Denominator are abbreviated, there comes out a Divifor., 
vix» a— c, by which the Fraction may be reduc’d to this, trfs. 
aid + cdd—acc — e ! Kt ' 

1 • Now, if neither the Terms 

444 — 2 CC 

Aa — cc and 24— 2c had not had a common Divifor,. 
the propos’d Fraction would have been irreducible. 

And this is a general Method of finding common Di- 
vilors; but moft commonly they are more expeditionfly 
found by feeking all the prime Divifois of either of the 
Quantities, that is, fuch as cannot be divided by othf ir , 
and then by trying if any of them willdivide the other with- 

but a Remainder. Thus, to reduce lln* 4 *+ 4 **—» * 

dd—ab 

to the leaft Terms, you muft find the Divifors of the Qian* 
tity 44 — ab, viz. 4 and a—b j then you moft try whe¬ 
ther either 4, or a—b, will alfo divide a* —aaf+abfr 
—b 3 without any Remainder. 


or 
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Of the Reduction of Fractions to a 
common Denominator. 

F RACTIONS are reduc’d to a common Denominator 
hy multiplying the Terms of each by the Deix>minatoi 

of the other. Thus, having - and ^ y multiply the Terms 
of one t by d, and alfo the Terms of the other - by b, 

" 4 

and th$y will become ^ and j-^ whereof.the common 

Denominator is bd. And thus a and —* or - and — 

4 c 4 b : 1 * 

become — and But where the Denominators have a 
c c . 

common Divifor, it is fufficient to multiply them alternate* 

lyby the Quotients. Thus the FraSion and ~ are 

be bd 

4 1 d M ^ C - -■ 

reduc’d to theft —^ and by multiplying alternately 

by the Quotients c and d t arifing by the Divifion of the 
Denominators by the common Divifor b. 

This Reduaionis moftly ofUfe in the Addition and 
Subftraflion of Fractions, which, if they have different De¬ 
nominators, mall be firft reduced to the fame [Denomina¬ 
tor] before they can be added. Thus --{• ~ by Redudion 

b.d 

, ad . be ad + bc , ab 

becomes - + or —rj-, and a + -~ becomes 

a _ a'j- 4 >c, d—c ... 


And — — — becomes 
be bd 


c 4 + * 4 
cc-^xx 


r ,9r T 7 d* 


■ cc—xx becomes 


cc — xx 


And lo 


} + l Uco “* 57 + 57’ " Ii jr 5 . jf. 

becomes 
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becomes — — —, or that is And 2-? t» 
12 ; 12 12 * 3 7 

r- + — becomes ~ * or. — . And 25— become* 

1 7 7 7 7 2 

5 l # 

2 * . 

Where there ate more Fractions [thin two] they are to 

be added gradually. Thus, having * - 4 + - ; 

< 34 4 *—^ 

from — take 4, and there will remain -* 4 ' - 5 to this 

x x 

,, 2** , , 24 5 1— 2 44 * + 2* *, 

add -—. - and there will come out --- —- -* 

from whence, laftly, take away ~ ~~ t and there will rt- 


. 24* —> 6 a ' x - 4 - 24* * — 2* 4 . ,,.a . 

main 2 --- 5 -<—.- - And fo if yoU have 

344* — 34** 

3———, firfl, you are to find the Aggregate of 3—, vii* 
i ■ 7 ? 7 

—, and then to take from'it and there will remain —. 

J 7 3 . 21 


Of the Reduction p/ Radical [Quan¬ 
tities') to their leaf Terms* 

A Radical [Quantity,] where the Root of the whole, cani 
Jr\ not be extra died, is perform’d by extracting the Root 
of feme Divifor [of it]. Thus Vaabc , by extracting the 
Root of the Divifor 44, becomes 4 s/bc. And -^48, by ex¬ 
tracting the Root of the Divifor 16, becomes 41/3. And 
V4844tf, by extracting the Root of the Divifor 1644, be¬ 
comes 44^3 bcc. And f /- til by ex¬ 
tracting the Root of its Divifor ——becomes 


LTi-VxKAnd V**** + ±Si=S? # by extracting the 
c PPM PW 

H Root 
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Hoot of the Divifor become* — v^ss+4*»pfe 

pp*.* p* 

And 6 */^, by extrading the Root of the Divilbr be- 
p 8 4 ? 

comes 2 V, or ??*/-, and by yet extrading the Root 
7.274 , 

IS p 

of the Denominator, it becomes — V6. Andfo aV—, ox 

7 * 

*b 

4 V—, by extrading the Root of the Denominator, become* 
Vdb. And $8 d’b -+■ i< 5 * 4 , by extrading the Cube 
Root of its Divifor 84 5 , becomes 24 Vt ■+ 24 . And 

4 

not unlike [this] y 4 ’ *, by extrading the. Square Root 

. 4 

of its Divifor 44, becomes V4 into y 4 *, or by extrad¬ 
ing the Biquadratick Root of the Divifor 4% it become* 

a V-. And fo V a 1 x' is chang’d into Ay ax', ox 

U' 

6 * . 3 , 

into 4*V or into y axx vaax. 

x 

Moreover, this Redudion is not only of Ufe for abbre¬ 
viating of Radical Quantities, but alfo for their Addition 
and Subtradion, if they agree in their Roots when they are 
reduc’d to the mod Ample Form j for then they may be 
added, which otherwife they cannot, Thus, ^48 4 - V 75 
by Redudion becomes 4V3 + $ Y%, that is, pvj. And 

y^8—v'— by Redudion becomes 4V3— ***** *** 

3-Vi. aI Am, +tT - * ~ 4 ^ - + - 4 - - , 

by extrading what is Rational in it, becomes — Ydb^r 

4 — Vab, that is, -Vab. And V8a> b 16a* — 

c c 

3 _ 3 _ 3 __ 

y -b 2 at 5 becomes 24V b -J- 24 —b Vb< + 2 . 4 > 

3 __ 

that is, 24 .— & •/ Jr 4 * 24 . 
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Of the Reduction of Radical £ Quanti¬ 
ties ] to the fame Denomination . 

¥TTHEN you arc to multiply or divide Radicals of a 
W different Denomination, you muft [firfl] reduce them 
to the fame Denomination, by prefixing that Radical Sign 
whofe Index is the leaft Number, which their Indices divide 
without a Remainder, and by multiplying the Quantities 
under the Signs fo many times, excepting one, as that Index 

is become greater. For fo Vaxy^aa# becomes \ x , 
6 _ 6 

into V4 4 * x, that is, Y * 7 x And Ye into Yax 
becomes Yaa into Yax, that is, Y* ’ x. And Y6 in, 
*° ▼ j becomes 1/3 6 into Vthat is, ^ 30. By 

fame Realon, ky/bc becomes Ya a into Ybc, that is, 
Yaabc, And 4 aV^be becomes Yi6aa into Yxbc, that 

1 ** 484 aba And 2* 1 /b 4 - 2d becomes Y 84* into 

+ 24 , that is, 1/84 * b + 164 4 . And fo be- 

com, „ r (/" And *'*» . to™ 

vbtf w bb . vis*** V\%^ * 

or V^2 4 b. And fo in others. 


Of the Reduction of Radicals to more 
fimple Radicals, by the Extraction of Roots . 

T HE Roots of Quantities, which are compos’d of In¬ 
tegers and Radical Qpadraticks, extra £t thus : Let A 
denote the greater Part of any Quantity, and B the leffer 

Part; and — will be the Square of the 


greater Part of the Root : and 


a—i/aa—bb 


will be 


the Square of the leffer Part, which is to be joyn’d to the 

H 2 C'nnci 8 reatc * 
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greater Part with the Sign of B- As if the Quantity be 

3 + V8, by writing 3 for A, Indy'S forB, V AA—Bli = i, 
and thence the Square of the greater Part of the Root 

3 that is, a, and the Square of the lefs , that 

is, i. Therefore the Rost is 1+V2. Again, if you are 
to extraft the Root of ^32 —^24, by putting V 52 fo* A, 
and 1/24 for B, v^A A — BB will — ^8, $md thence 
V32 + 1/8 V32—v8 , . 

—^—2 - * anc * —~ 2 9 —* * iat lSy 3 ^ 2 an ^ V2 will be 

the Squares of the Parts of the Root. The Root therefore is 

4 4 

yi8—• V2. After the fame manner, if, oqt of 

— xx you are to extra £t the Root, for A write 44 
and for B 2 xV 44 — xx, and AA — BB wiDs 4 4 — 
444 XX +4* 4 , the Root whereof is 4 4— 2Xx. Whence 
tne Square of one Part of the Root will be 44-.— xx. 
and that of the other xx ; and fo the Root [will bej 
-xx. Again, if you have 44+54.* — 
24 + 4Jrx , by writing 44 + 54* for A, and 

24 V / 4 *-{“ 4 ** forB, AA — BB will = 4 4 + 64 * x 
+ 9 44.* v, whofe Root is 44 + a 4 *. Whence the Square of 
the greater Part of the Root will be 44 + 44*, and that of 
the lefler Part 4i-, and the Root ^44 + 44*—^ 4 x. 
Laftly, if you have 6 y8— V' 12 —^24, putting 

6 4 " V'HS == A, and — 1/12—1/^24 — B, AA — BB 
— 8 ; whence the greater Part of the Root is + v'S, 
that is as above 1+1/2, and the lefler Part V 3, and confe* 
quently the Root it felf 1 -j- V2 — v'j. But where there 
ate more of this fort of Radical Terms, the Parts of the 
Root may be fooner found, by dividing the Produfl of any 
. two of the Radicals by foine third Radical, which [lhall] pro¬ 
duce a Rational and Integer Quotient. For the Root of that 
Quotient will be double of tlie Part of the Root fought. As 

in the laft Example, —■—;—■— — 2. '-;-- = a. 

V24 y/12 “ 

And ——— 6. Therefore the Parts of the Root 

VO - . ; ; 

are 1, ^2, v'j as above. 
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There is alfo a Rule of extracting higher Roots oat of 
Numeral Quantities [confifting] of two Parts, whofe Squares 
are commenfurable. Let there be the Quantity A+B. And 
its greater Part A, And the Index of the Root to be ex- 
traded c . Seek the leaft Number N‘, whofe Power N c is 
[may be] divided by AA~BB, without any Remainder, 

c __' 

and let the Quotient be Q, Compute '^A-j-Bxv'Q. in 
the neareft Integer Numbers. Let it be r. Divide AVQ > 
by the greateft rational Divifor. Let the Quotient be j, and* 

r+- 

let-L in the next greateft Integers be [called! (, A >4 

2 1 


ttst—n 

VQ. 

extiafted. 


will be the Root fought, if the Root can be 


As if the Cube Root be to be extra&ed out of Yp68 + 25 ; 
AA •— BE will re 343 3 and 7, 7,7 will be its Divifors ; 
therefore N = 7 and Q=r 1. Moreover. A +B X v'Q., 
9 T Yp68 + 25, having extracted the former Part of the 
Root is a little greater than <;6, and its Cube Root in the 
neareft Numbers is 4; therefore r = 4. Moreover, Av'Q., 
or Ypfi8, by taking out whatever is Rational, becomes 

221/2. Therefore Y2 its Radical Part is /, and r * t ~r t 

2 1 

eJ. 

^r 2 * in the neareft Integer Numbers is 2. Therefore 

t s=2. Laftly, ts is 21/2, Vttst — n is 1, and VQ^ or 

Vi , is 1 . Therefore 2V2+ 1 ip the Root fought, if it can 
be txtrafted. I try therefore by Multiplication if the Cube 
pf 2V2+1 be Y 968+25, and it fucceeds. 

Again, if the Cube Root ,is to be extracted out of 68 t— 
1/4374, AA — BB will be — 250, whofe Divifors are 
•), 5,2. Therefore N = 5 x 2 = 10, and Q.=s 4. And 
* _ 3 

^A + B x VQ, or ^68 + V4374 X 2 in the neareft Inte¬ 
ger ^umbers is 7 — r . Moreover, AVQ* or 68V4, by 

ex- 
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Extracting [or taking out] what is Rational, becomes 136V1. ( 

a n t o I 

Therefore s ;= 1, and !_ 1 l, or in the neared Inte- 1 

2/2 ; 


ger Numbers is 4 — r. Therefore ts=z±, Vttts-r-n 5= V6, 

2 c 3 ' * 

and VQj= V4, or y 2 $ and fo the Root to be try’d Is 
4 —V6 


Again, if the fifth Root be to be extrafted out 
of 29 V 6 + 41V3 5 AA — BB will be = 3, and confe- 

quentlyN- 3 , Q^8i, r = 5 , s = V6 y r = i f r;=V6, 

' • . 2r IO 5 

Vttss — n as V3, and VQ.—VSi, orVp$ and fo the 

V6 + V 3 

Root to be try’d is---X 

Vp 

But if in thefe Sorts of Operations, the Quantity be a 
Fraction, or its Parts have a common Divifor, extrafl: fe- 
parately the Roots ot the Terms, and of the Favors* 
A* if the Cube Root be to be extra&ed out of V242 — 12 f * 
this, having reduc’d its Parts to a common Denominator* 
Vp68—*2< 

win become - 1 . Then having extrafted feparate* 


ly th^Cube Root of the Numerator and the Denominator, 

2V2—1 ; 

there will come out 3-\ Again, if you are to ex;- \ 

y2 \ 

traS any Root out of V3PP3 + V17578125 ; divide the \ 

Parts by the common Divifor y 3, and there will come out f 

11-+V125. Whence the propos’d Quantity is 1^3 into j 
11 + V125, whofe Root will be foundlby extra&ing fepa-* 

3 

lately the Root of eachFaflot y 3, and 11 + Vi2$. 



Of 
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Of the Form of an ^CLUATIOlff. 


TTJQUATIONS, which are either two Ranks of 
/I V Quantities, equal to one another, or one Rank taken 
equal to nothing, are to be conlider’d chiefly after two 
'Ways ; either as the laft Conclulions to which you come in 
the Resolution of Problems; or as Means, by the Help where* 
<jf you are to obtain [other] final -(Equations. An Equa- 
tion of the former Kind is compos’d only out of one unknown 
Quantity involv’d with. known ones, If the Problem be 
determin’d, and propofes fomething certain to be found' out. 
But thole of the latter Kind involve feveral unknown Quan¬ 
tities, which, for that Reafon, muft be compar’d among one 
another, and ib conneded, that out of all there may emerge 
a new .Equation, in which there is only one unknown 
Quantity which we feek j [and] that Equation muft be 
transform’d moft commonly various Ways, untill it becomes 
the moft Simple that it can, and alfo like fome of the fol¬ 
lowing Degrees of them, in which x denotes the Quantity 
fought, according to whofe Dimeniions the Terms, as you 
lee, are order’d, [or rang'd] and p, q, r, /, [denote] any ci¬ 
ther Quantities from which, being known and determin’d, x 
is alfo determin’d, and may be invefligated by Methods 
hereafter to be explain’d. 


X rrp- Or, x—p — a, 

xx—px 4- q. XX — px—q — O. 

x'=px' + qx^pr. X 5 — pxx — qx —r=o. 

+ qx 1 + r*+r, x 1 — px'^-qx' — rx—Sxx 0. 
&c. &c. 

/ 

After this Manner therefore the Terms of Aquations are 
to be reduc’d, [or order’d] according to the Dimeniions of 
the unknown Quantity, fo that [thofe] may be in the firft 
Place, in which the unknown Quantity is of the moft Di- 
menfions, as x, xx, x\ x 4 , &c. and thofe in the fecond 
Place, in which [#] is of the next greateft Dimenfion, and 
fo on* As to what regards the Signs, they may ftand any 
how ; aqd one or more of the intermediate Terms may be 
fonnetimes wanting. Thus, x * ^ — bh x + b * o, or 
x * bbx*~~ b* , is an Aquation of \ the third Degree^ and 


✓ 
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2 4 ^y Z x * ^^*=0, is an Equation of the fourth De¬ 
gree. For the Degree of an Equation is always efiimated by 
die greateft Dimenllhn of the unknown Quantity^ without 
any Regard to the known ones, or to the intermediate Terms* 
But by the Defed of the intermediate Terms, the Equation 
is moil commonly render’d much more fimple, and may be 
fometimes deprefs’d to a lower Degree. Fot thus, x A =t 
qxx-\-s is to be reckon’d an Equation of the fecond De¬ 
gree, becaufe it may be refolv'4 into two Equations of the 
fecond Degree. For, fuppofing xx = y, and j being ac¬ 
cordingly writ for xx in that E quation, there will come 
out in its ftead yy = qy 4 - s 9 an Equation of the fecond 
Degree $ by the Help whereof when y is found, the -Equa¬ 
tion xx — y alfo of the fecond Degree, will give x. 

And thefe are the Conclufions to which Problems are to 
be brought. But before I go upon their Refolution., it will 
be neceffary to Ihew the Methods of transforming and re¬ 
ducing Equations into Order, and the Methods of finding 
the final Equations. 1 (hall comprize the Redu&ion of a 
Simple Equation in the following Rules. • 


Of orderings [or managing ] &c. a Simple 
ALqjj ation. 


Rule I. TF there are any Quantities that deflroy one a* 
J[ nother, or may be joyn’d into one by Additi* 
on or Subtradtion, the Terms are that Way to be diminiih’d 
[orreduc’d]. Asif you have - 34-}-2 X — *)* + 3*, 
take from each Side 2 x, and add 3 4, and there will come 

out 56 = 84 + ^. And thus, ■ — —2 bmz* + b 9 


by flriking out the equivalent Qpantities 
bx 

comes — -=4* 

a 



frsfr, be- 


To this Rule may alfo be referr d the Ordering [or Ma¬ 
nagement] of the Terms of an Equation, which is ufually 
perform’d by the Tranfpofition of the Members to the con¬ 
trary Sides under the contrary Sign. As if you had the 
Equation 5 b ss 8 * Hh *, you are to find x ; take from each 

Side 
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Safe $4 or,; which is the fame Thing, tranfpofe 8« to the* 
contrary Side with it?. Sign chang’d, and there will come 
out — x. After the fame Way, if you hav3 : 

aa — ^dy — db — bb + by, and you are to find y ; tranf- 
pofe -*-347 and db — bb, lb that there may be the Terra* 
rnuftiply’d by y on the one Side, and the other Terms on the 
other Sidp, and there will come out d 4 — ab -J- bb — %dj 
by, Whence you'll have y by the fifth Rule following, viz/. 
by dividing each Part by 3 4 +> b, for there will come out 

———7. And thus the Equation dbx 4* 


, 3 4 + * 

— dbb 2-dbfx x 

pofition becomes x 1 ~ 


by dpe ordering and tranf- 


44 


mmm 3 a b -J- dbb 9 


or x 1 


44 


+ 3 


+ 4 » 

Rvi.fi II. <If. there rsany Quantity by which all the Terms 
of the AiqaatiOn art multiply’d, all bF them muft be divid¬ 
ed'by that Quantity ’; or, if ill are dividied by the famri 
Quantity,‘all mufl be'toiiltiply’d by it too. Thtw, having 
i<$bb — 244ft + %bx{ ^divide all the Terms by b. and 
you’ll have l^bxs 244 -fi3* J then byand you’ll have 

i , . i’ bbx xx ■ ... ,, 

Kb = 8<» + * > or, having — —— s= - , multiply all 

• »• - 4 C - cc c . 

t V i - i b i bbx. 

by c, and there comes out —- — xx. 

. . 4 , c 

'Rule III. If there be any irreducible Fra£bion, in whofe 
Denominator there isTound the Letter [unknown]; accord¬ 
ing to whole Dimenfioqs the [whole] .Equation is to be 
order’d [or rang’d] all the' Terms of the ^Equation muft be 
rnultiply’d by that Denominator, or by fome Divifor of it* 

As if the Equation ———(- b — x be to be order’d [or 
4 X 

rang’d] according to x, multiply all its Terms by 4 — x ther 

*■ MX . 

Denominator of the Fraflion ——, and there comes out 

4 *+4&— bxE= 4 x-—xx, or db — bx = — xx, and 
tianfpofing each Part, [yog’ll have] xx — bx — db. And 
'M 9 ~ • HAb 

lb If you have-*— —y — e, and the Terms are to be 

2 cy—cc 

order'd (or rang’d] according to [the Dimenlions of] y > 
multiply them by top Denominator zcy-^cc, or, at leaft, 
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by its Divifot 2 j — ’C y that y may vaftifli in the Denottti- 

4 5 

mtof, and there Will come out *•—-—— 3= lyy ■ 3 

4' — tib 

*\*cei and by farther ordering- —* 

\C 


4 : 2 yj. After the fame manner 


*5s*v M ^“”5 
, ddbb 


multiply’d by #, becomes 44 —- 4# = *■*, andL^—r .»aL 

aj ■ * ** ‘ • - 

r——-, and multiplying fkft hy **, and than-by 4 ^* 

.1 , , d*H + sdb* r~* 4 W* i ; I 

— x , it becomes - ■■ — —“ -- s= x+, 

C ; -- 

Rule IV. If that [particular] Letter, accordingtq whole 
Dimenfions the ^Equation is to bt order’d [or rang'd},), be 
involv’d with an irreducible Surd, all the other Tenants 
to be ttanfpos’d to the other Side, theirSigns being chang'd, 
and each Part of the Equation muh be once mulrijjtf’d by 
it ftlf, if the Roqtbe a Square one, or twice if it be atyr 
fcickone, &C. Thus, to order the ^Equation V**-~*d> 3 t 
4_ x according tio the Letter #, tranfpofc 4 to the ot^er 
Side, and you have */ a a ■*— Xx — x — 4 j and having 
fquar’d the Parta 441*— 4* — Xx — 2 dX + 44 ,. or 0=3 

" 3 v 1 ■ 14 

xx—ax t , thatia, x-^zd. So alfo V aax rh 1 
— a+arssO, by tranfpofing. —4 + *, ' it tfpcpfOdf 

\/aax 4- 2ax x — x 1 — 4 — x y and 1 multiplyingihetarts 
cubically a ax -J- % a x x — — 344^-f 3 , 4 **—: 

x or xxzzfyA x — aa » And fo y =2^ 

having fquar’d thePftrt^ becomes jy—Aj +yy -rdvi Q r gjb 
and the Terms bei.ng ri ghtly tranfpos'd [it becomes] 4/= 4 
Vaj —yy, or j-zzV*y—yy~ and the Parts being agilh 
fquar’d yy~*J -~y.J 5 and lafily, hy tranfpofingjt)pjf 3 = 4 j^ 
or ay = 4. ■ ( \:j, :i 

Rule V. The Terms, by help of the preceding Rules, 
being difpos’d [or rang’d] according to the Dintenfipn* of 
fome one of the Utters, if the higheft Drmenfioq of that 
Letter be muhiply’d by any known Quantity, the wHole, JE- 
quatton mart be-divided by that Quantity, - Thus,' 

■ 
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ty dividing Ijj, bKomo And ^=4, di- 

viding by 1, become! x=j. A«1 
— 2 *»i? t 

+ 44CC *—*’«=sO, by dividing by 24 *—cr, be- 


24f 


+ 4« 


— 24*f 


comes— ee* + aac* -f 44 fc 


*—4 J fff 


s o, or 


,»ill+££f 

24C —ce 


axt—ee 


*4 — 44*' 


A’C 


24 — C 


: 0 . 


Rule Vf. Sometimes the Reduction may be perform'd 
by dividing the .Equation by fome compounded Quantity* 

Fot thta, y ’ — \ C yy + 3 bey — bbc, is reduc’d to this, 

tde. yyxsicy + ir, by transferring *11 the Terms to the 

(ante Side thus, y* jl. JJf < —3 bcy+b bc^z: o,and dividing 

byj-fr, as is (hewn in the Chapter of Dnrifion ; for there 
wdll coine out yjr 4- 2cy—bc= 0. But the Invention of 
this Sort of Divifors is difficult, and is more fully taught 
eBewhere. 

_ Rule VU. Sometimes alio the Redu&ion 19 perform’d 
by Extraction of the Root opt of each Part of the liqua¬ 
tion. As if you have xx = $4* — bb, having extracted 
the Root on both Sides, there comes out x—v$aa — Tb. 
If you have xx-j-aa~ 24* + bb, tranfpofe 2«x [to the 
other Side] and there will arife xx—-2*x -f- 44 —bb. and 
extraaing the Roots of the Parts *• — 4 = +, or — or 
x=4^2 b* So alfo having ar x — dx — bb, add on each 
Side — 4x + ^44, and there comes out xx—ax + ^ua 
sx\dd — lb, and extracting the Root on each Side *—f-4 
= ±v / ^44 — bb, or x — ?4+V^44— bb. 

.And thus univer fally if you have xx — -px.q, x will be 

Where f p and a are to be affe£led 
with the fome Signs as p and q in the former ^Equation ; 
but i pp mull be always made Affirmative. And this Ex¬ 
ample is a Rule according to which [or like to which} all 
Quadratic!; ^Equations may be reduc’d to the Form of Sim- 

1 a 1 pie 
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pie one*. Therefore, having propos'd the /Equation yy s 
+ xx , to extraS the Root y, compare 2 ~- p, 

JC 3 C x A 

thati*, write for f p, and -J- +xx for $pg«f» and 
there will arife y = — + —l* xat, Or jcs** — ! 

-+xx. After the lame Way, the /Equation yy — 

44 j 

4 j — 2 cy -b<* — cc\ by comparing a—- 2 c with p, and : 
44 —e* with a, will give j — j a — c +1/^44— 4 C. 

Moreover, me Biquadratick /Equation *•♦ =— **xx 
' 4 - 4 &‘ t whole odd Terms are wanting, by help of this 

Rule becomes xx— —*44 +^±4? + «k } , and extraft- 1 

ing again the Root * = —£44+ y/$d* + db\ And . 

fo in others. j 

Aid thefe are the Rules for ordering one only Equation, , 
the Ufe whereof, when the Analyft is fufliciently acquainted • 
with, fo that he knows how to cUfpofe any propos’d Equa¬ 
tion according to any of the Letters contain’d in it, and to j 
obtain the Value of that Letter if it be of one Dimen (ion, : 
or of its jzreateft Power if it be of more ; the Companion ; 
of feveral /Equations among one another will not be diffi- - 
cult to him, which I atq now going to fhew. r 


Of the Transformation of two or moreMojJ A- 
Tions into one , in order to exterminate the 
unknown Quantities. 

W HEN in the Solution of any Problem, there are more j 
./Equations than one to comprehend the State of the 
Queftion, in each of which there are feveral unknown , 
Quantities; thofe ^Equations (two by two, if there are ■ 
more than two) are to be fo connected, that one of the un¬ 
known Quantities may be made to vanifh at each of the 
Operations, and fo produce anew /Equation. Thus, having 
the ^Equations 2 x — y + and x=zy + 2, by taking off 
equal Things out of equal Things, there will come out 

•*'— 3 - 

Digitized by Google 




: And you are to know, that by each iEquationrone 

unknown Quantity may be taken away, and confequently, 

6 when there an as many Equations as unknown Quantities, 
all may at length be reduc e! into one, in which there Ihall 
t he only one Quantity unknown. But if there be more un-’ 
known Quantities by one than there are ^Equations, then 
r there will remain in the Equation lafl refuldng two un- 
,' known Quantities; and if there are more [unknown Quan¬ 
tities] by two than there are .Equations, then in the laft 
refuldng Equation there will remain three • and fo on. 

' There may alfo, perhaps, two or more unknown Quan- 
2 tides be made to vaniih, by only two Equations. As if 
you-have ax— •,by—al—az f and bx + by — bb + axl » 

' then adding Equals to'Equals, there will come out ax-^- 
• b x = ab + bb, yand« being exterminated., But fuch Cafes 

either aigile fome Fault to lie hid in the State of'the Que- 
^ flion, or that the Calculation is erroneous, or not artificial 
t enough. ' The Method by which one unknown Quantity 
may be [exterminated or] taken away by each of the Aqua¬ 
tions’ will appear by what follows. 


The Extermination of an unknown Quantity by 
an Equality of its Values. 

W HEN the Quantity to be exterminated if only of one 
Dimenfion in both ./Equations, both its Values are 
to be fought by the Rules already deliver’d, and the onp 
made equal to the other. 

Thus, putting a + x — b + 7, and 2* + sar 3$, that/ 
may be exterminated, the firft -Equation will give s'+ar 
i — 7, and the fecond will give 3 b — 2X22J. ‘There¬ 
fore 4 + x—*b — — 2X, or by [due] ordering x sa 

And thus, 2* =7, and 5 4- x =7, give 2* = $ + 

« «sf; 

And dx-±-2by = *b, and xy—bb, give 4Xm “ 4 ^ 


bb 


2 b 


(=/) s= — j and by [due] ordering [the Tenus] \xx — 

, 2 b* 2b* 

bx=z -, or] xx— bx—' -=0. 

a 4 
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Alfo tf* - dti — 4i -J- and $•* + -s: 24 / 5 


by taking away *, givc -^ j^^ O^jf) » 

*odhy Reduction jH —^yy — 2 . 5 - f,f "tj*f 7 4-,j,&<, e0i 

. . . »r. r 4 . - , 4 I 

. JU%, * 4 ;y — t 5 s 0 > and (*/ = *«, by tfdung^wjy ( 

«, give k 4- y (•=«,) -* or ata* 4- ary = ay. ! 

•>v, The fame i* %}fo perform’d by fubtrading either, of the Va. 
Ina of the unknown Qpantitiea from the other, and making , 
Remainder equal to nothing. Thu*, in the firft o£ the 
Example!, take away 3 i — 2* from <4- add that 

wpl remain a + 3 ^7-4>=co, or Ar^^I^, ;/ 


Tfyi Extermination of an unknown Quantity If 
fubftituting its Value for it. 

W HEN, at kaft, in one.of the .Equations, the Quan¬ 
tity to be exterminated is only of one Dimenlion, 
its Value is to be fought in that Equation, and then to be 
fijbftituted in it* Room in the other ^Equation. Thw, 
paving propos’d xyyxxb\ and xx+yy*;by~dx t to 

exterminate at, the firft will give — — x; wherefore I Tub. 

yy \ 

, Jf J 

ftitute in the fecond — in the Room of x, and there comes ’ 
b* ' db* 

°wt jz '^yyxsbjrr- y, and by Redqflidny? -v by* -f 
*b'yy + b<= 0. V | 

Rut having propos’d eyy 4-44y == &’,andyji^-4y = -rfc, j 

to take away y, the fecond will give * = - 4c ~. Wher e- I 

% —4 

f°tf for y 1 fubftitute — — intq the firft, and there co m e * ■ 

** d + ^ * ’• And *y R cd «ai°n, 

s. 4 — 2 4 a. ’ 4 -4 4 a*— 04 1 

In 

Ol.iv, 

Digitized by 1 



, C 63 J 

:! Ir> the like wanner, ha vingpf©pos'd ^ —z, andr/^* 

“ : ; ■ ■* • -‘i : •> ■ jjju -no 

\t *>xzxce f -fo take away *,~1 fubftitute in its Room — in 
J &9 fecond Equation, and there coma out.Try +• 2^2-3 xct* 

^ i f j > • C * 

5 1 BiS aTP&tSn vtfed if th&V Sorts of Computations . wifi 


n V •* «W i —« naive m 

t V '> ift • *. : ** . * ' • ■' "■ f :> 'i | ,* 

01 itiukipl/d bp ^sife ff 'tejriH com^ out equal Quantitio^ 

‘ c Mb, X3*bb, Of Xppf* J ,. ; jO . > .> ’ ^ 

But 1 leave particular Qafep of thiaKiad to be found rout- 
ty th*$Budentsaa Occasion fibadl.offav, ■ 

*' • v ill , > • v- ' ' ‘ - ' * n 

' T&<? Extermination of an unknown QnantSt^ 
■ -^cb^JSqiiation,^ ..; 

» ' ■*. ■' ~ : 

W lfBKl | the Quantity 1 - fo be [exterminated or} taken 
r away w.of mosathpu on<D»<Beo6wr in both the y£- 
q u a tion s, the Value of its greateft Power muft be fought in 
bothji tfcrtfc i£ thofe Rowers are not, the fame, the .dona¬ 
tion that involves the feller Power mud be multiply’d by 
the Quantity to be taken away, or bylts Square, or Cube, 
C fa that it;may becoine, of ihe fame Power with the other 
./Equation^ Then the Values of thole Powers are to be made 
Equal, and there will come 'out a new ./Equation, where the 
grdftdf PtiWjir pr Dimerigon 6f the Quantity to be taken 
away is diminilh’d. And by repeating this Operation, the 
Q$flfity will at length be taken away. 1 m: , . i 

As if you have xx + %x — $yy, and 2 xy--$xxs=4, 
to take away *, the fkft [/Equation^ will give, 


— 5 x + 3y y, and the fecond xx =: 


2*7—4 


I i>m 


therefore-; £37**- 5 *[sst 227 ~7 2 ,= and 4o * is tedue’ef to 

only one Dimenfion, and fo may be taken away by what 
I hare BefbiC thewn, viz, by a due Redn&ion oF the Taft 
iguation there comes out pyy —15* = 2xy— 4. 
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xss: 9 ™* I therefore fubftjtute this Value for x in 

27 +15 - 

one of the Equations firft propos'd, (as in *v4- 5 *=3 77) 

ml,}*,'viln *‘J‘+7VJ + l* . 45iLt» = 

_ ■ . 477 + 607+225 ” 27 + 15 377 

To ndufce which into Order, I multiply by 477 + 6677 
+ 225, and there comes out 817 4 +7277 + 16 + 007 * 
+ 4 ° 7 + 67$7> +300= *27'‘ +•7807’ +67^77. , °* 
6 9 J 4 —P07* + 7277 + 407 + 316 = 0.', ' v ,: 

Moreover, if you have7 ’ = * 7 y + 3 *, and 77 —xx 
T~ X J ~ 3 * take away 7, I multiply the latter jEqhariqn 
7> and you have 7* —xxy — xjy — 37, of as many 
Dimenfions as the former. Now^' by making the Valufes of 
7 * equal to one another, I have-*77 + ^xszxxy—xyy 
-*t 37J where 7 us -deprefs’d to two DimenfionS. By this 
therefore, and the moft Simple one of the ^Equations firfl 
propos’d yy = xx —*7—3, the Quantity 7 may be 
wholly taken-away by the fame Method as in the former' 
Example, . • ' • 

There are moreover other Methods by which this may 
be done, and that oftentimes more- concifely. As therefore 

if 77 — : + **, and yy.sz. 2 xy + ~ i\ thpf >H»ay 

be extirpated, extra# the Root y in each, as isfhewn in the 

7th Rule, and there will come out y *= *- + + xx. 


**$7 xzx —■ + **. Now, by making theft two 

vi ■ . • 44 , ,<r .1 .■■■■: 

Values of 7 equal; you’ll have ^+/^ ; + , ^' a j.'^'Lj. 
r --+,**, and by rejetling the equal Quantities 

■4 . * L..: . ‘ < 1 . 


+ XX, there will remain —= x, or *# — 4 a, and 

f = 4. -- J 

Moreover, to take * out of the liquations x +7 +— 
- 1 x 

~ 2c, ?nd ** +77 + ^-5= 147, take away 7 from the 
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irft ^Equation. and there remains x 4 — = 20 — W arid 

x n 

y 4 

fqdaring the Parts xx + 2 yy +• — =400 —40> + yy, and 

taking away yy dn both Side's, there remains xx 4 * yy 4- 

Ijjy ‘ 

-^-=430 — 407. Wherefore, finoe 400— 40y, and 

I40 ire equal to the fanie Quantities, 400 — 407 Will = 
140, or j = 6±; and fd you may contrail the Matter in moil 
Other .Equations. 

But wlien the Quantity to be exterminated is of feveral 
Dinienfions, fometimes there is requir’d a Very laborious 
Calculus to exterminate it out of the .Equations ; but then 
the Labour will be much diminilh’d by the following Ex» 
ttmples made L/fe of as Rules* 1 


Rule 1. 

From 4xx + bx + c— 6, and fxx + gx+b-xzd. 
x bein g exterminated, there comes out 

ah—^bg —-2 cf x 4b 4 bhi—egy bf + agg + eff 
X c = o.- 

Rule it* 

From ax ’ -4* bxx 4- cx + d=o, and/** 4- gx 4 b — ol 
x being exterminated, there comes out 

dh — bg —2 cf X ahh + bh—-eg — 2 df'X bfh 4* 
(b—dgyagg + eff 4- iagh 4 bgg 4- iff X df — Oi 

Rule 111* 

Rom ax* 4^ b * 5 -4 exx + dx 4" < = o, and fxx-i\-gx 

4 b —O' ■ 1 

a being exterminated, there comes out 

— b g — 2 cf X 4tb * 4 bh — cg — 2 df X b fhh 4- 
*gg + c f fxchb — dgh+eg g — 2 ef h+l agh+ bg^+dff 
X dfh 4* 2 4bf) 4:3 bgh — dfg 4 *// X eff — bg — 2 at 6 
*'fggi=o. 

K Ruts 
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Rule IV. 

From ax * + t'** + cx •+■ i=o, and fx 1 4 - jfe.tr 

+ l=o. 

*■ being exterminated, there conies Out • 
ab—’bg — 2ef X4</f>/>--- *<h k-*r_ ak^ -bh'—cg'—zdf 
X --4l + fcb + acg + 3»ff X aaki : 

-V c £b--^dd g ccl + 2 &X ag£ -j- _ 

"¥ : i a gh-)rbgg-]rdff--%afk X 44 ‘— 3<»f—M+cg-t-rlf 
X fcf/1 + bk~2ig X bbfi : —J>H — 3«4&—e <1/ 
X agkz=o. 

For Example, ;to exterminate x out of the ./Equations 
** + <5*—377=0, and 3 xx —2*)i + 4 = o : l 
refpeftiveJy fubflitute in the nrft Rule for 4, b,c, f,g, 
and h [thefe Quantities, viz,.] i, 5 » *— 3 77» 3 » — 2 J * n d 
4 ; and duly obferving the Signs + and — , there arifes 

4 + 107 +”1877x 4 + 2c—by T x 1$ 477—27 Jy 

X — 3517=0, or 16 + 407 + 7277 + Jco — pojf 1 +• 
69 7 4 =0. 

By the like Reafon that 7 may be expung’d out of the 
./Equations y ’ — xyy — 3 * = o. and yy 4 xj — xx + 3 
= 0, 1 fubflitute into the fecond Rule for 4, b,c,d; /, g, b, 

and x y [thefe Quantities] 1 ,—a-, o, — 3 * ; 1, x, —- 
+^, and 7 refpe{lively, and there comes out 3 —xx 4 xx 

x 9 — 6 *.*4 + + 6*X — 3*4* 1 : 

43*A!•xx:v4 9*-’-3•* , — * ’ —3* * — 3* = 0 . 

Thm blotting out the fupcrfluous Quantities and multiply, 
ing, you have 27— 18 xx + 3* 4 , — pxx + x f , + 3* 4 
— 18 x 1 4 12 x ‘ = c. And ordering (duely) x * + 18 x* 
4S x x + 27 = o. 

Hitherto [we have difcours’d] of taking away one un¬ 
known Quantity out of two ./Equations. Now, if feveral 
are to be taken out of feveral, the Bufinefe muft be done by 
degrees: Out of the ./Equations ax =7*, x + 7 = 2, and 
^*=7 + 3*.; if the Quantity 7 is to be found, firft, take 
out one of the Quantities * or z,, fuppofe x , by fubllituting 

for it.its Value — (found by the firft ./Equation) in the fc- 
* cond 
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cond and third ./Equations; and thin you will have ■'-? 

4 

& y 

+ 7 = *>, and —— = y + 3 *-» out of which take away * 
as above. 

0/* the Method of taking away any Number of 
Surd Quantities out of ^/Equations, 

H itherto may be referred the Extermination of Surd 
Quantities, by making them equal to any [other] Let¬ 
ters. Aa if you have Vaj — V«a — *y — 24 + y'ayy % 

by writing t for Vfy, and v for Vaa —4y, and * for the 
3 

y*JJ. you’ll have the Equations t — v — 2 * + .r, tt-=ny^ 
vv=zad — ay, and x 1 ayy, out of whi;h taking away 
by degrees r, v, and x , there will refult an Equation en¬ 
tirely free from Surdity. 

Horn a Queftion may be brought to anjEquation* 

\ FTER the Learner has been force Time exercifed in 
managing and transforming ^quitions. Order requires 
that he Ihould try his Skill in bringing Queftion* to an j£- 
quation. And any Queftion being oropofed, his Skill is 
particularly required to denote all its Conditions by fo many 
Equations, To d,o which, he muft firft confider whether 
the Propofitions or Sentences in which it is exprefs’d, be all 
of them fit to be denoted in Algebraick Terms, juft as we 
5*prefc our Conceptions' in Latin or Greei Characters. And 
if fo, (as will happen in Queftions converfant about Num¬ 
bers or abftrafl Quantities) then let him give Names to 
both known and unknown Quantities, as far asOccafion 
requires. And the Conditions thus tranftated to Algebraick 
Term* will give % many Equations as are neceftary to, 
Iblve it. 

As if there are required three Numbers in continual Pro¬ 
portion whofe Sum is 20, and the Sum of their Squares v i 40 ; 
putting Xj and & for the Names of the three Numbers' 
fcught, the Qpeftion will be tranflatedout of the. Verbal to 
$$ Symbolical Expreftiop, as follows; 

$ 2 

by 


The. 

Google 


The fame in Symbols , 


ccn 

The jQjicflion in Words . 

There are fought three Num¬ 
bers on thefe Conditions: 1 Xy • 

That they fhall be continu¬ 
ally proportional. x:y::y:z,, OTxz,=yy, 

That the Sum fhall be 20 * x -f y + z, == 20 . 

And the Sum-of their Squares ' 

' H * xx + yj + *z=MQ- 


And fb the Queflion is brought to [thefe] .Equations, 
viz,. xz>z=yy y * + z, -fc* y = 2 c, and + y 7 • 4 ’* 
r= 140 , by the Help whereof x, 7 , and z 9 are to be found by 
the Rules deliver'd above. 

But you muft note. That the Solutions of Queftions are 
(for the'moft part) fo mu.h the more expedite and artificial, 
by how fewer unknown Quantities yoq have at firft. Thus* 
ill the Queflion propos’d, putting x for the firft Number, 

and y for the fecond, ~ will be the third proportional - 

whjch then being put for the third Number, I bring the 
Queflion into .-Equations, a$ follc^vs : 


The Que/lion in Wor ds. 

There are fought three Num¬ 
bers in continual Propor¬ 
tion. 

Whofe Sum is 20 . 

And the Sum of their Squares 
140. 


Symbolically • 

•*■ + *+ 7 = 20 . 
y 4 

xx-\-yy-\- — - 140- 


You have then fore the ./Equations x y — 20 x 


and xx -\-yy + *4°> ty the ReduSion whereof x 


and y are to be determined. 

Take another Example. A certain Merchant encreafes his 
Eftate ytaily.by a third Part, abating loo/. which he fpends 
yearly in his Family • and after three Years he fyids his, 
Eftat<? doubled, jQycry, What he is worth ? 

- ...... % jo 
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• T ? 1 °° mu ^ know there are [or lie hid! fe, 

domi. PrOPOfiti0n! ’ which *B thus found out and, laid 

In- Englijb. | Ag'braicrtj, 

A Merchant has an E? 

Itace---,-*. 

Qut of \yhid) the firft 

Year he expends too/, x —ipo. 

And augments the »eft by ■ «~,oo 4 r-_ 403 

one third. -,- *—ioo-|-- or 12.^ 

And the fecond Year ex- 4* — 400 4 *_~ 00 

pends 190 /, 1' --—■ too, or —-—. 

12 ) 


I 3 9 

And fq the third Year 16*—2S00 


expends 100 /. ——^ 


And by/the reft gains 
likewife one third Parr 

And he became* £at 
length} twice as rich 
a* at firfl —■ ■■ ■ ■ ■ — 


— 100 , or 


i 6 x — 370Q. 


i 6 x 3700 i 6 x — 3 70o 

9 ' 27 5 or 


643f- I 4 R 0 O 


I 

6+X -■ I480O 


' S 3 2JT. 


Therefore the Quelhon is brought to this Equation 
64^—14800 , , „ . 1 

--= 2 *, by the KeduiUon whereof you are to 

find jr; m* Multiply it by 27, and you have 64* - 14800 

— 54*5 fubtrafl 54 *, and there remains 10*—14800 

s= 0, or 10* = 14800, and dividing by 10, you have 

alfe i^n* therefore 1480 /. was his Eftate at firft, asi 
alio his Pront or Gain flnee. ’ 

onlv° U f “i thM ? the So,Ution Queftions which 

««Jy regard Numbers, or the abftrafted Relations of Quan- 

p*?} the /f “ fc * rce ^ Tl,i "g *We required than that the 
problem be transited out of the Englifb, or any other 
ofOn^ue itxs propos’d in^ into the Algebraical Language, that 

io 
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is, into Characters fit to denote our Conceptions of the Re¬ 
lations of Quantities, But it may fometimes happen, that 
the Language [or the Words] wherein the State of the Quc- 
ftion is exprefs’d, may feem unfit to be turn'd into the Al¬ 
gebraical Language • but making Ufe of a few Changes, 
and attending to the Senfe rather than the Sound of the 
Words, the Verfion will become eafy. Thus, the Forms of 
Speech among [feveral] Nations have their proper Idiom* • 

• which, where they happen, the Tranflation out of one into 
another is not to be made literally, but to be determin'd by 
the Senfe. But that I may illuftrate thefe Sorts of Problems, 
and make familiar the Method of reducing them to .Equa¬ 
tions ; and fince Arts are more eafily learn’d by Examples 
than Precepts, I have thought fit to adjoin the Solutions of 
the following Problems. 


Problem I. Having given the Sum of two Numbers 
(4), and the Difference of their Squares (b\ to find the 
Numbers ? 

Let the leaf! of them be [call’d] x , the other wiH; be 
4 — x 4 and their Squares xx y and 44 — 2*x + xx the 
Difference, whereof 44—24* is fuppos’d fr. Therefore, 
44— 2*x~b, and then by Reduflion 44 — b~ 24*, or 

f - 4 (~i-4— — ) For Example, if the Sum of 

2 4 2 2 4 

the Numbers, or 4, be 8 , and the Difference of the Squares,. 
1 b 

or by be 16 ; -4 — ^- will be (— 4 — 1) — 3 = *, and 
4—*=: 5. Wherefore the Numbers are 3 and 5* 


Problem 1 L To find three Quantities, *, 7, and*, 
the Sum of any two of which fhall be given. 

If die Sum of two of them, viz,. * and y, be 4 ; of* and 
*, b ; and of y and c ; there will be had three Equations 
to determine the three Quantities fought, *, y, and *, viz,. 

—4, andy-^x — r. Now, that two. 

of the unknown Quantities, viz,, y and * may be extents** 
nated, take away * on both Sides in the firft and feconct 
Equation, and you’ll have y — 4 — *, and z, = b—x y which 
Values ftiflitute for y and * in the third [Equation], and 
there will come out 4 — * + b — xzsc, and by Redufli- 

on x ss | and having found *, the Equations 


above 7 = 4,— *, *pd * = b — will givty and 

Example, 
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Example. If the Sum of *and y be 9, of x and tj 
lo, and y and *,135 then, in the Values of x , y, and e, 
write 9 for 4, 10 for b % and 13 for c y and you 11 have 4 

b — c — 6 } and confequently * (=s 3, y 

(= 4 — *) =6, and *.(—£ — *) —7. 

Problem 111 , To divide a given Quantity into as many 
Parts as you pleafe, fo that the greater Parts may exceed the 
leaft by [any] given Differences. 

Let (4) be a Quantity to be divided into four fiich Parts,’ 
and its firft or leaft Part call x % and the Excefs of the fecond 
Part above this call b 9 and of the third Part c, and of the 
fouith d ; and x + b will be the fecond Part, x 4“ c the 
third, and x\d the fourth, the Aggregate of all which 
4 a -f b + c -fc- A is equal to the whole Line 4. Take away 
on both Sides b + c Hr < 1 , andfthere remains 4 x — 4 —- b 

4 — b — c —d 

— C —a, or xzzz -. 

4 

Example. Let there be ptopofed a Line of 20 Foot, lo 
to be diviJed into four Parts, that the Excefs of the fecond 
above the firft Part Ihall be 2 Foot, of the third 3 Foot, 
and of the fourth fevcn Foot, and the four Parts will be 

4 — b — r ■— d 20—2—3— 7 x , v 

sfe--1 or--7— ™ O = 2, * + b 

4 ,4 

s= 4. x * 4 ” c rs 5* x + & s= 9- After the fame Man¬ 
ner a Quantity is divided into more Parts on the fame 
Conditions. 

. Problem IV. A Perfon being willing to diftribute 
fome Money among fome Beggars, wanted eight Pence to 
give three Pfence a price to them ; he therefore gave to each 
two Pence, and had three Pence remaining over and above. 
To find the Number of die Beggars. 

Let the Number of the Beggars be x y and there will be 
wanting eight Pence to give all 3# [Number of] Pence, he 

has therefore 3*—8 Pence $ out of thefe he gives 2 x 
Pence, and the remaining Pence at r-8 are three* That is, 
X— 8 = 3 > OI Was XX* 
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Problem V. If two Pbft-Boys, A arid at 5pMiies 
Diftance from one another, meet in the Morning, of whom 
A rides 7 Miles in two Hours, and B 8 Miles in thfee Hours, 
and B fets out one Hour later than A; to find what Num¬ 
ber of Miles A will ride before he nieetsB. 

Call that Length*,* and you'll have 59 — the Length 
of B's Journey. And fince A travels 7 Miles in two Hours* 

he will make the Space * iii — Hours, becaufe 7 Miles s % 


Hours z: x Miles i — Hours. And fo, fince Brides 8 Miles 
7 

in 3 Hours, he will defcribe his Space [or ride his Journeyj 
1 77 1 ix 

59““-* in -—■■ ■ — Hours* Now, fince the DifF.rerrce 
• ° 

of thefe Times is one Hour, to the End they may become 
equal, add that Difference to the ftiorter Time —? > 

o 


and you'll have 1 4 -~ ^ and by ftedii&iori 
1 q 1 * 


35— x. For, multiplying by 8 you have 185 — 3* =* 
1 6k 

-. Then multiplying alfo by 7 you have tap 1 }—^ 21 x 


t=z\ 6*, or 122^1=37*. And, lafllv, dividing by 37, 
there arifes 3^ = *. Therefore, 3^ Miles is the Diftance 
that A muft ride before he meets B. 


The fime rkofe genet ally. 

Having given the [Velocities] Celerities' [or SwifmefTes] 
of two moveable Bodies, A and tending to the lame 
Place, together with the Interval [or Diftance] of the Places 
and Times from and in which they begin to move j to de^ 
termine the Place they fhall meet in. 

Suppofe, the Velocity of the Body A to be fuch, that it 
fhall pafs over the Space c in the Time/; an( ^ ?f t ^ e Body 
B to be fuch as ihall pals over the Space d in the Time g ; 
and that the Interval of the Placed is e, and h the Interval 
of the Times in which they begin to move. 

Case*!. Then if both tend to the fame Place, [or the 
fame Way] and A be the Body that, at the Beginning of 
the Motion, is fartheft diftant from the Place they tend to: 

' Call 
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call that Diftance *, and fubtra<ft from it the Diftance# and 
there will remairi x—e for the Diftance of B frorn^ the 
Place it tends to. And fince A '■ pafles through the Space c 
in the Time/, the’Time in which it will pafsbvet the 

Space x will be —, becaufe the Space c is to the; Time /, 


as the Space x to the Time ••. And fo, fince B pafiesthe 

Space i in [the Time] g, the Time in which it wiil pafs 

the Space 4 ? — t will be Now,fince the Difference 

d 

of thefe Times is fuppofed h , that they may become' equal, 

add h to the Ihorter Time, viz* to the Time — if B begins 

c 


to move firft, and you’ll have 


+ b — ^ X . ^ e , and by 


Keduftion — * + -- yt , or — —j ? = x. But if A blglng 

eg —if g — *f . 6 

C 

to move firft, add h to the Time JL 5 , and yoti’lj 

4 

have — —; b + —£- e , and by Redu&on 

c a 

cgt — cdh • . 

= *' 

Case II. If the moveable Bodies meet, and #, M tfe- 
fore, be made the initial Diftance of the moveable Body 
A % from the Place it is to move to, then c — x will be the 
initial Diftance of the Body B from the fame Place ; and 
fx 

— the Time in which A will deferibe the Diftance x, and 
c 

—• — the Time in which B will deferibe its Diftance 
d 

e — x* To the leffer of which Times, as above, add the 

Difference h, viz. to the Time - if B begin firft to move, 

c 

and fo you’ll have — + b and by Reduction 

c 4 


cgt — cih ' 
t g + W ^ 


Example 


y Google 


I 74 3 
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Example L If the Sun moves every Day one Degree, 
and the Moon thirteen, and at a certain Time the Sun be 
at the Beginning of Queer , and, in three Days after, the 
Moon in the Beginning of Aries , the Place of their next 
following Conjan£hon is demanded. Anfwer in roj Deg. 
of Queer . For lince they both are going towards the fame 
Facts, and the Motion of the Moon, which is farther diftant 
from the ConjunSion, hath a later Epoch*, the Moon will 

be Ay the Sun B, and the Length of the Moon’s 

Way, which, if you write 13 for c, 1 for f x d t and g, 90 

for e, and 3 for b, will become 13 X * — * 3 * 1 * ? 

that is, —or 100^ Degrees j and then add thefe De¬ 
grees to the Beginning of Airs, and there will come out 
IO? Deg. of Queer. 

Example II. If two Poft-Boys, ^and B , being in 
the Morning <59 Miles afuhder, fet out to meet each other, 
and A goes 7 Miles in 2 Hours, and B 8 Miles in 3 Hours, 
and B begins his journey 1 Hour later than A , it is de¬ 
manded how far A Will have gone before he meets B. An¬ 
fwer, 3S Miles. For fince they go towards each other, and 

1 * 9 | j t w , 9 

A fets out firft, - — . C .. will te the Length of his Jour- 
C &~T 

ney j and writing 7 for c, 2 for/, 8 for d, 3 fbrg, 59 for 
e, and 1 for h, this will become 7 * \ that 

7X3 oX 2 

. I * 9 <> 

"37 ’ pr 35, 

Problem VI. Giving the Power of any Agent,’to.find < 
how many fuch Agents will perform a given kffed a in a 
given Time b. 

Let the Power of the Agent be fuch that it can produce 
the Effeft c in the Time d, and it will be as the Time d to 
the Time b, fo the Effeft c which that Agent can produce 
in the Time d to the Effect which he can produce in the 

Time b, which then will be t'. Again, as the Effeflof 

d 

be 

one-Agent -. to the Efleft of all 4 j fo that tingle Agent 
d ' to 
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to all the Agents • and thus the Number of the Agents vy^ll 

be — ■/-' 

be' V 

Exam pi'Sf • If a Scribe can in 8 Day$ write 15 Sheets 
how many fuch Scribe* mull there be to write 405 Sheets in 
9 Days ? Anfwer, 24. For if $ be fubftituted for d, i< for 

f, 405 for 4, and p for b } the Number — will become 

be 


that it, * 9 °, 


?Xl«J 


*35 


or 


24. 


Problem VII. The Forces of feveral Agents being 
given, to determine x the Time, wherein they will joyntly 
perform a given Effeft J. 

Let the forces of the Agents A, B t C be fuppofed, which 
in the Times e,f t g can produce the Ene£ts 4, b, c refptflive- 

ly ; and theft in the Time x will produce the Efiefls *~~ t 
-r, C -~- j wherefore is *—+ ^ + C ~ — d, and by •: Re- 

f & 'ft 

i 

duftion x = rTTTT. 

« ■t’/ T i 

Example. Three Workmen can, do a Piece of Work 
in certain Times, mV. A once in 2 Weeks. ’ B thrice in 8 
Weeks, and C five times in 12 Weeks. It is defired to 
know in what Time they can finilh it joyntly ? Here then 
ate the Forces of the Agents A> B, C, which in the Times 
3, 8. 12 can produce the Effeds 1, 3, 5 refpe&ively, and 
the Time is fought wherein they can do one Effect,, Where- 
fere, for 4, b, c, d, e,f,g write I, 3, S, i> 3» 8 » **>. 

there will arife x — ^ r -, or i. of a Week, that it, 

[allowing 6 working Days to a Week, and 12 Hoars to 
each Day] 5 Days and 4 Hours, the Time wherein they will 
joyntly finim iti 

Problem VIII. So, to compound unlike Mixtures of 
two or more Thing*, that the Things mix’d together nay 
hare a given Ratio to one another, 


X a 


Let 
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Let the given Quantity of one Mixture be dA\ e-B ' 4 * 
fC, the fame Quantity of another Mixture gA + hB 
and the fame of a third lAmB nC, where A, B^ C 
denote the Things mix’d, and d, e, f, g, h , &c. the Propor¬ 
tions oif the fame in the Mixtures. And let pA-\- q B.-+- rC 
be itfie Mature which muft be compos’d Of the three Mix¬ 
tures ; and fuppofe x,y, and z, to be the Numbers, by which 
if the jbree given Mixtures be refpe£Uv,ely muItipJy’d, their 
Sum will become. pA + qB-^-rC. 

r dx A exB -{■ fxC') ■■ 
Thereforeis^-f gyA -\- ioyB-\- iyCY=zpA + qB 4 * r C. 
<t (.+ lz,A4rixz,B-\-nx.C.J , 

At)d then piaking dx + gj + =p 5 e.v hy mx. 
= q,' and. fx + ky -+• »&==r, - and by Redu£Hoh x — 

f— ^ And again, the ^Equations 

17 d i f • : 

= a nd 1 —b—™ _ 

d « * '« . ; ' ; 

by' Redu&ion 


give 


e e 

ep~dq +dMZ,—*elz> f 

r: ej^dh^ 

fq — er -f enz,^—fm c * whic j^ if abbreviated by writing 

et, for ep — dq , £ for — f I, ? fot eg — dfc, T for 
fqe r y ( for e# — /«, and 0 for fk-rn e will become 




y and by Redu&ion 


0 oc • 




■y 9 = ^ Havin s 


found to,'put 


«-+ ft* 


= y, and^— 


p—gy—h 


— A?. 


l&XAMP le. If there were three Mixtures of Metals melt 4 * 
cd down together; of the firft of which, a Pound [Averdur 
pois}’contains of Silver | 12, ©f Braf. ? 1, and of Tin 5 3.5 
of the fecond, a Pound contains of Silver % 1, of Brafs 112, 
?nd ; of Tin 5 3 5 and a Pound of the third contains of Brals 
? of Tin ^ smd.ho Silver ; and let thefe Mixtures be 
fp to be compounded, that a Pound of the Compolition 
- may contain of Silver 5 4, °f Brafs f 9, and of Tin f 3 : 

foxZuJi tAU-Wh+i M/. * 3 5 if 1 * 

d’; d,'i4, 2I 4, 9 , 5 rtfpeawly, and it will be (xntp*- 
dq z= 1X4 — I2XP) 104, and £ (5= 4 j» 
j2 x 14— 15 t 0) 55 i68j and fo > =-^-143, ^ = 24, £ 
~ * 1 5 = — 4 °* 
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( Set — y$ 

= = 

— 3432 + 343 ^ _ 0 . _ /'_ " + P 8 _ — 104 . + 0 \ 
S 72 o — 5544 ' > , —143 ■' 

^ x (=t=f’=±^i=Xr) = ^ Wtef 

fore, if there be mix’d Parts of a Pound of the fecond 
Mixture, -V Parts of a Pound of thethird, and nothing of 
the firft, the Aggregate will be a Pound, containing font 
Ounces of Silver, nine of Brafi, and three of Tin. 

Problem IX. The Prices of feveral Mixtures of the 
fame Things, and the Proportions of the Things mix’d to¬ 
gether being given, to determine the Price of each of the 
Things mix’d. 

Of each of the Things A, B, C, let the Price of the 
Mixture. dA-\-gB -\-lC be 0, of the Mixture eA+bB 
+ mC the Price a, and of the Mixture f Ak B nC the 
Price r, and of tnofe Things A, B, C let the Prices x, y, z. 
be demanded. For the Things A t B, C fubflitute their Prices 
x, y, and there will arife the ./Equations dx + gy~\- lx, 
=zp, e/r-My+ »s = 4, and fx^ly + nz.— r; from 
which, by proceeding as in the foregoing Problem, • there 

6 * — yS" . 

will in like manner be got ==z '> '—and 

p—iy—lx . . 

d ~ 

Example. One bought 40 Bulhels of Wheat, 24 Bu- 
Jhels of Barley, and 20 Bufhels of Oats together, for 15 
Pounds 12 Shillings. Again, he bought of the fame Grain 
26 Bufhels of Wheat, 30 Bulhels of Barley, and <0 Bufhels 
of Oats together, for 16 Pounds. And thirdly, he bought of 
the like kind of Grain, 2d Bufliels of Wheat, 120 Bulhels 
of Barley, and 100 Bulhels of Oats together, for 34 Pounds. 
It is demanded at what Rate a Bulhel of each of the Grains 
ought to be valued. Anfwer, a Bulhel of Wheat at 5 Shil¬ 
lings, of Bailey at 3 Shillings, and of Oats at 2 Shillings. 
For inftead of d,g, l ; e, b,m } /, k, n ; p, 4, r, by writing • 
refpe&ively 40, 24, 20 ; 26,30,50; 24,120,100; 154* 
j6, and 34, there arifes * (=ep— df = 26x » 5 c 4 — '4° 

' X16) =— 234 t» and p>(z=dm—els =:40 X 50—26X 20) 
^1480, and thus 7 ss— 576, $ 5=—500, ? =1400, 

and 
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. . -r. C **-' A 

stni 8 = — 2400. Then z. ^ = ^ZTjyt =- 

562^0—288000 _27 4560 \ 

—866400+j552000 “ 2745600^ 

2 \ __ ‘ .Therefore a Bufhel of Wheat coft 
40 y 

a or 5 Shillings, a Buihel of Barley J-ffc, or 5 Shillings, 
and a Buihel of Oats-;!;, it, or 2 Shillings. 


= w 5 7 V= * 
(= ^ 1 — = 


Problem X There being given the fpecifkk Gravity, 
both of the Mixture and the [two] Things mix'd, to find 
the Proportion of the mix’d Things to one ano ther. • 

Let t be the fpecifick Gravity of the Mixture A + B $ 4 the 
fpecifick Gravity of A % and b the fpecifick Gravity of B ; 
and iince the abfolute Gravity, or the Weight, is compofed of 
the Bulk of the Body and the fpecifick Gravity, a A will tx? 
the Weight of d, b>B of B % and cA-\-eB the Weight of 
the Mixture A+ B\ and therefore aA + bB~cA-\r 
and from thence 4 A-~sA^tB~bB- % and copfequently' 
4~~e :: A: B, 


Example. Suppofe the Gravity [or fpecifick Weight} 
of Gold to be as 19, and of Silver as iof, and [KingJ 
Crown as 17 ; and [ 64 - r 2! : ; 10 : 3 : 4 — e 

:: A : B) :: Bulk of Gold in tne Crown : Bulk of Silver, or 

190: ai ( : : 19 X 10 ? io'- X 3 • :*X c — b : b X 4~ e) 
: : as the Weight of Gold in the Crown, to the Weight of 
Silver, and 221 : ai : : as the Weight of the Crown to the 
Weight of the Silver. 


Problem XI. If th$ Number of Oxen 4 eat up the 
Meadow b in the Time c ; and the Number of Oxen d eat 
up as good a Piece of Pafiure e in the Tim*/, and the Grafs 
grows uniformly; to find how many Oxen will eat up the 
like Pafiure g in the Time b . 

If the Oxen 4 in the Time c eat up the Pafiure b ; then 
by Proportion, the Oxen -4 in the fame Time c, or the 


9 C 

P*eo in the Time /, or the Oxen 


^4 in the Tinted 


will 
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will fcai Up the Paflure r • fapp©fog*he Grafs didriatttfOKV 
{stall} afier the Time >c. But fince, by re&fon nf title 
<nr<iwth of the Gods, all the Oxen d in the Time rf caxrfeat 
-Up only theMead®we, therefore that Growth of tne Gttfa 
m the Meadow*, in the Time will beio moch as 


j 

I 

i 

r 


alone would be.fufBcient to feed the Oxen 4 — -7-7 the 

b f 

Time /, that is as much as would fuffice to feed die Oxen 
in the Time $. And inthe Time.£+-f, by Pro¬ 
portion, fo much wpuld be the Gtowth of the Graft as 


would be fufficient to feed the Oxen \—- into *- 4 ^ 

f—e b ib 

bd'fb—tCA h — bdc f + Aecc 
** bfb — bcb 


Add this Increment 


to the Oxen and there will come out 

bdfb—tcdh —b-dcj-\-ifli xhe Number of Oxen which 

bfb—bcb * 

the failure e foill fuffice to feed in the Time h ., And fo by 
[in] Proportion the Meadow g will fuffice to feed the Oxen 
tU/b^.sh-Ucil+JcU. Tthe rjme 

kefb—bctb 

lime h* » 

CxaMpw. If 12 Oxeneatup Acres of Failure in 
-4’Weeks, and 21 Oxen eat up 10 Acres of like Failure in 
9 Weeks; to find how many Oxen will eat up z6 Acres in 
ifi Weeks ? Anfwer 36 $ for that Number will he found 

in 

the Numbers 12, 3f, 4, 21, it), 9, 3 6 , and 18 for the Let¬ 
ters a , b, c, d, e, f % g, and h refpeflively; but the Solution, 
perhaps, will be no-left expedite, if it be brought out from 
the firll Principles, in Form of the precedent literal Solution. 
As if 12 Oxen in 4 Weeks eat up 3-f,Ac-res, then by Pro¬ 
portion 36 Oxen in 4 Weeks, or 16 Oxen in 9 Weeks, ox 
S Oxen, in 18 Weeks, will eat up to Acres, on Suppofitioin 
"that the Graft did not grow. 3 ut fince by reafon of the 
Growth of the Graft 21 Oxen in 9 Weeks can eat up only 
<10 Acr*8, that Growth of the Graft in 10 Acres for the laft 
« Weeks will be as much as would be fufficient to feed «; 
1 - Oxen, 
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Oxen, that ii the Exoefe of 21 above t6 for 9 Weeks, 01 ] 
what is the feme Thing, to feed 4. Oxen for 18 Weeks. 
And in 14 Weeks (the Excefs of 18 above the firft 4) the 
Increafe of the Grafs, by Analogy, will be fuch, as to be 
fufficient to feed 7 Oxen for 18 Weeks : Add thefe 7 Oxen, 
which the Growth of the Grafs alone would fuffice to feed, 
to the 8, which the 4 Grafs without Growth after 4 Weeks 
would feed, and the Sum will be 15 Oxen. And, laftly^ if 
10 Acres fuffice to feed 15 Oxen for 18 Weeks, then, in 
Proportion, 24 Acres would fuffice 36 Oxen for the fame 
Time. 


Problem XII. Having given the Magnitudes and Mo¬ 
tions of Sphirical Bodies perfeffly elaftick, moving in the 
fame right Line, and meeting one another, to determine 
their Motions after Reflexion. 

The Refolution of this Queftion depends on thefe Condi¬ 
tions, that each Body will fuffer as much by Re-aSion as 
the Adion of each is upon the other, and that they muft 
recede from each other after Reflexion with the feme Velo¬ 
city or Swiftnefs as they met before it. Thefe Things being 
fuppos’d, let the Velocity of the Bodies A and 5, be a and 
b refpeflively ; and their Motions (as being compos’d, of 
their Bulk and Velocity together) will be 4 A and bB. And 
if the Bodies tend the feme Way, and A moving more 
fwiftly follows B , make x the Decrement of the Motion 
dAj and the Increment of the Motion b.B arifing by the 
Percuflion ; and the Motions after Reflexion will be a A—x 

m&bB-^xy and the Celerities - and ~ ^ X ' 9 

whofe Difference is = to * — b the Difference of the Ce¬ 
lerities before Reflexion. Therefore there arifes this diqua- 
. bB -j“ x a A x t D 


bB x 

uon-f- 


dudion * becomes —which being fub-’ 

ftituted for * in the Celerities *— - and — 

A ’ B 

there comes out *— —for the Celerity of A, 

and. f 0l the Celerity of B after Re- 

A d 

flexion. » 

Rut 
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— d — b, and thence by Re- 


ftituted for 


=r 2 dAB — 2bAB 

A~+l '* 
the Celerities -- 


for the Celerity of B after Re- 





L S' ] 

But if the Bodies meet, then changing the Sign of b the 

Velocities after Reflexion will be -_j 

y4 *4- B * ^ 

2 sA+bA—bB , ' 

- - 'AJpb - 5 either wtlich . ^ they come out, by 

Chance,"Negative, it argues that Motion, after Reflexion to 
t^nd a contrary Way to that which A tended to. before Re¬ 
flexion. Which is alfo to be underilood of At Motion in 
the former Cafe. 


^Example. If the homogeneous Bodies [or Bodies of 
the fame Sort] A. of 3 Pound with 8 Degrees of Velocity 
a P<4 B a Body of <? Pounds with 2 Degrees of Velocity* 
tend the fame Way ; then for A, a t B, and b y write 3, g, y* 

and 2 j and becomes — 1, and 

/2 aA — bA^bB\, _ 1 

^ becomes. $. Therefore A will re- 

« r " n ack with one De g ree of Velocity after Reflexion, and 
B will go on with ^ Degrees, 


Pit ob lem XHf. To find 3 Numbers in continual Pro¬ 
portion, whof$ Sum fliail be 20, and the Sum qf their 
Squares 140? 

Make the firft of the Numbers and thefecond-rj, 

and'the third'will be and confequently \-~ 

^ x 

= 20 ; and xx-\~yy ■+■ ■ = 140. And by Redu£Uon 

XX 

xx i.20 ?+*>=? °» and ** i JJ, xx+j* ~ oi 

Now to exterminate x 9 for a, b, c 9 d, e, f, g, h, in the third 
Rule, fubftitute 'refpeaively j,'o, y 7 — 140, 0,y 4 j t, , 

1~ 20, a nd yy : and there will Come put — yy -f 280 X y 4 
: 2 yj—A °y * 26 qj 4 — 4oy 7 ”. ; + x ; 4 : — 2yy 

— 4°7' " 4 * 4Coy 4 : — o ; and by Multiplication 
T 6 oOy e — 1.^460.7o, or y — 6 \. Which is found more 
wort by another Method before^ but not fo obvious as this. 
Moreover, to-find *, fubflitute 6| for y in the Equation 

** + and there will arife xx — i$fx 

M + 42 i 
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- 4 - 42 t= 0 , or V.r — 13 1 * — 42I, and having extraSed the 
Root * = 6 } . or — V 3 rV; viz,. 6 $ + V3A■ » the 

greateft of the three Numbers fought, and 6| and V 
the leaft. For \ denotes ambiguoufly either of the extreme 
Numbers, and thence there will come out two Values, either 

yy 

of which may be *, the other being 

, yy 

The feme otlierwifc. Putting the Numbers x,y, and — 


yy 

as before, you’ll have # + 7 + — = 20, or xxzzz 

— yy 9r and extracting the Root #=10 — + 

V100—To T—Tyy f° r Number : Take 


20 

— y 


X 


away 


this and y from 20, and there remains ^ = 10 —\y — 


y^oo— 107 — fyj the third Number.* And the Sum 
of the Squares ariling from thefe 3 Numbers is 400 
— 40/, and fo 400—'4°J — J 40> or j = 6f. Anc * ha¬ 
ving found the mean Number 6| f fufcftitute it for y xn 
the fir ft and third Number above found; and the fir ft will 
become 6 \ + and the third 6| as .before. 


Problem X!V. To find 4 Numbers in continual Pro¬ 
portion, the 2 Means whereof together make 12, and the 2 
Extremes 20. • 

Let at be the fecond Number, and 12 *—x will be the 

third, the firft ; and - 44 — * - the fourth; 

12 — x * 

' xx . 144 — 2 ±X + XX , 

and confequently- \ -= 20* And 

12 —x x . 


by Reduflion h = ia* —?of. or x— 6 + Which 
being found, the other Numbers are given from thofe 
above. . ' 

Proelfm XV. To find 4 Numbers continually propor¬ 
tional, whereof the Sum a p given, and [alfo] the Sum of 
their Squares b. . 

Altho’ we ought for the moft Part to feek the Quantities 
requir’d' immediately, yet if there are 2 that are ambiguous, 
that is, that involve both the fame Conditions, as here the 
.2 Means and 2 Extremes, of the 4 Proportionals) the beft 
Way is to feek other Quantities that are not ambiguous, 

by 
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by. which thefe may be determin’d, as fuppofe their Sum, 
ox Difference, or Reflangle. Let us therefore make the Sum 
of the 2 mean Numbers to be i, and the Reflangle r, and 
che Sum of the Extremes will be a — and the Re&angle r, 
oecaufe of the Proportionality. Now that from hence thefe 
4* Numbers may he found, mike x the firft, and y the fecond, 
^ and a-~-s~x the fourth, and 

the Reflangle under the Means sy — yy and thence one 

^. an -£=^ + the other s —j= — \Z± S s—r. 

Alio, the Ke&angle under the Extremes a* — tx — ’X# = r, 

and thence one Extreme * —lUl'-f f/ ‘l 2as + 44 r 


and (he other a —. j —x = 


2 

a—s 


f/ U—2MS+M r 
4 


The Sum of the Squares of thefe 4 Numbers is 2ss — 
which is — b. Therefore r— %ss — f 
— 4b, which being fubftituted for r, there come 
out the 4 Numbers as follows: 

The ,2 Means Xf s + ^k b—? ’ 4 xx^ a s — \aa 
■ ' \fx— V ±f>— *xx + £rfx— \a*. 

\~+ SiT=l 

The 2 Extremes 



txx 


v V %b — fss 

Yet there remains the Value of s to be found. Where¬ 
fore, to abbreviate the Terms, for thefe Quantities fub- 
fHtpte, and the 4 Proportionals will be 

— + * 
v h s 4 " p 


2 

a —/ 


~ q 


and make the Re&angle under the fecond and fourth equal 
to the Square of the third, fince this Condition of the Quefti- 

on is not yet fatisfy’d, and you’ll have -- — ±4/ + 

pa—ps * * ^ 

—- - ■ — — px + pp. Make alfo the Refiangle 


M 2 
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under the foil and third equal to the Square of the fecojp<3, 
and you’ll have-* -f- f qs ^ —-p ^ J /r 

+ pS -J- ppm Take the firft of thefe ^Equations from the 
latter, and there will remain qs+— pa -f p$ rr: 2px, or qs^=z 
pa-\-pi. Reftore now ts+\As — 544 in the 

Place of p, and ~ ss in the Plate of q, aj»d you’ll 

have tV%b--%ts — 4-J-* V%br— ■+ j4J—i<* 4 , 

and by Jquaring */=— -/+f — or 

4 2 4 

4/ “ " 

"t '-1- taa — jb i which being found, the 4 Nuiq- 

444 

bers fought are given from what has been lhcwn above# 

Problem XVI. If an annual Penfion of the [Ni*tnbet 
oi] Pounds 4, to be paid in the five next following Years* 
be bought for the ready Money c, to find what the Com¬ 
pound Intereft of 100 /. per Annum will amount to ? 

Make 1 — x the Compound Intereft of the Money x for 
a Year, that is, that the Money 1 to be paid after one Year 
is worth x in ready Money ; and, by Proportion, the Mo¬ 
ney 4 to be paid after one Year will be worth ax in ready 
Money, and after 2 Years [it will be worth] axx, and 
after 3 Years ax', and after 4 Years ax 4 , and after 5 
Years ax'. Add thefe 5 Terms* and you'll have ax' -(- 
ax 4 4 - 4 ** +- 4 xx -f- axxzc, or x' +x 4 +x> -\-x z -j- 
c ' 

x - an ./Equation of 5 Dimenfions, by Help of which 

4 

when x is found by the Rules to be taught hereafter, puf 
x : 1 :: 100 : y, and y— ico will be the Compound Inte¬ 
reft of 100 /. per Annum . 

It is [will be] diffident to have given thefe Infiances in 
Queflions where only the Proportions of Quantities are to 
be confidefd, without the Pofirions of Lines : Let us now 
proceed to the Solutions of Geometrical Problems. 


How 
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Queflions may be reduc'd to 
Aquations. 


G Eometrieal Queflions may be reduc’d fometimes to &+ 
quations with as much Eafe, and by the fame Laws, 
as thofe we have propos’d concerning abftradled Quantities. 
As if the right Line A B be to be cut [or divided] in mean 
and extreme Proportion [or Reafon] in C, that is, To that 
2?£, the Square of the greatefl Part s fhall be equal to the 
Re&angle BD contain’d under the whole, and the leaft 
Pan ; having put AB — a, and BCz=zX , then will AC~ 
*r—x y and xx —4 into an ^Equation which by Re- 

dudion gives x — — ~ a-\- a. [Vide Figure 6 .] 

But in Geometrical [Cafes or] Affairs which more fre¬ 
quently occur, they fo mpeh depend on the various Porti¬ 
ons and complex Relations of Lines, that they require fome 
farther Invention and Artifice to bring them into Algebraick 
Terms. And tho' it is difficult to preferibe • any Thing 91 
thefc Sturts of Cafes, and every Perfon’s own Genius ought 
to be Ins Rule [or Guide] in thefe Operations ; yet Ill en¬ 
deavour to fhew the Way to Learners. You are to know 
therefore, that Queflions about the fame Lines, related after 
any definite Manner to one another, may be vaiiouily pro¬ 
pos'd, by making different Quantities the [ Qxtfita] or 
Things fought, from different [Datd] or Things given. But 
of what D*t 4 or Qu^fita foever the Queflion be propos’d, 
its Solution will follow the fame Way by an Analytics Se¬ 
ries, without any other Variation of Circumflance befides 
the feign’d Species of Lines, or the Names by which we 
are ufed to diflinguilh the given Quantities from thofe 
fought. 

As if the Qpeflion be of an Ifofceles CBD inferib’d in a 
(Circle, whofe Sides BQ BD y and Bafe CD, are to be com¬ 
par’d with the Diameter of the Circle AB. This may ei¬ 
ther be propos’d of thelnveftigation of the Diameter from 
the given Sides and Bafe, or of the Inveftigation of the 
from the given Sides and Diameter; or Iaflly, of 
the Inveftigation of the Sides from the given Bafe and Dia¬ 
meter ; but however it be propos’d, it will be reduc’d to an 
^Equation by the fame Series of an Analyfis. [Vide Figure 7.] 
fiz* If the Diameter be fought, I put AB — x, CD^a, 
tod BCox BDzz:b' Then (having drawn AC) by reafon 

•W* * “• * > ’ aP 
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Of the fimilar Triangles AB C., and CBE, AB will.be to 
BC :: BC : B E, or x : b : ;b : BE. Wherefore, B E — 

—. Moreover, C £ is — J- C D, or to ~4 ; and by reafon of 

tile right Angle CE B, CEq -f BEq,~B Cq, that is, ± aa 

ssbb, Which Equation, by Reduflfon, will give, the 

Quantity a? fought. 

Butii the Bafe be fought, put AB^c, CDA=x, and 
^Cor BD'szzb . Then (AC being drawn) becaufe of the 
fimilar Triangles ABC and QBE, there is AB:BC: : 

BC: BE, or c : b :; b : BE. Wherefore BE- — j and 

alfo CE^tCDj or fa. And becaufe the Angle CEB is 

right, CEq + BEq - BCq, that is, \xx + - - bb y 

an ./Equation which will give by Reduction the fought Quan¬ 
tity x. . , 

But if the Side B Cot be fought, put AB-zc, CD — a. 
and BC or BD — x. And (AC being drawn, as before) 
by reafon of the fimilar Triangles ABC wd CBE, AB 
*sto BC;: BC : BE, or c : x :: x : B E. Wherefore B E 

— Moreover, CE is — ' CD, or ~ay and by reafon 

of the right Angle CEB; CEq + BEq-B Cq, that is, 

; and the ^Equation, by Reduction, will 

give the Quantity fought, viz,, x. 

You fee therefore that in every Cafe, the Calculus, by 
which you come to the ./Equation, is the fame every where 
and brings out the fame .Equation, excepting only that f 
have denoted the Lines by different Letters according as I 
made the D*u and [different]. And from different' 

Data im Otnejua there arifes a Diverfity in the Reduction 
of the ^Equation found : For the Redq£lion of rhe dEqu^- 

tion \ 4a + — zzbb, in order to obtain x - 

xx — 

the Value of AB, is different from.the ReduSion of the 
b* l 

./Equation f xx - 1 - — = bb, in order to obtain x —~ 

A — - CC ' c 

yee—bbf the Value of CD j and the Reduction of the 

iEqua- 
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Equation ~aa + —=zxx very different to obtain x=r 

c c 

ff* cc±±cy/cc—aa the Value of BCoxBD: (as well 

^4 .. > - • 

as this alfo, %aa =bl, to bring out c, 4 , or b t ought 

to be reduc’d after different Methods) but there was no'Dif- 
Ference iri the Inveftigation of thefe Aquations. And hence 
it is that [Analysis] order us to rrtake no Difference between 
the given and fought Quantities. For fince the fame Com¬ 
putation agrees to any Cafe of the given and fought Quan¬ 
tities, it is convenient that they fhould be conceiv’d and 
compar’d without any Difference, that we may the mote 
rightly judge of the Methods' of computing themj or ra¬ 
ther it is convenient that you lhould imagine, that the 
Queftion is propoi’d'bf thofe [Ddttt and Qu&fita] given and 
fought Quantities,' by which you think it is moft eafy for 
you to ma'ke outyour Aquation. 1 * 

Having therefore any Problem propos’d, compare the 
Quantities which it involves, and making no Difference be¬ 
tween the given and fought ones, confider how they depend 
one upon another, that you may know what [Quantities! 
if they are affum’d. Will, by proceeding Synthetically, give 
the reft. ’ To do which, there is no need that you lhould at 
firft of all confider how they may be deduc’d from one ano¬ 
ther Algebraically ; but this general Confideration will fuf- 
fice, that they may be fome how or other deduc’d by a di¬ 
rect Connexion ■ [with One.another}. 

For Example, If the Queftion be put of the Diameter of 
the Circle AD, and the three Lines AB, BC, and CD 
inferib’d in a Semi-circle, and-from the reft given you arq 
to find BC; at firft Sight it is manifeft, that the Diameter 
AD determines the Semi-circle, and then, that the Lines 
A B and C D by Infcription determine the Points S and C 
and confequently the Quantity fought BC, and that by a 
diredi Connexion ;• and yet after what Manner B C is to be 
•had from tbef b DAta [or given Quantities] is not fo evident 
to be found by an Analyfis. The fame Thing is alfo to be 
underflood cFAB Or CD if they 1 were to be fought from 
tlur other Data: [Vide Figure 8 ] Now, if A'D were to 
be found from' the given Quantities AB, BC, ami CD it 
is equally evident it could not be done Synthetically ; ’for 
the Diftanceiof the Points A and Z) depeiids ori the Angles 
■ ‘ .... f ... '• •• * ’ £ and 
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t and Q and thofe Angles on the Circle in which the given 
lines are to beinfcrib’d, and that Circle is not given with¬ 
out knowing the Diameter A D. The Nature or the Thing 
therefore requires, that Ab kb fought, not Synthetically, 
but by afluming it [as given] to malce thence a Regreffion 
to the Quantities given. 

When you ihall have throughly perceiv’d the difFetenc 
Orderings [of the Procefs] by which the Terms of the Que- 
flion may be explain'd, make Ufe of any of the Syntheticajl 
[Methods] by alluming Lines as given, from which you can 
Form an eafy Procefs to others, tho* [the Regreffion] to 
them may be very difficult* For the Computation, the* it 
may proceed thro’ various Mediums, yet will begin [origi¬ 
nally^ From thofe [or fuch] Lines ; and will be fooner per- 
Form a by fuppofing the Queftion to be fuch, as if it ,was pro¬ 
pos’d of thofe Dau % and feme Quantity fought that would 
eafily come out from them, than by thinking of the Que¬ 
flion *[in the Terms ojr Senfe] it is really propos’d in, Thus^ 
in the propos’d Example, If from the reft of the Quantities 
given you were to find AD : When I perceive that it can¬ 
not be done Synthetically, but yet that if it was done fo, 1 
could proceed in my Ratiocination on it in a dire£l Con¬ 
nexion [from one Thing] to others, I afliime AD as given, 
and then I begin to compute as if it was given indeed, and 
lome of the other Quantities* viz,, fome of the given ones, 
as AB 9 BC, or CD, were fought. And by this Method, 
by carrying on the Computation from the Quantities at 
fum’d after this Way to the others, as the Relations of the 
Lines [to one another] direct, there will always be ob¬ 
tain’d an Equation between two Values of fome one Quin- 
tity, whether one of thofe Values be a Letter fet down as a 
fReprefentation or] Name at the Beginning of the Work 
For that Quantity, and the other a Value of it found out 
by Computation, or whether both be found by a Computa¬ 
tion made after different Ways. 

But when you have compar’d the Terms of the Queftion 
thus generally, there is more Art and Invention requir’d to 
find put the particular Connexions or Relations of the Lines 
that fjiall accommodate them to [or render them, fit for] 
Computation. For thofe Things, which to a Perfon that 
does not fo thoroughly confider them, may feem to be im¬ 
mediately. and by a very near Relation connected together, 
when we have a Mind to exprefs that Relation Algebrai¬ 
cally, require a great deal more round-about Proceeding, 
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and oblige you to begin your Schemes anew, and carry on 
your Computation Step by Step"; as may appear by finding 
B O from AD. AB , andCD. For you are only to proceed 
by fu:h Proportions or Enunciations that can fitly be repre- 
fenteJ in Algebiaick Terms, whereof in particular you have 
fome from [End] Ax. 19. Prop . 4. Book 6 . and Prop. 47. 
of the firft. 

In the firfi Place ther fore, the C dculus may be a flirted 
by the Addition and Subtra&iqn of Lines, fo that from the w 
Values of the Parts you may find the. Values of the whoie t 
or from the Value of th<? whole and one of the Parts you 
may obtain the Value of the other Part. 

In the fecond Place, the Calculus is promoted by the 
Proportionality of Lines ; for we fuppofe (as above) that 
the ReChmgle of the mean Terms, divided by. either of the 1 
Extremes, gives the Value of the other; or, which is the 
feme Thing', if the Values of all four of the Proportionals are 
flrft had, we make an Equality [or ^Equation] between the Re - 
Wangles of the Extremes and Means., But the Proportionality 
of Lines is beft found out by the Similarity of Triangles, 
which, as it is known by the Equality of their Angles, the 
Analyft ought in particular * to be converfant in comparing 
them, and confequently not to be .ignorant of End. Prop. 5, 
13, 15, 29, and 32 of the firft Book, and of Prop . 4, 5, 6, 
7, and 8 of thelixth Book, and of the 20, 21, 22, 27, and 
31 of the third Book of his EUm. To which alfo may be 
added the 3d Prop • of the fixth Book, wherein, from the • 
Proportion of the Sides is inferr'd the Equality of the An-' 

5 1 cs, and t contra. Sometimes like wife the 36 and 37 th • 
Vop. of the third Book will do the fame Thing. 

In the third Place, [the Calculus] is promoted by the Ad¬ 
dition or Subtraction of Squares, viz. In right angled Trian-, 
gles we add the Squares of the lefleT Sides to obtain the 
Square of the greater, or from the Square of the greater Side 
we fubtraCt the Square of one of the lelfer, to obtain th$ 
Square of the other 

And on thefe few Foundations (if we add to them 
Prop. 1. of the 6th Eltnj. when the Bufinefs relates to Super-’ 
ficics, as alfo fome Propofitions taken out of the nth and’ 
12th of Euclid, when Solids come in Queftion, the whole 
Analytick Art, as to right-lined Geometry, depends. More,- 
over, all the Difficulties of Problems may be reduc’d to the 
foie Compolition of Lines out of Parts, and the Similarity 
of Triangles; fo'that there is ho'Occafcm to make Ufa or 
• N other 
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other Theorems; becaufe they may all be refolv’d into tliefe 
two, and confequently into the Solutions that may be drawn 
from them. And, for an Inftance of this, I have fubjoinM 
a Problem about letting fall a Perpendicular upon the Bafe 
of an oblique-angled Triangle, [which is] folv’d without 
the Help of the 47th Prop . of the firft Book of EucU But' 
akho’ it may be of [great] Ufe not to be ignorant of the 
aioft Simple Principles on which the Solutions of Problems 
depend, and tho* by only their Help any [Problems] may 
be iblv'd ; yet, for Expedition fake, it will be convenient 
hot only that the 47th’ prop, of the firft Book of Eucl. whofe 
Ufe is moft frequent, but alfo that other Theorems fhould 
fcraetknes be made Ufe of 

As if [for Example] a Perpendicular being let fall upon 
the Bafe of an oblique angled Triangle, the Queflion were 
ffbr the fake of promoting Algebraick Calculus) to find the 
Segments of the Bafe • here it would be of Ufe to know, 
that the Difference of the Squares of the Sides is equal to 
the double Redangle under the Bafe, and the Diftance of the 
Perpendicular from the Middle of the Bafi& 

If the Vertical Angle of any Triangle be bife&ed, it will 
not only be of Ufe to know, that the Bafe may be divided 
in Proportion to the Sides, but alfo, that the Difference of 
t!he Re&angies made by the Sides, and the Segments of the 
Bafe is equal to the Square of the Line that bife&s the 
Angle. 

# If the Problem relate to Figures inferib’d in a Circle, 
this Theorem will frequently be of Ufe, viz. that in any 
Quadrilateral Figure inf rib d in a Circle, the Redangle of 
the Diagonals is equ al to the Sum of the Re dangles .of the 
Qjppofijte Sides. 

The Analyft may obferve feveral Theorems of this Nature 
in his Pra&ice, and referve them for his Ufe ; but let him 
ufe them fparingly, if he can,* with equal Facility, or not* 
much more Difficulty, hammer out the Solution from more 
fimple Principles of Computation. 

Wherefore let him take efpecial Notice of the three Prin¬ 
ciples firft propos'd, as being mote known, more fimple, more 
general, but a few, and yet fufficient for all [Problems], 1 
and let him endeavour to reduce all Difficulties to them be- ! 
fore others. * f 

But that thefe Theorems may be accommodated to the 
Solution of Problems, the Schemes are oft times to be far¬ 
ther conftruded, by producing cut fame of the Lines till 1 

they 1 
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they cut others, ox become of an affign’d length ; or bf 
drawing Lines parallel or perpendicular from fome remarka¬ 
ble Point, or by conjoining fome remarkable Points $ as atfo 
fometimes by conftrufling afcsr other Methods, according as 
the State of the Problem and the Theorems which are 
made XJfe of to folve it, mall require. As for Example, 
If two Lines that do not meet each other, make given An¬ 
gles with a certain third Line, perhaps we produce them fb 9 
that when they concur, or meet, they (Mall form aTriande, 
whofe* Angles, and eonfequently the Reafons of their Sides, 
fltedl be given ; or* if any Angle is given, or be equal to 
my one, we often complete it into a Triangle given in Spe¬ 
cie, or fimifar to fomfc other, and that by producing fome of 
the Lines in the Scheme, or by drawing a Line fubtending an 
Angle. If the Triangle be an oblique angled one, we ofte|l 
icfolve it into two right angled ones, by letting fall a Per¬ 
pendicular* If the Bufinefs concerns multilateral [or many 
fidecTj Figures, we refolve them into Triangles, by drawing 
Diagonal Lines; and fo in others ; always aiming at this 
End, viz* that the Scheme may be refolv’d either into given, 
or limilar, or right angled Triangles. Thus, in the Exam¬ 
ple propos'd, I draw the Diagonal B D, that the Trapezium 
ABCD may be refolv’d into the two .Triangles, A BD a 
tight angled one, and BDC an oblique angled one. {Vide 
Ttgure 9*1 Then I refolve the oblique angled one into two 
right angled Triangles, by letting fell a Perpendicular from 
any of its Angles, B C or Z), upon the oppolite Side; as from 
B upon CD produc’d to £, that BE may meet it perpen¬ 
dicularly* But lince the Angles BAD and BCD make, in. 
the mean while two right ones (by 22 Prop. 3 Elem .) as 
well as BCE and BCDj I perceive the Angles BAD 
and BCE to be equal ; eonfequently the Triangles BCE 
and DAB to be iimilar. And fo 1 fee that the Computa¬ 
tion (by afluming AD, AB, and BC as if C D were fought) 
may be thus carry d on, vizA D and A B (by reafon or 
the right angled Triangle ABD) give you BD. AD\ 
AB y BD , and B C (by reafon of the limilar Triangles 
ABD and CEB} give BE and C£. BD and B £ (by 

^ reafon of the right angled Triangle BED ) give £f); and 
£D~£C gives CD. Whence there will be obtain’d an 
•Equation between the Value of C D fo found out, and the 
[fmall Algebraick] Letter that denotes it. We may alfo 
(and for tne greateft Part it is better fo to do, than to fol- 
tow the Wors too far in one continue^ Series) begin the 

N 2 Cojp- 

Digitized by 


[ 9 * 1 

Computation from different Principles, or at leafl promote 
it by divers Methods to anyone and the fame Coirclufion, 
that at length there may be obtain’d two Values, of any 
the fame Quantity,* which may be made equal to one ano-* 
ther. Thus, AD,.AB> and BC, give BD, BE, a^nd CE 
as before ; then CD-\-CE gives ED; and, laftly, BD r 
and ED (by reafon of the Tight angled Triangle BED ) 
give BE . You might alfo very well form the Computation 
thus, that the Values of thofe Quantities fhould be fought 
between which any other known Relation interceeds, and 
then that Relation will bring it to an ^Equation. Thus, 
fince the Relation between the Lines BD, DC, SC, and 
CE, is manifefl from the 12th Prop . of the fecond Book of 
the Elcm. viz*, that B D <7 B C? *— CD ^ = 2 CD x CE : 
I feek BDq from the aifum’d AD anJ AH ; and CE from 
the affum’d AD y AB , and B C. And, laftly,. afluming CD 
I make BDq—*BCq — CD qz=z 2CD X CE. After fuch. 
Ways, and.led by thefe Sorts of Confutations, you ought 
always to take care of the Series of the Analyfis, and off the 
Scheme to be conftrucled in order to it, at once. 

Hence, 1 believe, it will be manifeft what Geometricians 
mean, when they bid you imagine that to be already done 
which is fought. For making * no Difftrence between the 
known and unknown Qjantities, you may aflume any of 
them to begin your Computation from, as much as if all 
had [indeeu] been known by a previous Solution, and you 
were no longer to confult the Solution of the Problem, but 
only the Proof of that Solution. Thus, in the firft of the 
three Ways of computing already delcribed, altho' perhaps 
AD be really fought, yet 1 imagine CD to be th# Quan¬ 
tity fought, as if l had a mind to try whether its Valup 
deriv’d from A D will coincide with [or be equal to] its 
Quantity before known. So alfo in the two laft Methods, 
I don’t propofe, as my Aim, any Quantity to be fought, 
But only fome how or other to bring out an Equation from 
the Relations of the Lines: And, for fake of that Bufinef? 
.1 affume all [the Li' es] AD , AB, BC , and CD as known, 
as much as if (the Quiftion being before folv’d) the Bufi- 
nefs was to enquire whether furh and fuch Lines would fa- 
tisfy the Conditions fcf it, by [filling in or] agreeing with 
. any /Equations which the Relations of the Lines can exhi¬ 
bit. 1 enter’d upon the Bufinefs at firft Sight after this 
Way, and with fuch [Sort of] Confulrations ; but When I 
arrive at an ^Equation, 1 change my Method, and endeavour 

to 
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to find the Quantity fought by the Redu&ion and Solution 
of that Equation. Thus, laftly,. wc aflume often more 
Quantities as known, than what are exprefs’d in the State of 
the Queftion. Of this you may fee an eminent Example 
iii the 42d of the following Problems, where I h^ve aflum’d 
4, by and c, in the /Equation 4 «+- b x -f c =nyy for deter¬ 
mining the Conick Se&ion; as alfo the other Lines r,/, v 9 
of which the Problem, as it is propos’d, hints nothing. For. 
yon may aflume any Quantities by the Help whereof it is 
poflible to come to .Equations; only taking this Care, that 
you obtain as many .Equations from them as you aflume 
Quantities really unknown. 

After you have confultcd your Method of Computation/ 
and drawn up your Scheme, give Names to the Qumtides 
that enter into the Computation, (that is/ from which be* 
ing aflum’d the Values of others are to be deriv’d, till at 
laft you qome to an .Equation) chufingfuch as involve all 
the Conditions of tlie Problem, and feem accommodated 
before others to the Bufinefs, and that lhall.render the Con- 
clufion (as far as you can guefs) more Ample, but yet not 
more than what fhalT be fufficient for your Purpofe. Where¬ 
fore, don’t give proper Names to Quantities which may*be 
denominated from Narties already given. Thus, from a 
whole line given and its Parts, from the three Sides of a 
right angled Triangle, and from three or four Proportionals, 

. fome one of the leaft confiderable we leave without a Name, 
becaufe its Value may be deriv d from the Names of the 
reft. As in the Example already brought, if I make AD 
= #• and AB = a, I denote BD by no Letter, becaufe it 
is the third Side of a riqht angled Triangle A B D y and con-* 

fequently its Value is y/ xx — 44 . Then if I fay BC~b f 
fince the Triangles DAB and BCE are fimilar, and thence 
the Lines AD : AB :: BC : CE proportional, to three 
‘whereof, viz. to AD, A B y and BC Ithere are already 
Names given ; for that reafon I leave the fourth C £ with¬ 
out a Name, and in its room I make Ufe of — difcoverVJ 

so 

from the foregoing Proportionality. And fo it DC be called 
c, I give no Name to D £, becaufe from its Parts, D C and 

$tb 4b 

CE, ore and , its Value c + — come* out. {Vide Fi~ 

X x 

gnre 10] 
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But while I am talking of thefe Things, the Problem is 
almoft reduc’d to an Equation. For, after the aforefaid 
Letters are fet down for the Species of the principal Lines, 
there remains nothing elfe to be done, but that out of thole 
Species the Values of other Lines be made out according to 
a preconceiv’d Method, till after fome forefeen Way they 
come to an ./Equation. And I can fee nothing wanting in 
this Cafe, except that by [means of] the right angled Tri¬ 
angles BCE and BDE I can bring out a double Value of 

BE y vie. BCq — CEq ^or — BEq ; as aMo 


BDq~DEq ^ot **—/ 


■_ 44bb\ ____ 

XX * 


And hence (blotting out on both Sides r 


have the Equation 11 — xx—aa —cc — 


2 4 bc. 


1 Bull 


which 


being reduc’d, becomes x * xz'-\-bbx + 2»bc, 

-4- cc 

But fince I have reckon’d up feveral Methods for the So¬ 
lution of this Problem, and thofe not much unlike [one 
another] in the precedent [Paragraphs], of which that 
taken from Prop. 12. of the fecond Book of the Eltm. be- . 
ing fomething cleverer than the reft, we will here iubjoin it* 
Make therefore A Dz=x, A B —a, B C— b, and CD=*c t 

si If 

and you 11 have B Da = — a a % and CE = — as before. 

x 

Thefe Specks therefore being fuhftituted in the Theorem for 
SDq —BCq — C Dq = 2 CD x C£, there willarife xx~— 

vdbc ** 

44 —tt— cc =•——, and after Keduflion, x ? zx -\*bb x 

x -J -cc 

+ 2 a be, as before. 

Bur that it may appear how great a Variety there is in 
the Invention of Solutions, and that it is not very difficult 
lor a prudent Geometrician to light upon them, I have 
thought fit to teach [or fhew] other Ways of doing the 
fame Thing. And having drawn the Diagonal BD; if in 
room of the Perpendicular B £, which before was let fall 
from the Point B upon the Side D C, you now let fall a Per¬ 
pendicular from the Point D upon the Side B C, or from 

~ the 

* -• * 
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the Point C upon the Side B D, by which the oblique angled 
Triangle BCD may any how be refolv’d into two right 
angled Triangles, you may come almoft by the fame Met 
thods I have already defcrib’d to an Equation. And there 
are other Methods very different from thde ; as if there are 
drawn two Diagonals, AC and B D, BP will be given by 
afihming AD and A B; as alfo AC by affirming AD and 
C D; then, by the known 1 heotem of Quadrilateral Ft. 
guresinfcrib’d in*a Circle, viz,. That AD % BC+AByt 
CD is = AC X BD, you'll obtain an ^Equation. \VUt Ft* 
vere n ] Suppofe therefore remaining the Names of the 
Li nes D, AB, BC, CD , viz.. *, 4 , b,c, BD will be 
‘t/xx—an, and AC= >/xx—cc, by the 47th Prep. of 
the firft Elem- and thefe Species of the liness being fiiofti- 
tuted in the Theorem we juft now mention’d, there will 

come out xb-\- 4c =zVxx — cc x V**— da. The Paris 
of which ^Equation being lquar’d and reduc’d,^ you'll z gjja 
44 

have x'— -\-bb x-{- 2 *bc. 

HH cc. , • 

But, moreover, that it may be manifeft after what Man> 
net the Solutions drawn from that Theorem may be thence 
reduc’d to only the Similarity of Triangles, ere£l BH per* 
pendicular to BC, and meeting AC in H, and there wifibf 
form’d the Triangles BC H, BDA Umilar, by reafon of 
the right Angles at B, and equal Angles at C and D, (by 
the 21. 3. Elem.) as alio the Triangles BCD, B H/f Twhich 
are alfo] Umilar, by reafon of the equal Angles both at R, 
(as may appear by taking away the common Angle DBH 
from the two right ones) as alfo at D and A (by 21. 2 
blew.) You may fee therefore, that from the Proportiona¬ 
lity B D: AD: : BC: HC, there is given the Line HC} 
as alfo AH from the Proportionality BD :CBi; AM 
: AH. Whence llnce A H + HC—AC, you have an JSr 
qoation. The Names therefore aforefaid of the Lines re¬ 
maning, viz., x, 4 , b, c, as alfo the Values of the lines AC 

and BD, viz. Vxx—ec and Vxx —44, the full 

xb 

portionality will give HC = aad the fecond 

VXX —-44 


will give AH = 


CA 


i/ XX —44 


Whence, by reafon of AH 
+ HC 
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bx + ac r . . f 

rj- HC±zAC, you’ll have 7 ~ \/xx~cc f an 

Equation which (fy multiplyiiig by \/xx — 44, and f>y 
fquuring) will be reduc’d to a Form often deferib’d in the 
preceding Pages. 

But that it may yet farther appear what a Plenty of So-'" 
lutiona may be found, produce BO and AD till they meet 
in F, and the Triangles ABF and CD £ will be fimilar^ 
becaufethe Angle at # F is common, and the Angles ABF 
and CDF (while they compleat the Angle CD A to two 
right ones, ,by 13,1. and 22, 3 EUm.) are equaL \J^Uc 
Figure i£/J Wherefore, if befides the four Terms which 
compofe jhe Queftion there was, giveli AF y the Proportion 
A B : A^ :: CD: CF would give CF. Alfo AF— AD. 
would giye D F, and the Proportion CD : DF ;: AB: B F 
would give BF ; whence (fince BF~CF~ BC) there t 
Would arife an ^Equation'. But fince there are aflum’d two 
unknown Quantities as if they were given, there remains 
another iEquation to be found. I let fall therefore EG at 
right Angles upon AF y *and the Proportion AD: AB : z 
AB : Au will give Ad ; which being had, the Theorem, 
in the j3* 2 EucL viz,. t that BFq + 2F AQ ^ ABq +_* 
AFq Will give another .Equation. 4, remaining 

thetefdre ds’before, anil making AF —y, you'll have (by 

infilling on the Steps already laid down) -- ±= C F. y—x —[ 


y— xyza __ * , , >-—r X 4 cy 

D F. - : -— B F. And thence -——•-- — fc_ 

c c y a 1 

\ ) • ’4^ ' 4 , t 

the Equation. Alfo will be = AG y and confe- 

for 

.. CC \\ X 

th^ fecond Equation. Which two, by Reduction* will give 
the Equation fought, viz,. The Value of y found by the fir ft 
Abc~\~itAX 

./Equation is --: - , which being fubftituted in the fe- 

cond, will give'an Equation, from which rightly order’d 

44 

will come out, x % ■— + bb,x + 2 die,as before. 

+ CC 


And 
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And fo, if A B and D C arc produc’d till they meet one 
another, the Solution will be much the fame, unlefs perhapa 
it be fometl ing eafier. Wherefore I will fubjoyn another 
Specimen of this [Problem] from a Fountain very unlike 
the former, t/is. by feeking the Area of the Quadrilateral 
Figure propos’d, and that doubly. I draw therefore the 
Diagonal 5D, that the Quadrilateral Figure may be re- 
folv’d into two Triangles. Then uling the Names of the 

Lines x, 4, b y c > as before, I find BD = Vxx — aa , and 

%*i/xx — aa (~\AB xBD) the Area of the Triangle 
ABD. Moreover, having let fall BE perpendicularly upon 
CD you’ll have (by reafon of the fimilar Triangles ABD , 

BCE) AD i BD :: BC :BE y and confequently BE~ - 

x 

_ be _ __ 

Vx X —a a. Wherefore alfo — ha (=z§C25JC 


BE) will be the Area of the Triangle BCD . Now, by 
adding thefe Area’s, there will arife — ^~zr~ Vxx^ 


2X 


•aa $ 


the Area of the whole Quadrilateral. After the fame Way, 
by drawing the Diagonal AC, and feeking the Area’s of the 
Triangles A CD and ACB , and adding them, there will 
again be obtain’d the Area of the Quadrilateral Figure 


cx + la /- 

-- V xx — cc. 


Wherefore, by making thefe Area’s 


equal, and multiplying both by 2 x , you’ll have ax~\-bc 

Vxx-—aa — c*-\-ba i /xx—cc, an Aquation which, 
by fquaring and dividing by aax — ecx y will be reduc’d to 

aa 

the Form already often found out, x } + bb x-\- 2 abc* 

+ cc 

Hence it may appear how great a Plenty of Solutions may 
be had, and that fome Ways are much more neat than o- 
thers. Wherefore, if the Method you take from your firfl 
Thoughts,for folving a Problem,be but ill accommodated to 
Computation, you muft again confider the Relations of the 
Lines, till vou fliall have hit on a Way as fit and elegant as 
poffible. For thofe Ways that offer themfelves at firfl Sight, 
may create fufficient Trouble, perhaps, if they are made Ufe 
of. Thus, in the Problem we have been upon, nothing 

O would 
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would have been more difficult than to have fallen upon the 
following Method inftead of one of the precedent ones. 

{ Fide Be urt iS.l Having let fall BR and CS perpendicu- 
ar 1 0 AD, as alfo CT to SR, the Figure will be refolv’d 
Into right angled Triangles. And it may be feen, that AD 
and AS give AR, AD and CD give SD, AD — AR 
~—$D gives RS or TC% Alfo AB and AR give BR t 
CD and SD give CS or TR, and BR — TR gives BT. 
Laftty, ST ana TC give B C, whence an Equation will be 
Obtain’d. But if any one ihould go to compute after this 
Rate, he would fall into larger [and more perplex'd] Alge- 
braick Terms than are any of the former, and mote difficult 
to be brought to a final Equation. 

So much for the Solution of Problems in right lined Geo¬ 
metry ; 'unlefs it may perhaps be worth while to note more¬ 
over, that when Angles, or Pofitions of Lines exprefs’d by 
Angles, enter the State of the Queftion, Lines, or the Pro¬ 
portions of Lines ought to be ufed inftead of Angles, viz., 
lbch as may .be deriv’d from given Angles by a Trigonome¬ 
trical Calculation ; or from which being found, the Angles 
fought [will] come out by the fame Calculus. Several In¬ 
flames of which may be feen in the following Pages. 

As for what belongs to the Geometry or Curve Lines, 
we ufe to denote them, either by defcribing them by the 
local Motion of right Lines, or by ufing ..Equations indefi¬ 
nitely expreffing the Relation of right Lines difpos’d [in 
order] according to fome certain Law, and ending at die 
Curve Lines. 1 The Antients did the fame by the Sections of 
Solids, but lefs commodioufiy. But the Computations that 
regard Curves defcrib’d after the firft Way, are no otherwife 
perform’d than in the precedent [Pages.] As if AKC be a 
Curve Line defcrib’d by K the Vertical Point of the Square 
AK<f, whereof one Leg AK freely Hides through the Point 
A given by Pofition, while the other K$ of a determinate 
length is carry d along the right Line AD alfo. given by 
Pofition, and you are to find the Point C in which any 
right Line^P given [alfo] by Pofition ihall cut this 
Curve: 1 draw the right Lines AC, CF, which may tepiefent 
the Square in the Pofition fought, and the Relation of the 
Lilies (without any Difference [or Regard] of what is given 
Or fought, or any RefpeCt had to the Curve) being confi- 
der’d, l perceive the Dependency of the others upon CF and 
any of thefe four, viz* BC, BF , AF, and AC to be Syn¬ 
thetical, two whereof I therefore affume, a sCFssd, and 
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CBss Xy and beginning the Computation from thence, ( 


XX 


prefently obtain BF^Va* — xx. and AB — ~ 7 = ^ — i 

y *4—**, 

l>y reafon of the right Angle CBF, and that the Lines BF 
z BC :: BC: AB are continual Proportionals. Moreover, 
from the given Pofition of C D, AD is given, which I 
therefore call b, there is alfo given the reafon of BC to 

B D, which I make as d to r, and you have BD *= y, and 


AB—b—[Fide Figm-t 14.] Therefore 
at* . _ 

a ” "® 1 l uat * on (by fqoating its Parts and 
v multiplying by 44,— xx) will be reduc'd to this Form, 
‘ 4 _ 2 bdex l "T tettbbdd. 

i- 7 ■ 

f Whence, laftly, from the given Quantities 4, b, d, and r t 
x may to be found by Rules hereafter to be given, and at 
' that Interval [or Dillance] x or BC, a right line drawn 
parallel to AD will cut CD in the Point fought C. 


Now, if we don’t rife Geometrical Defcriptions but .li¬ 
quations to denote the Curve Lines by. the Computations 
will thereby become as much fhorter ana ealier, as the gain¬ 
ing of thole ^Equations can make them. As if the Inter- 
fe£tion C of the given Hllipfis AC£ with the right Line 
CD given by Pofition, be fougbt. To denote the BKpfis, 1 


take fome known ./Equation proper to it, as rtf*-* -xx 

—Jit where x is indefinitely put for any Part of the Axis 
Abot A B, and y for the Perpendicular be ox BC termi¬ 
nated at the Qirve; and r ana q are given from the giveh 
Species of the Ellipfis. [Fide Figure 15.] Since therefore 
CD is given by Pofition, A D will be alfo given, which 
call 4; and BD will be *>—x ; alfo the Angle ADC will 
be given, and thence the Reafon of BD to BC t which call 
1 to e, and ]iC (j) will be z=t« — ex, whole Square 

**44— 2tMX + texx will be equal to rx— -xx. And 

O 2 thence 
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t 

thence by Reduction there will arife xx ~ 


2*eex + 

ee+- 

\'. % 9 


*ee-\- %r + e\/ar-\- — — — 

1 2 Ae e Q 

or x = - • ---— . 

re + - 
q 

Moreover, aitho’ a Curve be denoted by a Geometrical 
Defcription, or by a Section of a Solid, yet thence an ./Equa¬ 
tion may be obtain'd, which fhill define the Nature of the 
Curve, and confequently all the Difficulties, of Problems 
propos’d-about it may be reduc’d hither. 

Thus, in the former Example, if AB be called x , and 

BC y, the third Proportional BF will be whofeSquare, 

together with the: Square of B C, is equal to C Fq, that is, 

y 4 

-- Dty* xxyy=ntaxx. And this is an 

XX 


^Equation by which every Point C of the Curve A KC, a- 
greeing or correfponding to any Length of the Bafe (and 
confequently the Curve it felf) is defin’d, and from whence 
confequently you may obtain the Solutions of Problems pro¬ 
pos’d concerning this Curve. 

Afier the fame Manner almoft, when a Curve is not given 
in Specie, but propos’d to be determin’d, you may feigij-an 
^Equation at Pleafure 5 that may generally contain its Na¬ 
ture, and afTume this to denote it as it it was given, that 
from its Affumptioiv you can any Way come to ^Equations 
by which the Affumptions may te determin’d ,* Examples 
whereof you have in fome of the following Probferps, which 
1 have cdle&ed for a more full Illuflration of this Do&rine, 
and which I now proceed to deliver. 


Pro* 
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Problem I. 


Having a finite right Line BC given, from 
vshofe Ends the txoo right Lines BA, CA are 
drawn with the given Angles' ABC, ACB j to 
find AD the Height of the Concourfe A, [or 
the Point of their Meeting ] above the given 
Line BC, [.Vide Figure 1 6,~] 

M Ake Bf =:<», and AD=y ; and lince the Angle ABU 
is given, there will he given (from the Table of Sines 
Or Tangents) the Ratio between the Lines AD and B Dwhich, 
make as d to t, - Therefore d:e:: AD (y)’ BD. Where¬ 


fore SDs'!. In like Manner, by reafon of the given 
A 

Angle ACD there will be given the Ratio between AD 
and DC, which make as d to f, and you’ll have DCss^p 

But BD +DC■= ® C, that is, ^= Which re¬ 
duc’d by multiplying both Parts of the ./Equation by < 1 , ! and 
dividing by e +/> becomes y — - 


PR OB LEM II. 


The Sides AB, AC of the Triangle ABC being 
given, and alfo the Bafe BC, which the Per¬ 
pendicular AD [let fair] from the Vertical 
Angle cuts in D, to find the Segments BD and 
DC., [Vide Figure 17.3 


L ET ABznf, AC~b, BC—c, and BD=r*, and DC 
1 will —c — X. Now HikcA Bq—BDq —**) —. 

A Do; and ACq*—UCq (bb^-cc-^ 2 oe —**) —ADqi 
you’ll have 44— xx—bb—cc-\- 2cx— xx; which by 

Reduction becomes ** x . ’ 

V' 2 c 
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But that it may appear that all the Difficulties of all Pro-1 
blems may bejefolv'd by only the Proportionality of Lines, 
l t n h ? ut ' lK Help °f the 47 of I Eucl. altho' not without 
«ond.abont Methods I thought fit to fubjoyn the follow- 
ing Solution of this Problem over and above. Prom the 
fal, r th u f^P^icular DE upon the Side Jb, 

toieABtTD^^h*^ SlVCn ’ Kmaioin B> *** 
4:x::x * 7 * And BA ~ BE 

AD j^ AD k : F’d confequently E A* ABIaa— x x} 

rtL AD J; u And/Oj hy reafoning about the Triangle AC J>. 
ttcre will be found again ADq - bb — C s -f icx—fx. 

JVhenca you will obtain as before * no 44 ~~ b ^ ce 

if-. ' * \ 

Problem III. 

"the Area and Perimeter of the right angled 
Triangle ABC being given, to find the Hypo - 
thenufe BC. £Vide Figure i8«] 

T BTthe Perimeter be [called] 4, the A rea bb, m ake BC 

^ ^ = *»jthenwill AB^v^xm-^-ji 5whence 
ag ain the P erimeter (?C + AC +AB) is x + y + 

Vxx—j,, and the Area (±ACx AB) is iySxx—jy 

— bb. Thrr.f«™ - I „ I l./ITT-. 

VXX 


Therefore * + J + •dxx —yy — 4 , and ±y 


-77 = 


2 bb 


- The latter of thefe Equations gives Vxx _ ~yy— 

wherefore I write -y for V xx—yy in the former ^Equa¬ 
tion, that the Afymmetry may be taken away; and there 
cpmes out X + 7+ ~ as a, or Multiplying hfy, and or- 

^?T\yy=*2~-*y-* h h Moreover, 
from the Parts of the Former Aquation I take aw*y y 9 

and there remains >/xx~yy-A— x —y, and fquaring’ 
the Parts to fake away again the Afymmetry, there come? 

-M 
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+ ax —144. Laflly, making an Equally between the a 
values oFjy, I have aj—xj — 2 bb = ay—xy^\-4x — 

= 44 , which reduc’d become* ha——x. 

a 

The Jam otketvrife. 

Let f the Perimeter — a, the Area = lb, and BC—x' 
and AC-\- AB— 2 a — x. Now fince xx (BCq) is = 
ACq ABq, and ^bb-zz aACx AB, xx-\~qbb will — 
ACq A Bq-\- 2 AC X AB — to thfe Square'of AC-\- AB 
— to the Square of 2 a — x — 444—<14* + **,’ That is, 
xx + 4 bb = 444 — 44* 4" 4 tat, \vnich reduc’d become* 
bb 

a — — ssx. 


Problem IV. 


Having given the Area, Perimeter , and one of 
the Angles A of any Triangle ABC, to deter* 
mine the reft. [Tide Figure 19.3 


r FT the Perimeter be ts a, ind the Area — bb, and from 
I j either of the unknown Angles, as C, let fell the Perpen¬ 
dicular CD to the oppofite Side A B ; and by reafon of the 
given Angle A, AC will be to CD in a given Ratio, fup- 


pofe as 4 to e. Call therefore AC 5* x, and C D will — 

by which divide the double Area, and there will come out 

xx AB. Add A D (viz. VACq — CDq, or *-x 
tx d 

-T- - ’ * 7.bbd x 

vdd—ee) and there will come out 5 P=s- )r 

tx d 


i/dd—et, to the Square whereof add CDq, and there wiB 
ante + Vdi —tt xxBCq. Moreover’ 

ttx* t * 

from the Perimeter take away A C and A B, and there will 

.uv 

remain a*-x —-— RC, the Square whereof aa— 

24 x+ xx —~make equal to 
ex c eexx 

the 
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the Square before found • and neglefling the Equivalents,' 

you’ll have **- Vdd — tt = 44 — 2 ax — -L. 

t ex 4 

——• And this, by afluming 4 af for the given Terms 


44 -f 


4 bbd /±lb 


Vdd—$e ; and by reducing becomes 

**= fe , = /± Sff-lip. 

The fame jjEquatiofi would have come out alfo by feeking 
ihe Leg AB ; for the Sides A B and AC are indifferently 
alike to all the Conditions of the Problem. Wherefore if 

AC be made =/— AB will — f 4. 

// a Tbd 

V if -—, reciprocally ; and the Sum of thefe 2 f 

fubtra&ed from the Perimeter, leaves the third Side BC-=z 
4—2/. 

Problem V. 

Having given the Altitude, Bafe , and Sum of 
the Sides , to find the Triangle. 

f ET the Altitude CD—a, half the Bafis AB—b. half 
1 j the Sum of the Sides= c, and their Semi-difference = 6 • 
ana the greater Side as BC=c-\-z,, and the leffer Acfl 
c- — Zj. Subtraft CDq from CB q, and alfo from ACq % and 
hence wil l BD = Vcc-fr- 2c g. + ae.i—44, and thence 
AD'sz y/cc— w—44. Subtraft alfo AB from B D , 
and AD will again = Vc 7 ~+ 2 7 zT+ IZ — 44— 2b. 
Having now fquared the Values of AD, and order’d the 

Terms, there willarife bb-\-cz, = b V / cc+2Cz-{-z,z _ *4. 

Again, by fquaring and reducing into Order, you’ll obtain 
cc Wbbzz — bbcc — bba 4 — b*. And z — b 
aa 

r 1 —— _ Whence the Sides are given. 


PRO- 
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Problem VI. 


Having given the Bafe A 5 , and the Sum of the 
Sides AC + BC, and alfo the Vertical Angle 
C, to determine the Sides . Q Vide Figure ac.] 


M Ake the Bafe ■== a, half the Sum of the Sides = and 
half the Difference—.*, and the greater Side BC will be 
— b -4- x , and the lefler AC re: Ffom either of the 

unknown Angles A let fall the Perpendicular A D to the 
oppofite Side BC , and by reafon of the given Angle C therfe . 
will be given the Ratio op AC to CD y fuppofe as d to f, 

and then CD will =r . Alfo, by ii. 2 Elcml 


ACq—ABq + BCq 
<2 BC 


that is, 


2lb + 2X**—AA 


= CD } 


z l» u 2 b “F 2 X 

and fo you have an ^Equation between the Values of CD '. 


And this reduc’d, x becomes = g/ ^ aa '\~2 eb b idbb m 
whence the Sides are given. 

If the Angles at the Bafe were fought, the Conclufion 
would be more neat, as draw E C bife£ting the given Angle 
and meeting the Bafe in E ; and AB: AC~\-BC ('•* 4E 
1 AC) :: Sine Angle ACE : Sine Angle A EC ; and if from 
the Angle AEQ and alfo from its Complement B&C you 
fubtraft £ the Angle C, there will be left the Angles ABC 
and BAQ 


Problem VII. 

Having given the Sides of any Parallelogram 
AB y BD, DC, and AC, and one of the Di¬ 
agonals BC, to find the other Diagonal A D* 
£Vide Figure 21.] 

L ET £ be the Concourfe of the Diagonals, and to the 
1 Diagonal B C let fall the Perpendicular A F, and by 

the 13. 2 Elem. ^nd alfo 

2 P ACi 
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AQ^Ey^ECq _ CF ' Where f ore finee £C= §BC*nd 

,, „ ACq-ABq+BCq_ACq — \ ADq-\-\BC q 

A Ess ?AD, "zBC ~ BC * 

v andhaving reduc’d, AD s= .<4 Cq + 2 .<*Bq— B Cq. 

Whence, by the by, in any Parallelogram, the Sum of 
the Squares of the Sides is equal to the Sum of the Squares 
of the Diagonals. 

Problem VIII. 

Having given the Angles of the Trapezium 
ABCD, alfo its Perimeter and Area, %o deter¬ 
mine the Sides . £Vide Figure 22.] 

P roduce any two of the Sides AB and D C till they meet 
in E, and let AB — x, and BC—y, and becaufe all 
the Angles are given, there are given the Ratio’s of B C 
to CE and BE, which make d to c and f; and CE will be 

and BE—^-y, and confequently AE-x-\- 

There are alfo given the Ratio’s of A E to AD, and of 
A E to DE} which make as£ to d, and as h tod; and 

AD will — and ED = and confe- 

g b 

quently and the Sum of jail the 

Sides * + y 4 - __ *2 . which lince it 

g 0 a 

is given, call it a, and the Terms will be abbreviated by 
writing ^ for the given 1 + ^—h and-^ for the given 

l 4- - 4 —t — and you’ll have the ./Equation 

g h a r 

M 4* 

Moreover, by Reafon of all the Angles given, there is 
given the [Ratio or} Reafon of BCq to the Triangle BCE, 

which make as m to 0, and the Triangle BCE — —<yy> 

1 ft 

There is dfo given the Ratio of AEq to the Triangle 

ADE; 
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AD E j which make as m to d; and the Triangle ADE 
mb'= dd * x +* - ?*’ +ff» . Whttefi*. find. 

A W 

Area AC, which is the Difference of thofe Triangles, is 

given, let it be ft ft, and *i x *+* 4 fV ± {llJL=±Ll* 

dm 

will b c — bb. And fo you have two Equations, from [or 
by 3 the Redu&ion whereof all is determin’d. Viz*. The 

^Equation above gives r ACH 31 and by writing 


- 4 - ^ — for x in- the laft, there comes out 

Jrr44 — 2 dgrxy^dqqjy 2afry-—2fqjj ffyy—dujy 

ppw ' pm * dm ™" 

si ; and the Terms being abbreviated by writing t for the 

given Quantity — n and — r( for the 

, PP, P « 

. adqr . afr , _ , ,, 

given — —*- + — and rtv for the given iim»—• 

4 PP P 

” - > there arifesyy = 2ty + t», or jc=l + v^TT-fTtr* 


Problem IX. 


To fur round the Fijh-Pond A BCD with a Walk 
ABCDEFGH of a given Area , and of 
the fame Breadth every where, £Vide Fi¬ 
gure 23.3 


T ET the Breadth of the Walk be x, and its Area 4 4 , 
I / And, letting fall the Perpendiculars AK, BL, B M, 
CN, CO, DP, D Q, A I, from the Points A, B, C, D, to 
the Lines EF, FG, GH, and HE, to divide the Walk into 
the four Trapezia IK, LM, NO, and into theTour 
Parallelograms Ah, BN, CP, DI, of the Latitude x, and 
of the fame Length with the Sides of the given Trapezium. 
Mt therefore the Sum of the Sides (A B BC-\- CD + 
u a) and the Sum of the Parallelograms will be 


P 2 
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Moreover, having drawn AE, BE, CG,D H ; fines 
AI Is = AK, the Angle AEl will be = Angle AEK 
zz\lEK, or | DA B. .Therefore the Angle AEl is given, 
and confequently the Ratio of Al to IE, which make as 

* tX 

d to f, and IE will be —. Multiply this into § 41, 

■ • d ' 

€ X X 

Or i x. and .the Area of the Triangle AEl will be = —-. 

. 2 a 

But by reafon of equal Angles and Sides, the Triangles 
*<4E1 and AE R> are eqijal, and confequently the Trapezi- 

um IK (== 2 Triang. AEl) — - . In like manner, by 

d 

putting BL : LF:: d if, and CiV: NG : i di g, and DP 
: D H :: dh, (for thofe Reafons are alfo given from the' 
given Angles B, C, and D) you’ll have the Trapezium L Ad 

fxx ___ gxx , hxx TXT , c exx 

s= —.-, N0= r, and P Q — —Wherefore — - 

a ; .4 a dr 

i fxx , gxx hxx pxx , t 

4 - ~ +=y + - or ~ d ~, by writing p for e+f 

Cj -g 4* h will be equal to the four Trapeziums IK L Ad 

4~ NO 4" P 2.5 an( l confequently t -~[- + bx will be equal 

to the whole Walk 4 *. Which Equation, by dividing all 

the Terms by and extra&ing its Root, x will become 

es And the Breadth of the 

H . . 

Walk being thus round, it is eafy to deferibe it. 

Problem X, 

from the given Paint C, to draw the right Line 
CF, which [together] with two other right 
Lines AE and AF given hy Pofition , /ball 
(optptehend [or conjlitute ] the Triangle ABF 
• a fiven Magnitude. QVide Figure 24 .] 

D RAW CD parallel to AE, and C5 and £ G perpen¬ 
dicular to AF, and let AD — d, CB = b t aqd A p 
s=tf, and the Area of the Triangle AEF—cc, and by 

T*r ic. ;*> .1 ,«»;•.( > i j ■ reafon 

k ,,( ,nnoe ; 


[ 109.I 


reafon of the proportional Quantities DF t AF(}'.DCi 
AE') : : CB : EG , that is, 4-\x : x :: b : will be 

A *r X 


- ~ X —EG. Multiply this into f AF, and there will 

A 9C 


b x x • 

come out-;-_ the Quantity of the Area AEF, which 

24 + 2 * ^ 

is — cc. And fo the .Equation being orde r'd [righ tly] xx 

... 2ccx + 2cca cc -f- vV -1- iccab 

will =-— b ——, or *— —- h - 


After the fame Manner a right lane may be drawn thro* 
a given Point, which lhall divide any Triangle or Trapezi- 
um in a given Ratio. 


Problem XI. 


To determine the Point C in the given right 
Line DF, from which the right Lines A C 
and B C drawn to two other Points A and B 
given by Pojition , Jhall have a given Diffe¬ 
rence. QVide Figure 25.3 


F ROM the given Points let fall the Perpendiculars AD 
and BF to the given right Line, and make AD — 4, 
= DF—c t DC— x y , and A C w ill ~ V^» 4 -fr- xx t 

FC—x — c, and BCz=z>/bb-\-xx— 2cx-\-cc. Now 
let their given Difference be d, AC being greater than BCk 

^44-\-xx—d wiH zx Vbb-\‘Xx— 2 cx-\-yc. And 
fquaring the Pa^ts 4 *-\- xx dd- 2 dv'aa-\- xx —bb 
4- xx—2cx-)r cc. And reducing, and for Abbreviation 
fake, writing 2 et inftead of the given [Quantities] 44 
■4 dd —. bb—cc , there will come out ee-\-cx — d X 
V44-\- xx. And again, having fquared the Parts e* 4 . 
2 cttx ccxk — dd44-\- ddx,x. And the Equation 

2 tecx + t**—aadd 

being reducd xx — —— . ■ ' -, or 


dd—cc 


X — 


t tcy\- 1/ e*dd^g^d* ~f*gfdcj 
dd—C? • 


The 
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The Problem will be refolv’d after tfye fame Wayj if the 
Sum of the Lines A C and BC, or the Sum of the Difference 
of their Squares, or the Proportion or ReSangle, or the 
A°gle comprehended by them be given ; Or alfo, if infteac) 
of the right Line D C, you make Ufe of the Circumference- 
of a Circle, or any other Curve Line, fo the Calculation (in 
this laft Cafe efpecially) relates to the Line that joyns the 
Points A and B. 


Problem XII. 

To determine the Point Z , from which if four 
right Lines ZA, ZB, ZC, and ZD are drawn 
at given Angles to four right Lines given by 
Pofition, viz.' FA, EB, FC, GD, the Reft an¬ 
gle of two of the given Lines ZA and ZB, 
and the Sum of the other two ZC and ZB 
may be given. QVide Figure 26.] 


E Roni among the lines chufe one, as FA, given by Pofi¬ 
tion, as alfo another, ZA, not given by Pofition, and 
ch is drawn to it, from the Lengths whereof the Point 
Z may be determin’d, and produce the other Lines given 
by Pofition till they meet thefe, or be produc’d farther out 
if there be Occafion, as you fee [here]. And having made 
EA~x, and AZ—y, by reafohi of the given Angles of 
the Triangles A EH, thete will be given die Ratio <x A E 

td AH, which make as p to q, and AH will be a —. 

P 

Add AZ, and Z H will be — y -l- , And thence, fince 

by rtafon of the given Angles of the Triangle HZ B, there 
is given the Ratio of HZ to BZ, if that be made as 0 to 

p you’ll have Z B Moreover, if the given EF 

be called a, AF will — a .— x, and thence, if by reafon of 
the given Angles of the Triangle AF 1, A F be made 
to Alin the fame Ratio as p tor, AI will become 

te r — ~ Take this from AZ and there will remain 


y Google 


lZtsy -. And by reafon of the given Angles of 

the Triangle /CZ, if you make IZ to ZC in the fame. 

D y mmmm T A *(** T X 

Ratio as mtop, ZC will become = —-——. After 

tx 

the fame Way, if you make EG—b. AG : AK.:: l: s, 
and ZK:ZD::p:L there will be obtain’d ZD ~ 

tb—sx—ly 

’ ' " 1 ” “ 1 ’ "• 
p 

Now, from the State of the Queftion, if the Sum of the 
two [Lines] ZC and ZD , P_lTZl±±If + s l— sx ~ l J 
be made equal to any given one ; and the Rectangle of th$ 
other two be made — gg, you’ll have two, M- 

fl 

quations for determining x and y. By the latter there come* 


out x^=. - til and by writing thi* Value of x in 

qy. 

the room of that in the former ^Equation, there will come 

wtiluLf _l rn £z— r pyy . s hzll _ in £g — s PJy 

m ntqy p pqy 

^ f; and by Redu&ion yy — 

ppq-—ppr—‘mpq-\-mps 3 

Abbreviation fake writing 2 h for f m Pq^ 

ppq — PP r — tulq-rmpr 


and kk for - ?A mn s .ZlK3^Z - you’ll have yy s— 

ppq — ppr — mlq-\-mps J 

lhy-\-kk, °r y = h+ Vhb-\-kk, Andfincey is known 


by means of this ./Equation, the Equation - — ■ ^^ —x 

will give x. Which is fufficient to determine the Point z. 

After the fame Way a Point is determin'd [or may be de¬ 
termin'd] from which other right Lines may be drawn to 
more or fewer right Lines given by Pofition, fo that the Sum, 
or Difference, or Re&angle of fome of them may be given, 
or may be made equal to the Sum, or Difference, or Re&an- 
gle of the reft, or that they may have any other affign'd 
Conditions* 


P RO- 
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Problem XIII. 

To fubtend the right Angle EAF with the right 
Line EF given in Magnitude* which /ball 
pafs through the given Point C, [which pi all, 
be"] aquidijlant from the Lines that compre¬ 
hend the right Angle (when they are produc '</)• 
£Vide Figure 37.] 

G Omplete the Square A BCD, and bife£t the Line E F 
in G. Then call C B or CD , a j EG or FG, b ; and 
CG, x; and CE will = x~~b, and .CF -x-\-b. Then 

lince CFq — BCq — BFa, BF will — Vxx+ 2 bx+bb—aar 
Larfly, of reafon of tne iimilar Triangles CDE, FBC, 
CEjfDjjCfiBFo^x—b :a::x + b: 

V,xxpr 2bx~{-bb—a a . Whence ax-\-ab=x — b >C 
x x 2b x -\r bb — a a. Each part of which Equation 
being fquar’d, and the Terms that come out being reduc’d 

into Order, there comes out x* = jL^bb XX 2 
And extra&ing the Root as in Q uadratick E quations, there 
comes out xx = aa-\-bbV'a* q aabb ; and confe- 

quently x — aa bb V 4 4 4 aoYb. And CG being 
thus found, gives CE or CF, which, by determining the 
Point £ or F, fatisfics the Problem. 

The fame otberwife; 

LetCEbe—x, CD —a, and EF = J» ; and CF will 
be-x-\-b, and BF—Vxx-^bb-y ibx—aa. And 
then fince CE: CD :: CF: BF, or x : a :: x-\-b : 

<fxx + 2bx-\-bb~ a a, ax + ah will be — x X 

*fxx-\- 2b x -]r bb — a a. The Parts of this ^Equation 
being fquar'd, and the Terms reduc’d into Order, there 

I L L 

will come out x* 4 - 2 bx' " r xx — 2aalx — aabb=o, 

a Biquadratick ^Equation, the Tnveftigation of the Root of 
which is more difficult than in the former Cafe. But it 

may 


Digitized by Google 



C lf 3 3 

' i t r 

may be thus invefiigated ; put x* + 2 b x' "* 
2 a*bx-{-d A = aabb~\-a*, and extracting the Root on 
both Sides -.sex bx —*<r=+ 4 V 44 •+■ Tb» 

Hence I have an Opportunity of giving a Rule for the 
Election of Terms for the Calculus, viz,, when there hap¬ 
pens to be fuch an Affinity or Similitude of the Relation of 
two Terms to the other Terms of the Queftion, that you 
lhould be oblig’d in making Ufe of either of them to bring 
out ./Equations exaftly alike; or that both, if they are made 
Ufe of together, (hall bring out the fame Dimenlions and 
the fame Form in the final Equation, (only excepting per¬ 
haps the Signs -j- and —-, which will be ealily [and rea¬ 
dily] feen) then it will be the belt Way to make Ufe of 
neither of them, but in their room to chufe fome third, 
which fhall bear a like Relation to both, as fuppofe the half 
Sum, or half Difference, or perhaps a mean Proportional, 
or any other Quantity related to both indifferently ana 
without a like [before made Ufe of]. Thus, in the prece¬ 
dent Problem, when I fee the Line £ F alike related to both 
A B and A D, (which will be evident if you alfo draw EF 
in the Angle BAH) and therefore I can by no Reafon be 
perfwaded why ED lhould be rather made Ufe of than 
BF, otAE rather than A F, or CE rather than CF for 
the Quantity fought: Wherefore, in the room of the Points 
C and F, from whence this Ambiguity comes, (in the for¬ 
mer Solution) 1 made Ufe of the intermediate [Point] G, 
which has [or bears] a like Relation to both the Lines AB 
and A D* Then from this Point G } I did not let fall a Per- 

r auricular to A F for finding the Quantity fought, becauli; 

might by the fame Ratio have let one foil to .A D. And 
therefore I let it fall upon neither CB nor CD, but propos’d 
CG for the Quantity fought, whicbsdoes not admit of ^ 
like ; and fo 1 obtain’d a Biquadratick .Equation without 
the odd Terms. " 

1 might alfo (taking Notice that the. Point G lies in the 
Periphery of a Circle defcrib’d from the Center A& by the 
Radius EG) have let fall the Perpendicular GK upon the 
Diagonal AC, and have fought AK or CK, (as which beat ', 
alfo a like Relation to both AB and AD) and fo I lhould • 
have fell’ll upon a Quadratkk Equation, viz., yy — kty 
- %bb, making AK=j, AC— e, and AG = b. Ana 
AK being fqtound, there muft have beeq eredied the Per- 
' Q > pendicular 
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pendicular KG meeting the aforefaid Circle in G, thro* 
whieh CF would pafe. 

Taking particular Notice of this Rule in Prob. «j and 6 r 
where thd Sides BC and AC were to he determin’d, I ra¬ 
ther fought the Semi-difference than either of them. But 
(he Ofefidneft of this Rule Will be more evident from the 
f&Hotdng Problem, 

Problem XIV. 

So tS infetike the right Line DC of a given 
Length iH the given Conick Se&ion DA (J y 
that it may pafs through the Point G given 
by Pejition. flVide Figure 28.3 

L ET AF be the Axis of the Curve, and from the Points 
, D, C, and C let faH to it the Perpendiculars DH, GE , 
mid CB. Now to determine the Position of the right line 
BG* it may be propos’d to find out the-Point D or G; ■ hut 
Rflee thefe ate related, and fd alike, that there would be the 
fike Operation in determining either of them, whether I 
Wet# tofeek CG, CB, or AB) or their likes, DG, DH, oi 
A H\ therefore 1 look after a third Point, that regards D 
iiid C alike, and at the fame time determines them. And I 
#80 F to be fuch a Point. 

- Now let v 4 £=e<*» EG~±bi DCs=c, and EFtx*i 
arid befldts, firice the Relation between AB and B C in the 
Aquation, l fuppofe, given for determining the Conick 
SsaionJet ABztXiBC^y, andF B will be==.*—4 + 
And becaufc GE : EF:: CB : FB, FB will again be ±3 

’therefore, x—4 z,z= ~y. Thefe Things being 

(hus laid dbwn, tike ktfay x, by the Equation that denotes 
[dr etpfelfes] the Curve, fib if the Curve be a Parabola 

ttprefs'd by the Aquation rx-zyy, writei? for as j and 

there Will atife 2 —s + 1 -=^, and extrafting the Root 

r s 



Whence, it is evident, 

that 


* 
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that -\-44r —4rt is the Difference of the doable 

Value of y, that is ? of the Lines BC and — D H, and 
confequently (haying jet fall D K perpendicular upon C B) 
that Difference is equal to CK. fiat FG : G E:: DC : 

___ r _ r-*—- 

CK, that is, V^bb-\- a ,z.:b :: e d* 4*r — \rz» 

bb 

And by multiplying the Squares of .the Means, and alfo the 
Squares of the Extreams into one another, ‘ and ordering 
the Products, there will arife = 

- — . — -——pi— w- ao J&flmtian 

rr 

of four Dimenlions, which would have rufen to one of 
■eight Diineofions if I had fought either CG, as CB, ot 
AB. 


PrOA-L-EM XV. 

To multiply -or divide a given Angle sby a. given 
Number. [Vide Figure ??.J 

I N any Angle F AG infctibe the Lines AS, BC, CD, 
DE,&c. of any the fame Length, and the Triangles 
AB/C, BCD., CDE, D£f, &“c. Jfofultf, -andcon- 

.fequefttly by thp $2 il. he Angle CBD will be « 
Angle ^4 -AC# a? Angle A, and jthe Angle DCE ^ 
Angle A + A D C3= 3 Angfc A, gad -the Angle £Dp=z 
jA-\- AE Pa= 4Angk A, ^nd-djp Angle fEG a* q Angle 
A,, and fo onwards. Naw, makiqg AB. BC, CD L &c. the 
Radii of equal Circles, the Perpendiculars B K, CL, DM, 
&c. let fall upon AC, BD, CE, &c. will be the Sines of 
thofe Angles, and AK, BL, CM, D N, &c. will be their 
Sines Complement to a right one ; or making AB the Di¬ 
ameter, the Lines AK, BL, CM, &c. will be Chords, 
|it therefore AB=z2r, and AKz=x, then work thus : 

AB : AK: :AC: AL, 

xx 

9r : x :t 2x i - , 

— mm 


0,2 
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fAL—AB) 

And ) xx S —BL, the Duplication. 


! AB:AK :: (lAL— AB) : 

7 . XX. X* 

3r : <c :: — — 2? : — —X 
. r rr 


AM—AC- 


cam- 

1 -- 

vr 


-.CM) the Triplication. 


AB :AK::AE (: iAM— ^C) : ^iV. 

2 ** * 4 2 ** -i 

ir'.'X -44:: — — -• 

rr r* r 

{ AN*—AD y 

* 4 4** < = D iV,the Quadruplication. 

r* v r ~ J 


AB: AK :: AF (2 AN—AD): AO. 

2 X* 6 xx X' 3 #’ , 

srfar P7" r ’ r * 


r AO—AE 
And < ^ 5 *’ 

V 


+ 5 *' 


.—EO, tbeQuintuplicatfon. 


And fo onwards. Now if you would divide an Angle 
into any Number of Parts, pur, q for BL, CA 4 S DN, &c. 
and you’ll have xx — 2rr — qr for the BifeQion; xxx — 
3 rrx—qr 1 for thfe Trifeaion ; xx xx—qrrxx + 2 r * 
— qr' for the OpadrifeSion; xxxxx—%r*x' + $»" 4 4f 
—zqr* for the Qpinquife&ion, &c. 


Pro- 
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Problem XVI. 

To determine the Poftion of a Comet's Courfe (_or 
Way] that moves uniformly in a right Line, 
{jts"] BD, from three Obfervations. QVide 

Figure 30.J 

S Uppofe A to be the Eye of the Spectator, B the Place ot 
1 the Comet in the firft Obfervation, C in the fccond, 
and D in the third; the Inclination of the Line B D to the 
■Line AB is to be found. Prom the Obfervations therefore 
there are given the Angles BAC, BAD ; and confequendy 
if BH be drawn perpendicular to AB, and meeting AC 
and AD in E and F, afluming any how A B, there will be* 
giVen B E and B F, viz* the Tangents of the Angles in tc- 
fpeQ of the Radius AB, Make therefore AB—a, B E—b, 
and BF—c. Moreover, from the given Intervals [or Di- 
ftances] of-the Obfervations, there will be given the Ratio 
ot BC to BD , which, if it be made as b to e, and DG 
be drawn parallel to AC, lince BE is to BG in the fame 
Ratio, and B E was call’d b, BG will be — c, and confe¬ 
quently G F=s t—e. Moreover, if you let fall D H per¬ 
pendicular to BG, by realon of the Triangles AB F and 
p HF being like, and alike divided by the Lines AE and 
P G , FE will be : AB:: FG : HD, that is, e—b : 4 :: 

*__c — Moreover, FE- will be: FB s: 

• - c*— b 

' , • ee—cc ’ 

FG 2 that is, c— c: -r- acFH; 

to which add BE, or c, and BH will be = C ~J~y ' ^ Kre_ 

long — it. is tp '■ ■ (ot ee—cb to dtmr.d't r, or 

r c—b 1 e—b ' ... 

L e J~~ c t to 4) as BH to HD 5 that is, as the Tangent ot 
f — c 

the Angle HPB, or ABK to the Radius. Wherefore, 

fince 4 is fuppos’d to be*the Radius, ~~~ will be the 

Tangent of $e Angle ABK, and therpfbre by refojving 
1 r , , [them 
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[them into an Analogy] ’twill be as e—r to e — b y (or 
(7 F to G E) fo c (or the Tangent of the Angle BAF) t<> 
the Tangent of the Angle AB K 
Say therefore, as the Time between the firfl and fecond 
Ohfervation to the’ Time between the fir# and third, lo the 
Tangent of the Angle BAE to a fourth Proportional. 
Then as the Difference between that fourth Proportional and 
the Tangent of the Angle BA F\ to the Difference between 
the fame fourth Proportional and the Tangent of the Angle 
BAE, fo the Tangent of the Angle BAF to the Tangent cf 
the Angle AB K, 


P A O B L * M* X Y 1 L 

Rays [of Light] from any finning pr lucid Point 
diverging to a re framing Spherical Surface,, 
to find the Concourfe of each of the refracted 
Rays with the Ax of the Sphere pajfmg thro 
that lucid Point . [Vide figure 3 i/J 


L ET A "be that lucid Point, and BV the Spheie, fhe A 
j whereof is AD, the Center C, and the Vertex V-, and 
let AB he the incident Ray, and B D the •refrac'ied Ray < 
and having let fall to thofe Rays the Perpendiculars CE «n<[ 
CF% as alfo B G perpendicular^ to A f), and haying, drawn 
BC, make AC—a, VC or BC — r, QG — g, aud <?£>=a, 
Jrtd AG will be — n — x, B G't± Vr r —AB — 
Vaa — 2*x^- rr ; and by reafon of th e fimila rTriangles 

ABG and ACE, CE will - Alfo 


_»<—2 

<7 D — ad' Af’i 'B D — 2 z,x -|- rr; and by reafon 

of the fi mUat T riangles DpG and J>CF,CE = 
z,Vrr—xx 


Belides,. .lioce the .Ratio of the -Sine? 


2a-y -f* rr 

of Incidence and Refraflion, -and.coofequently of CE to CF t 
fs given, fuppofe that Ratio to be as 4 to f, and 

fa Vr-r — x~x , az,Vr r—rtX 


V* 4 —' 24 * d'rr 


will be = • 


Vxa 4" 2 si* 


and multi¬ 


plying 
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plyin g crols-wa ys, and dividing by aV , rr— xx l 

f >/ aiAr-f rr t#l *® be ss z S 04 —2 xa+rr f and 
by fqnarinz and reducing the Terms into Order, 

2 ffxz. + ffrr _ . , . ff ’ , 

—--r. Then for the given — write p- and 

4*—2 ax+rr-~ff r a r 

q forthegiven — p, and a c will be 3= 

ari + + Therefore « 

9 — 2 * 

is found ; that is, the Length of CD % and confequently the 
Point fought D, where the rcfra&ed Ray B D meets with the 
Axis. Q. E. F# 

Here I made the incident Rays to diverge, and fall upon 
a thicker Medium ; but changing what is requiiite to be 
changed, the Problem may be as eafily refolded when the 
Rays converge, or fall from a thicker Medium into a thin** 
net one. 

Problem XVIII. 

If a Cone be cut by any "Plane , to find the Fi¬ 
gure of the Sett ion, {[Vide Figure 32.] 

L ET ABC be a Cor.e Banding on a circular Bafe B C, 
and IE M itf Se&ion fought; and let KILM b« 
any other Se&ion parallel to the Bafe, and meeting the for¬ 
mer Seftfon in HI ; and ABC a third Scdion, perpendicu¬ 
larly bife&ing the two former in EH and KL, and the 
Cone in the Triangle' ABQ and producing E H till it 
tteet AK in D 5 and having drawn EE and DG parallel to 
K L, and meeting A B and ACitiF and G t call EE — <r, 
t>G = b, ED=c, EH—x , and HI—j ; and byreafon 
of the fimilar Triangles EHL, EDG, ED will be 

: DG :: EH : HL =2 . Then by reafon of the fimilar 

Triangles DEE, DHK , DE will be : EF;~. DH: (c—x 
in the firft Figure, and t + «r in the fecond Figure) HJC 

ta 4C -^ - 4 ' ~ V . [Vide Eigmt 33.3 taAly, fine® the SefiioU 
c 

KIL is parallsl to the Bale, and consequently C'jrcuthu^ 
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HKn Ht> will be e= Ft I q, that is, — **4 — xx^yy? 

c c c 

an ^Equation which expreftes the Relation between EH (x) 
and HI (j), that is, between the Axis and the Otdinate of 
the Seflion £ l M ; which Equation, fince it exprefles an 
Ellipfe in the fir ft Figure, and an Hyperbola in the fecond 
Figure, it is evident, that that Section will be Ellipfical or 
Hyperbolical. 

Now if ED nowhere meets AK, being parallel to if, 

then H K will be — £F (a), and thence — x (HKxHL) 

c 

an Equation exprefling a Parabola. 


Problem XIX. 


If the right Line XT be turn'd about the Axis 
A B, at the Difiance CD, with a given In¬ 
clination to the Plane D CBand the Solid 
PQRUTSgenerated by that Circumrotation , 
be cut by any Playe INQLK, to find 
the Figure of the Sett ion. £Vide Figure 34.] 


L ET B HQ, or G HO be the Inclination of the Axis 
AB to the Plane of the Se<ftron ; and let £ beany 
Concourfe of the right Line XT with that Plane Draw 
DF parallel to AB, and let fall the Perpendiculars LG, 
LF, LM, to AB, DF, and HO, and join FG and MG. 
And having call'd CDz=a, CH—b, HM—x, and ML 
=7, byreafonof the given Angle G HO, making MH 


: HG : :d: e, ~ will zxGH, 
d 


and b *-y = to G C or 
d 


FD. Moreover, by reafon of the given Angle LDF (viz. 
the Inclination of the right Line XT to the Plane G CD F) 

hb h t x 

putting FD : FL :: g .-Jq — + -j~ = FL, to whole 

and there will come out 
bbbb 2 hhbex , bbeexx Ti 

+ —j~ ~ _ + ^rrrr* Hence fub- 


GLq = 44 *(" 


ll 




ddgg 


traft MGq ( HMq—HGq , or —t,**) and there 

«a 

will 
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will remain "M±l h Jt + + U**—U gg +«gg > 

X *? x C— M.Lcf)—yji an ^Equation that exprefles’the Re* 
iation between x ana y, that is, between HM the Axis of 
the Sedion, and Ad L its Ordinate. And therefore, fincc 
in this Equation x and y afcend only to two Dimenfions, 
it is evident, that the Figure INjQLK is a Coniek Se£ii- 
on. As for Example, if the Angle Ad MG is greater than 
the Angle LDF, this Figure will be an Ellipfe ; but if lefs, 
an Hyperbola • and if equal, either a Parabola, or (the 
Points C and H moreover coinciding) a Parallelogram. 

Problem XX. 

If you ere& AD of a given Length perpendi¬ 
cular to AF, and ED , one Leg of a Square 
DEF , pafs continually thro* the Point D, 
•while the ether Leg EF equal to AD fide 
upon A F, to find the Curve HICy which the 
Leg EF describes by its middle Point C. 
£videFigure 35.3 

L ET EC or CF=4, the Perpendicular CB—y, AB 
==*, and BF (vda^yy) : BC+CF (7 + 4):: 
EF (2a) : EG-\-GF=z(.AG+ GF) 01 AF. Wherefore 

24 y 4- 244 _ 

(=AF~ AB + BF) = *• +^< 4 - yji 
Now, by multiplying by Va a—yy there is made 247 4* 


2 4* = M*— yy-\-xV'aa — jy y or 2ay-\-aa-\-yy=zx X 
Vaa — yy, and by Iquaring the Parts, and dividing by 



The fame othermfe . (Vide Figure 36.3 

On B C take at each End B /, and CK equal to, CF, and 
draw KFy HI, HC, and D F; whereof HC arid D F 
meet AF, and IK in Ad and N, and upon HC let foil 

R th« 
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the Perpendicular IL‘, and the Angle K will be — § BCF 
^z\EGF=GTD^AMHz=MHl~CIL ; and con- 
fequently the right-angled Triangles KBFl F B 2 V, HL l, 
and ILC will be fimilar. Make therefore FC—a, HI 
=x, and iC—y, and BN (2a — y ) will be : BK (j) 
- :: LC: LH :: Clq (yyj : Hlq (##), and confequently 
2dxx—yxx~j*. From which Equation itiseafilyin- 
’err’d,that this Curve is the Cifloid of the Antients, belong¬ 
ing to a Circle, whofe Center is A, and its Radius AH. 

Problem XXI. 

If a right Line ED of a given Length fub- 
tending the given Angle EAD, he fo moved, 
that its- Ends D and E always touch the 
Sides A D and AE of that Angle \ let it be 
propos'd to determine the Curve FCG , which 
any given Point C in that right Line E D 
deferibes. [Vide Figure^7.] 

F ROM the given Point C draw CB parallel to EA ; 

and make A B — x, BC= j, CEsx*, and CDszl, 
and by reafon of the fimilar Triangles D CB, DE A, EC 
will be : A B :: C D : B D ; that is, a: x : : b : BD = 

lx 

—. Refides, having let fall the Perpendicular CH, by rea- 

fon of the given Angle DAE, or DBC, and confequently 
of the given Rario of the Sides of the right-angled Trian¬ 
gle RCH, you’ll have a : t:: BC: B H, and B H will be 

ax tl. Take away this from B D, and there will remain 
• a 

HD =s Now in the Triangle BCH, becaufe of 

’ 

the .^ght Angle BHC, BCq — B Hq ss CHq ; that is, 
yy — et ^ =CFIq. In like manner, in the Triangle CDH, 

1 A# 

becaufe of the right Angle CDH, CDq — CHqis —HDqi 
that is, bb*—yy - 1 * (== HDq = — VL q.J 

asbbxx 
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J]^ri 3 ±jjp±±m . and by Reduction yy ss 
Xx}+ 4 -*— —Where, fince the unknown Qpah* 

44 

tides are of two Dimenlions, it is evident that the Cutvfe 
is a Conick Seftion. Ttien extra&ing the Root, youll have 

bcx+bVcexx — aaxx-\-a+ .... . . „ 

1 =- 2 —-L—. Where, in the Ra¬ 
il 9 

dical Term, the Coefficient of xx isee — 4 4. But it war 
4 : r :: BC : B H; and B C is neceflarily a greater Line 
thanSff, viz., the Hypothenufe of a right-angled Triangle 
is greater than the Side of it; therefore a is greater than e f 
and tt — 44 isa negative Quantity, and confequently tht 
Curve will be an Ellipfis. 

Problem XXII. 

If the Ruler EBD, forming a right Angle, he fo 
moved, that one Leg of it, E B, continually 
fuhtends the right Angle E A B, while the End 
of the other Leg , BD, deferihes fame Curve 
Line, as FD } to find that Line FT), which' 
the Point D deferihes. QVide Figure 38.]] 

F ROM the Point Diet fall the Perpendicular DC to the' 
Side AQ ; and making AC—x , and DC=zy, and 
and BD — b. In the Triangle by reafon 

of the right Angle at C, BCq is — BDq — DCq<=.kb 

—Jy. Th erefore BC=zv'bT — ~yj ; and AB = x — 
Vbb—yy Bcfides, by reafon of the fimilar Triangles 
IEA, DBC , B D : DC: :EB : AB ; that is, b:y:: -4 
: *— Vbb — y y there fore bx — b —yy — dy, or 

ix —4j — b Vbb—yj. And the Part* being fquar’d and 

% «*|c-d „ = ari among 

At.Root,n, Whence it i. 

1 6 >in evident, that the Curve is an Ellipfe. 

R 2 This 
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This is fo where the Angles EBD and EAB are right 5 
hut if thofe Angles are of any other Magnitude, as long as 
they are equal, ^ou may proceed thus : [Vide Figure 39.3 
Let fall DC perpendicular to AC as before, and draw DH 9 
making the Angle DHA equal to the Angle HA E, fuppofe 
Obtufe, and calling EB — 4, BD = b , AH—x^ and HD 
zizy ; by reafon of the fimilar Triangles E AB % B H D, B D 

will be : DH:: EB : AB ; that is, b : y : :* : AB — 

o 

Take this from AH and there will remain BH~x — 

b 

Befides, in the Triangle D HC, by reafon of all the Angles 
given, and confequently the Ratio of the Sides given, af- 
fume DH to HC in any given Ratio, fuppofe as b to r ; 

and fince D H is y, HC will be and HB x HC will 

b 

= hy the 12, 2 Elew. in the Tri¬ 

angle BHD, BDq is — BHq + DHq+ 2BHY. HC} 
that is + „ + 2 -p- 2 -rr- 

nd earning tie Koo. « = 

Where, when b is greater than e, that is, when ee—bb is 
a negative Quantity, it is again evident, that the Curve 
is an Ellipfe. 

Problem XXIII. 

Having the Sides and Bafe of any right-lined 
Triangle given , to find the Segments of the 
Bafe , the Perpendicular , the Area, and the 
. Angles . QVide Figure 40.3 

L ET there be given the Sides AC, BC, and the Bale 
AB of the Triangle ABC. Bifefl AB in I, and take 
on it (being produc’d on both Sides) AF and A E equal to 
AC, and B G and B H equal to B C Join CE, CF; and 
from C to the Bafe let fall the Perpendicular CD. And 
ACq—BCq will be — ADq-\- CDq —- CDq — BDq 
" ' ~ — ADq 
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s=ADq — BDq = AD + BDxAD'—BD=:AB)C 

2 D , Therefore — Dl. And 2 AB : AC+ 

2 AB 

BC : • AC—BC : DI . Which i» a Theorem for determine 
ing the Segments of the Bafe 

From i£, thatis, from AC—jAB, take away Z?/, and 

there will remain D E= ! 2 l=l&+*«*£L-*h 

2 AS 

.... BC+AC—ABxBC—AC+AB ~~ 

=- 135 -- « = 

HE x EG 

Take away DE from F£, or 2 AC, and there 


zAB 
will 


remain 


_ ~ ACq *}• 2 ACxAB -|~ ABq 

“ 2^F * 


that is, — 

FG x FH 
zAB 


AC+AB + BCxAC + AB—BC 

Tab » 


or — 


And fince CD is z me ah Proportional between 

DE and DF, and CE a mean Proportional between DE 
and EF, ana CF a mean Proportional between DF and 

EF, CD wffl be * HE* EG _ 

* 

f/ACxHEjcEG' andCF= t/ ACF G ^H ^ 

ti ply CD into jAB, a nd you’ll have the Area 

V'FG x FH x HE x.EG. But for determining the Angle 
A‘ there come out feveral Theorems : 


1. As 2 ABxAC: HE X EG (:: AC: DE) :: Radius 
: verfed Sine of the Angle A. 

2. 2 ABxAC: VFG X FH (:: AC : FD) Radius: 
verfed Cofine of A. 


3. 2 ABx AC : 
CD) :: Radius : 


YFGxFHxHEx EG 
Sine of A. 


(::AC: 


4. YFGxFH -WHExEG (::CF: CE)::Radius: 
Tangent of f A .. 

5 •VHEVEG : YFGxFH (:: CE: FC) :: Radius : 
^tangent of ±4. 
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6 . W~ABx.AC:VHExEG (:: FE : CE) : : Radius 
: Sine of | A. 

7. 2 VABxAC: VFG x FH (:: F£: FQ :: Radius 
; Cofine of | <4 

Problem XXIV. 


In the given Angle PA B having any how drawn 
t]oe right Lines, BD , P D, in a {riven Ratio, 
on this Condition , that BD Jhall be parallel 
■ to A P, and P D terminated at the given 
Point P in the right Line AP y to find the 
- Locus of the Point D. [Vide Figure 41.3 


R RAW CD parallel to A B,' and D E perpendicular 
to AP • and make AP—t, CPx=x, and CDy, and 
D be to P D in the fame Ratio as d to e, and AC or 

ED will be — a — x., and PD — Moreover, by 

rtafon of the given Angle DCE, let the Ratio of CD tc 

CE be as 4 to/, and CE will be =Q-, and £?■=#— 

fy d ' 

But by reafon of the Angles at E being right ones, 
CDq—C Eq will be (= E Dq) — PDq — EPq ; that is, 

JJ 


. . v- 

_ tfyy _ eeaa — 2eeax ■+■ ttxx 

d£ ~ dd ~~“ ~ 

f fy y m 

an 4 blotting out on each Side- 


xx 4- 


2 fay 


Jill and the 
dd' 


Terms being rightly difpos’d, yy — - f*l 4. 

• d 


eeaa — iteaxeexx—ddxx 


dd 


y and cxtrafliiig the Root 


fx _j. 

j= 7 + 




4* f e 

ee at—let ax— ddxx 

±ff _ • 
dd ~ 
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Where, fince x and y in the laft Equation afcends only 
to two Dimenfions, the Place of the Point D will be a Co- 
ni?- an< * t ^ lat either an Hyperbola, Parabola, or 

PftPif’ as . ee ~dd + ff, (the Co-efficient of .t* in the 
,alt .Equation) is greatef, equal to, or lefs than nothing. 

Problem XXV. 

rbe_two right Lines VE and VC 'being given in 
Pofition, and cut any how in C. and E by ano¬ 
ther right Line , PE turning about the Pole, 
P given alfo in Pofition j if the intercepted 
Line CE be divided into the Parts CD, DE 
that have a given Ratio to one another, it 
is propos'd to find the Place of the Point D. 
[Vide Figure 4a.] 


■^VRA W VP, and parallel to it DA, and EB meeting 
-J VC in A and B. Make VP— 4 , VA—x and yin 
7, andfince the Ratio of CD to DE isgivei, ormn- 
lely of CD to CE, that is, the Ratio of DA to EB, let 

* as J toe, and EB will be~ e 2 . Befides, Cnee the 

I 1 » f ^ are given, and confequently the Ratio 
£ 5 to VB, let that Ratio be as t to /, and VB will be 

Laftly, by reafon of the fimilar Triangles CE B,CDA 

>V, EB:CB::DA:CA: : VP : VC, and by Com™*- 
*pn £ B + VP : C B + VC:: DA + VP : CA +VC ^t 

~i "F 4 : ~[, ' ' *t and multiplying together the 

ans and Extremes ejx +dax = fyy 4- f 4jm . 

Vhere, fince the indefinite Quantities * and y aland only 
wo Dimenfions, it follows, that the Curve VD, in which 
Point D is always found, is a Conick Seflion, and that 
hyperbola, becaufe one of the indefinite Quantities, viz. 
_only of one Dimenfion, and the Term txy is multi- 
i by the other indefinite one y. * 


Pro- 
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Problem XXVI. 

Jf two right Lines , A C and A B, in any given 
Ratio, are drawn from the two Points A and 
B given in Pofition, to a third Point C, to | 
find the Place of C> the Point of Concourfe . 
[Tide Figure 43.] 

J OIN AB t and let fall to it the Perpendicular CD 5 
and making AB = 4 , AD — x, DC—y, A C will be 
= V xx-\-yy, BD — x — 4 , and BC (= >/BDq -+■ DCq) 
^/xx — 2ax-\- *a-\-yj. Now fince there is given 
the Ratio of AC to DC, Jet that be as d to e ; and the 
Means and Extremes being multi ply’d toget her, you’ll have 

eVarar-t-y y — i V x x —— 2*x + and by Rfi- 

du&ion xx = y. Where, fince x i* 

r tt—dd 

Negative, and affeQed only by Unity, and alfo the Angle 
A DC a right one, it is evident, that the Curve in which 
the Point C is plac’d is a Cirde, viz,, in the right Line AB 
take the Points E and F, fo that i : t :: AE : B E :: AP 
: B F, and E F will be the Diameter of this Circle. 

And hence from the Converfe this Theorem comes out, 
that in the Diameter of any Circle EF being produc’d, 
having given any how the two Points^ and# on this Con¬ 
dition, that AE : AF :: B E : B F, and having drawn 
from thefe points the two right Lines A C and B C, meet¬ 
ing the Circumference in any Point C J AC will be to BC 
in the given Ratio of AE to BE. 


PRO' 
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Problem XXVII. 

find the Point D, from which three right 
Lines DA, D B, DC, let fall perpendicular 
to fo many other right Lines A E, B F, C F y 
given in Fofition , ft) all obtain a given Ratio 
to one another. £Vide Figure 44.3 

O F the right Lines given in Polition, let us fuppofe 
B F be produc’d, asalfo its Perpendicular BD, till they 
meet the reft AE and CF, viz. BF in E and F, and BD 
w ff and G. Now let EB = *, and EFt= a ; and BF 
will be a — x. But Cnee, by teafon of the given Poli¬ 
tion of the right Lines EF. EA, and FC, the Angles £ 
and F, and confequently the Proportions of the Sides of the 
Triangles EBH and FBG are given. Let E3 be to BH 

as J to e ; and B H will be = *■—, and E H (=s 

d 

^FBq 4- BHq = (/xx + t -~ i thatis, * x Vddy- 
Let alfo B F be to B G as d to f; and BG will be =3 
and FG (— \/BFq BGq) — 

—2 *xd_d **dd 4-,'frf* 
d d 

thatis, = —-— v dd 4*/f» Befidcs, make BDs=: j 7 and 

HD will be = and GD — —7; and fo,' 

fince AD is : HD (: : EB : EH) ::d: VddfifTt, and 

DC:GD (::FF:F<?) ::d: Vdd + ff, A D will be — 
[X — dy _ / * — fx — dy 

Li,l% ' 17 " afon 

of the given Proportions of the Lines BD, AD, DC, kc 

fO : aD :: y/dd-jc tt '• b — d t and - —- will be 

Vdd~\- tt 

S (=5 
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(—AD) — or by —ex. Let alfo BD : 

_, Jty—dy 

::Vdd -// :l—J, and ^ dd + f f wU1 be (~ DC 

(y£==rZ,<xl, = t‘-fx- Therefore ~ (=• 

and by Redu&ion - - —x. Wherefore 

1 * tk+fh 

el 

EB: EF:: b : j- b, then BD : EB :: t: h,mi) 
have the Point fought P. 

Problem XXVIII. 

3> find the Point D, /row which three r 
Lines DA, D B, DC, drawn to the t. 
Points, A, B, C, Jhall have a given Rath 
mtmg themfelves* £Vide Figure 4$.] 

O F the given three Point* join any two of them, a 
pofe A and C, and let fall the Perpendicular B E 
the third B, to the Line that conjoins A and Q as ali 
Perpendicular D F Rom tire Point fought D ; and ma 
AEss* t ACzzb, EB—c, AF=x, and FDz=y ; 
ADq will be —xx-\ryy. FCsib—x. CDq (—FC 
FDq) =bb— 2bx-\- xx -\-yy. EF=x — a, and, 

(sxEFq + EB+FD‘ l ) = **— 2**+** + 
+yj- * aw, iince AD is to CD in a given Ratio, J 

be at d to < f and CD will be xx -j- yy . Sinct 

AD it to B D in a given Ratio, let that be as d to f, 

BD mil be 35 V^ar* + yy. And, confequently 

d 

will be (=zCDq) zrzbb — 2 bx 4-#*- 

4 d 

and=**•—2 xX’\-M’\-cc-\- 2 9 ' 
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which if, for Abbreviation fake, yoa write p for — "~ f f > 

d 

3 ^ for- ~4~> thert will come out bb — zbx 

and 44 + cc — 2<*-f 2cy + ^ ** 
■ 7 Jj = o» And by th? former you have !L^? 

• j xx “P ^ y> Wherefore, in the latter, for 4 " 

J7» write and there will come out 

^qx—bbq ^ 

—-- 2 -t -44 + cc—arfAt + acyesO. Again, for 

bbreviation fake, write m for a ——, and 2c» for 

p p 

and you’ll have a mx 4 - 2c»ar 2fy, and the 
trutt being divided by at, there arifes — Hh» = f. 

therefore, in the iEquation bb*~zbx 4- ^**4. 1 ! jj 

.0, for yy write foe Square of —• 4 . n , and you’ll have 

Vhere, laflly, if, for Abbreviation lake, you write - for ^ 
^~£7» 40(1 ~ for b~t*~, you’ll have Akmisx** 

* — and having extrafted the Root x = 3 ± 

1 /n-*-rb — ^Vj-y and having found x, the ^Equation — 

»=y will give y 5 and from x andy given, that is, AF 
ari PD, the given Point D is determin’d. 


Pro- 
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. Problem XXIX. 

fo find the Triangle ABC, whofe three Sides, 
AB, AC, BC, and its Perpendicular DC 
are in Arithmetical Prcgrejfion. j*Vide H- 
gurQ46.] 


M AKE AC=a,BC—x, and DC, the leaf! Line, will 
fce — 2 x — a, and AB, the grea teft, 

Alfo^D will (= VACq- -J)Cqy== V' 4 ** ~ 
anT iTd (= VBC q — DCq — ^ ^ax —^xx — aa. And 
fo again, ABxx^ 44* — ^x x - f- \^^a x -—3.**—44. 
Wherefore 2 <1 — x — V^dx — 4* * 4 ~ Vj 4 <*■— 3 **— **> 
or 24 —#•— 44#— 4#* =1/ 44Jg — 3 a; at— 44 . And 

the Parts being fquar'd, 444*— 3#* — 44-I- 2* X 
4/44*-T4*.y = 4*^ —3 **—**, or 544-7-44* — 
74—r 2 * X V44* — 4 AT a;. And the Pan* being again 
Squar'd, and the Terms rightly difpos'd, 16 * 4 — -Sodx' 
4- 14444*.*—i044 3 *-f 254 4 = o. Divide this i£- 
quation by 2*<—4, and there will arife 8.*’— %6axx -f- 
5444*— 2S4 ! = o, an .Equation by the Solution whereof 
x is given from 4, being any how aflum’d. 4, and * being 
had, make a Triangle, whofe Sides fhall be 2 <— x , 4 and 
x, and a Perpendicular let fall upon the Side 2* — wilj 
be 2X—4- 

If I had made the Difference of the Sides of the Trian- 

f le to be d, and the Perpendicular to be x, the Work would 
lave been fomething neater •, this Equation at laft coining 
out, vif* x i = 24«/d*—.481!* 
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Problem XXX. 

To find a Triangle ABC, whofe three Sides 
AB, AC, BC, and the Perpendicular CD Jhall 
be in a Geometrical Progrejfion . 

, * ' 'f 

^/JaK E AC—Xy BC=.a, apd AB will be — 

And CD = And AD ( = V ACq -r- CDq ) = ; • 

ftxx—S~\ and BD (= V'BCq — DCq) =f/aa ——, 

< XX. XX 

and confequently X ~ (—AB ) = f/xx — -j- 

a xx 

t/ ’**'■ xx t/ ■ |/ a 7 " . 

r aa — —, or-- waa —■—— V xx .— — : and 

XX 4 XX XX 

qq 4 2 .r A* 

the Parts of the Equation being fquar’d,-■- K 


4 ^ ^,4 

{/. 4 4 -- 1 - 44— —?xxx -, that is, x*—a*xx 

a xx ' xx 

4*— 2*dx v'xx ~—aa. And the Parts being again 
fquar’d, x*~2aax e -\-%a x x* — 2 a s xx a* — 44 4 a: 4 4 
~-4.a 6 xX‘ That is, ** —• 2 max 6 —; a x x* -+■ 2A e xx-\* 
4 ? — o. Divide this ./Equation by x *.— aa xx — a*, and 
there will arife x 4 aaxx—-a*. Wherefore .v* is — 
jaxx + a*. And ex trafling the Root xx —§ 44 -f-V^- 4 4 ^ 
or xz= a</%-{- Y~. Take therefore 4, or BC, of any 

Length, and make BC: AC: : AC: AB :: 1 : «+■ Y*r 

and the Perpendicolar DC of a Triangle ABC made of 
thefe Side?, will be to the Side B C in the fame Ratio. 

The fame cthtrwife. [Vide Figure 47.] 

Since AB s AC: : B C: DC. I fay the Angle ACB is a 
Tigfit one For if you deny it, draw C E, making the Angle. 

%CB a right one. 

I h .»•.? ; 

There- 

i-' 
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Therefore the Triangles BCE, D B C are fimilar by 8, 
% % lm - “d confeqiiently £ B:EC::BC:DC, that is. 
f a '-AC Draw A F perpendicular to CE, 

and by rerfon of the parallel Lines AF, BC. £B will be 

L,E. C J : AE •' FE: : ,( E B + AE) AB : (EC+ FE) FC. 

l^r°% by ?' f E c 7 \^ is = FC ' that C^e Hypo, 
nienufe of a right-angled Triangle is equal to the Side, con¬ 
trary to the ip, 1 Elem. Therefore the Angle ECB is not 
amht one } wherefore it is neceffarj r ACB Ihouldbea 

te **"*» *Cq +BCq — ABq. But AC q=s 
AB X BC, therefore AB x BC+ BCq ~ABq, and ex- 

trafting the Root AB = $BC+ V^BCj. Wherefore 

tale BC :AB :: r : 1 ± 23 , and AC a mean Proportio. 

Ml between BC tnlAB and AB: AC :: BC : DC will 
kcontuiuaUy proportiona! to a Triangle made of thefe 

Problem XXXI. 

To make the Triangle ABC upon the given Baft 
AB, Vhofe Vertex C flball be in the right 
Line EC given in Pojition , and the Bafe an 
Arithmetical Mean between the Sides . T Vide 
Figure 48.] L 

t E iLtri?[?oht 5 r ^ b S? ed in F > * nd Produc'd till it 

endiculaf 6 S LU |f £ C , " 1 E ' and ,et faH » it the 

BC~ AB x ir \\ r i ing f* B=za ' FE = K and 
BC—AB^x, BC will be-4 -f.v, AC^a —arid 

by the 15, 2 Elem. BD (— + ABq 

* . , . v .' =2 * + 

jf And confequently , FD~ 2 x, DE~ b-\- 2 x, and 

kilo p ^°“ 5^'45 5 u£, 

Proportion^;e:: * -f 2* ; t/f443*#. • Whence the 
Meutt aud Extremes being multiplyAy each dtheff tlire 
anfes tire Equation e £ + 2 e * — </ ✓ #44 —'mw the Parts 
whereof being fquar’d and rightly order’d, you have *** 3= 

fdV 
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4 P** —-ethb—4etb# „ , „ . . 

- 4 7i+Jdd -««1 the Root bang extmfkd 

—2 etb^dV^ei^^^rtbT+TddTd _ 

- - J77TT7T - - * 

“Wg given, there is given BC=d^x } and AC^a—x. 


PROBLEM XXXII. 

Having the three right Lines AD , AE t BP t 
given by Pojition ,, to draw a fourth Dp, 
ivhofe Parts DE and EF t intercepted by the 
former , Jhall be of given Lengths. £Vidc 
Figure 49.] 


L ET fall EG perpendicular to BF, and draw FCpa-i 
1 ralleJ to A D i and the three right Lines given by Po- * 
uaon meeting in A, B, and H, make AB = a, BH—h. 
dH—c, EDjsD, EF -r^e, and HE = x. Now by 
teafonof the fimilar Triangles ABFJ, ECH, AH :AB 

iiHE.EC* b 4 4 , and AH : HB :: HE : CH — 

c c • - 

Add H By and there comes' C B — : Moreover* 

c• 9 

by reafon of the.ffmilar Triangles EEC, FPB f ED is- 
CB : : EF : CF as Laftly, by the 12 and 13,’ 

2 Sew. yon have — EF q 
HEq~~ECq 


2CH 

44XX 

cc 


2 fc 
§CH; that is. 


+ §FC (= CG 


■ee 


-V 


2 <fa 


XX - 


44xx 


cc ~ bx 


2 C 


2cbx -{* 2ebc 
tTc 

taixx — eedcc f elx tic ccx-44X-—bbx 
tbx^cbe d “~ ^ 


2 b x 

c 


ot 


Here, for Abbreviation fake, for 


cr — 44 — bb eb 


wnte 
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i rtit dddxx—eedcc . ebc _• 

H and youll have -— L —r— -b —- = »**; and all 

’ ebx-f-ebc d 

the Terms being multiply’d by x + c 9 there will come out 
*dixx~e*de ebex ebcc * m 

- —^^*= »*•*■*+ Again, 


for — w write p 9 and For me + ~ write 2pq 9 and 


for * 


ebcc- . efrfrr . , , ' 

j- -1-r— write prr, and * # will become ^ 

a e p 


an d x-q + )/qq-\- rr. Having found X or 
#£, draw EC parallel to AS, and take FC : BC : : e : d t 
and having drawn F E D, it will fatkfy the Conditions of 
the Queftion. 


Problem XXXIII. 

'To a Circle defer ibed from the Center C, and 

• with the Radius CD y to draw a Tangent 

• D Bj the Part whereof PB placed between 
# V; the right Lines given by Pojition, j 4 P sznd 

! A B Jhall , be of a given Lertgth . £Vide Fi¬ 
re .gure 50.3 


F ROM the Center C to either of the right Lines given 
by Pofition, as fuppofe to A B, let fall the Perpendicu¬ 
lar CE y and produce it till it meets the Tangent DB in H. 
To the fame A B let, fall alfo the Perpendicular P G, and 
making EA—d; EG—b , CD=c, B P=d, zndPG = x, 
by reafon of the fimilar Triangles PGB, CDH, you’ll have 

C B (Vdd—xx) :PB:: CD: CH = C *-— . Add 

' ^dd—xx 


££> and you'll have £ H— b + — - Moreover, PG 

ydd — xx 

' r b _- cd 

is z G B : : EH : ££'— - ydd — xx-\ —. Moreover, 

v x x 7 

beeaufe of the given Angle P AG 9 there is given the Ratio 
of PG to A G y , which being made as e to f , AG will — 

Add £ A and. B G } and you'll have, laftly, £ B = d 
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+ — Ydd — xX. Therefore -r ■+ - Vdd — xx =— , 

e xx 

f X 

— xXj and by Tranfpofition of the Terms, 

* + f — —- - = Sdd—xx. And the Parts of .the. 

e x x 

.Equation being fquar’d, 4 a 
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, 2 afx 2 aci , ffxx 

4 -~-- H-^ 

e # e e 


-bb • 


2bdd 


2 b X dd “ # 


e .va: a;# 

And by a due Redu&ion 

4" *4ee 

4 -24*/' ,4 -bbee „ 4- 2bdde e ^ 4- ccddee 
~ 2 bee X -idee ** Z 2 acdec*Zhbddec 

•— 2C dif 


** + 


«+// 


=6: 


Problem XXXIV* - 

If a lucid Point , [rf-O J, forth Rays to* 
wards \_or upon ] a refracting plain Surface t 
[rf/] C, D ■, to find the Play AC, whofe re - 
framed [Part] CB ft tikes the given Point 
B. QVide Figure 51 »3 

F ROM thit lucid Point let fall the Perpendicular AD 
to the refrafting Plane, and let the refrafled Ray B C 
meet with it, being produc’d out on both Sides, in £ ; and 
a Perpendicular let fall from the Point B in F, and draw 
BD; and making AD=a, D B = 1 , B F-=:c, DC=ix, 
make the Ratio of the Sines of incidence and Refradlion, 
that is, of the Sines of the Angles CAD , CED^ to be d to 
e, and iince EC and AC (as is known) are in the fame 

Ratio, and AC it a axx , EC Will be == - -f* xx * 

BefiJes, £ D (ta VECq — CDq) 

Wd DFas — ie t and EFstVbb^cc 4* 

• x - VddAA 
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jfddd* + ddxx _ xx Xaftly 9 becaufe of the fumTar 

ee 

Triangles £CD, £ 2 ?F, ED : DC :: EF : FB y and multi- 
. plying the Values of the Means and Extremes into one ano¬ 
ther, c-j /Wf* xx ^zxx^bb—cc + 


g/dilaa^ ddxx -- j /ddaa-\- ddxx _ 

ee XX * ° 1Cm ~~ x ct 

5- x </bb—c c 9 and the Parts of the ^Equation being iquar’d 
and duly difpos'd [into OrdeT] 

H "ddcc 

-f- ddaaxx—2dd*4cx + dddacc 
—*eebb 

X 4 — 2VX* S2-—- j-j - - --* Z=:Or 

dd—~ee 


Problem XXXV. 

To find the Locus or Place of the Vertex of a 
Triangle D, whofe Safe AB is given, and 
the Angles at the Safe DAB , DBA, have a 
given Difference . £Vide Figure 52.3 

W HERE the Angle at the Vertex, or (which is the 
fame Thing) where the Sum of the Angles at the 
Bafe is giverf, 29. 3. Euclid, has taught [us], that the Locus 
for Place] of the Vertex is in the Circumference of a Cir¬ 
cle •_ but we have propos’d the finding the Place when the 
©inference of the Angles at the Bafe is given. Let the An¬ 
gle DB A be greater than the Angle D AB % and let ABF 
be their given Difference, the right Line BF meeting AD 
h\ F. Moreover, let fall the Perpendicular D E to B F, as 
alfo DC perpendicular to AB , and meeting BF in G. And 
making AB = n, AC^zx, and CD =7, BC will be =5 | 

Now fince in the Triangle BCG there ate given 
aD the Angles, • there will Jbe given the Ratio of the Sides 

JJC atid GC, let that be as d to 4, and CG will =—-— ; 

take away this from DC, or 7, and there will remain DG 

• __ d y — Befide», becanfe of -the fcnilar Irian- 

t.d' 

* gle* 
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gles BGC, and DGE, BG:BC::DG:DE. And in th® 
Triangle BGC, a: d :: CG : BC. And confequently 44 
dd :: CGq : BCq, and by compounding 44+ dd: id : 

BGq : BCq, and extrafling the Roots V44 -f- dd : d (: 
BG :BC):: DG:DE. Therefore DE = 

v'**~frdA 

Moreover, fince the Angle ABE is the Difference of the 
Angles BAD and ABD, and confequently the Angles 
BAD and FBD are equal, the right-angled Triangles 
CAD and EBD will be fimilar, and confequently the 
Sides proportional £or] DA:DC::DB:DE. But DC 
.— y. D A (—V ACq-\~ DCq)—Vxx-\-yy. DB (~ 
V'RCq-jrDCq). \/ 44 — 24 x~t-xx-\-yy, and above 

__ dy — 44-{-4X _ 

DE was — - - — . Wherefore Vxx 4 -7 y: y : : 

Vaa — 24 X~jf- xx-\-yy : ■ * - and- the Squares 

V4<t •j’ dd 

of the Means and Extremes being multiply’d by each other 
s . = ddxxyy + ddy 4 — 2 AA/dxxy 

4*yj — 24Xyy+xxyy\-r - 44+dd - 

-w2 aady* 4 ~ 2 sdyx* - 4 “ 2adxy % 4 " a 4 x* Hr *' X JJ — za'x* 


aa + dd 

— 2^xyy^h4ax i ^4 l x 1 y 1 W1 ., T1 , ~ » 

-——. t —f~- -—• Multiply all the Tetqas by 

aa-\-dd • 

aa-\- id y and reduce thofe Terms that (feme out into due 
Order, and there will arife 

— 24 — 2 dy •+■ —j* —Adyy 

* r , ***u *Zli } ' ~ 

■+ —y +** + -j-jy 1 


Divide this ./Equation by * *—4 * and there will a- 

— 4 

fife xx . 2 d* I.? = o; there come out therefore two 
+ — —dy 
4 

Equations in the Solution of this Problem : The firft, *x 

— A x ^ — 0. is 1 b a Circle, vis. the Place of the Point 

D, where the Angle FBD is taken on the other Side of the 

T 2 ng ht 
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right Line B F than what is deferib’d in the Figure, the 
Angle ABF being the Sum of the Angles DAB and D BsA 
at the Bafe, and fo the Angle A D B at the Vertex being 

— a 


given. The laft, viz,, xx 2^ x ^ = 0, is an Hy- 

perbola, the Place of the Point D, where the Angle F B D 
obtains the [fame] Situation from the rb’ht Line B h\ which 
we deferib'd in the Figure; that is. fo that the Ang’e ABF 
may be the Difference of the Angles DAB . D BA y at the 
Bafe. But this is the Determination of the Hyperbola : Bi- 
fe& AB in P ; draw P making the Angle BpQ equ il 
to half the Angle. A BF : To this draw the Perpendicular 
P£, and P Q and PR will be the Afymprotes of this Hy¬ 
perbola, and B a Point through which the Hyperbola will 
pafs.. 

Hence arifes this Theorem. Any Diameter, as AB, of a 
right-angled Hyperbola, being drawn, and having drawn the 
right Lines AD , B D, A H, P,H from its Ends to any 
two Points D and H of the Hyperbola ; thefe right Lines 
will make equal Angles DA //, D B H at the Ends of the 
Diameter. 


The fame afrer a [horter Way. [Vide Figure 53.] 4 

I laid down a Rule about the moft commodious Ele&ion 
of Terms to procepd with in the Calculus [of Problems] 
where there happens any Ambiguity in the Ele&ion [of fuch 
Terms]. Here the Difference of the Angles at the Bafe is 
indifferent in refp, 61 to both [or either of the] Angles ; 
and in the Confiru£tion of the Scheme, it might equally 
have been added to the leffer Angle DA B , by drawing from 
A a right. Line parallel to Z?F, or fubtra&ed from the 
greater Angle DBA^ by drawing the right Line B F. Where¬ 
fore i neither add nor fobtraft it, but add half of it to one 
of the Angles, and fubtra£lhalf of it from the other. Then 
ITnce it is alfo doubtful whether AC or BC muft be made 
Ufe of for the indefinite Term whereon the Ordinate D C 
ftands, I ufe neither of them ; but I bifeft AB in P, and*I 
make ufe of PC; or rather, having drawn AdPQ making 
on both Sides the Angles AP Q, BP M equal to half the 
Difference of the Angles at the Bale, fo that it, with the 
light Lines AD^ B may make the Angles D jQP, DMP 
’ equal* 
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equal; I let fall to MQ the Perpendiculars AR, BN, DOt 
and I ufe DO. for the Ordinate, and PO for the indefinite 
Line it Hands on. I make therefore PO = x, DO =y, 
A Rat BN = b, and PR or P N—c. And by reafon of 
the fimilar Triangles B NM, DO M, BN will be: DO 
:: MN : MO. And by Divifion [as in the 5th of EucliiX 
DO—BN, (y—b) : D 0 (y)'.\ MO —MN (ON or 

c—x) : MO. Wherefore MO— ——In likeMan- 

y—b 

ner on the other Side, by reafon of the fimilar Triangles 
AR Q, DOAR will be : DO : : R ^ O, and by 
Compofition DO-\-AR (y-\-b) : DO (y) : : QO + 

R O(0R or c + x) : 0 0. Wherefore 00 — — — 

y-\-b 

Laftly, by reafon of the equal Angles D M Q, D QM, 

MO and QO are equal that is, ^ — —-iil? 

y—b y + b 

Divide all by y , and multiply by the Denominators, and 
there will arife cy + cb — *y — xb^cy — cb-\-xy — 
xb, or cb — xy, an Equation that exprelfes (as is commonly 
known) the Hyperbola. 

Moreover, the Locus, or Place of the Point D might 
have been found without an AJgebraick Calculus ; for from 
what we have faid above, DO — BN: ON :: DO: MO 
(QO) :: D 0-\- A R :OR. That is, D O — BN : DO 
BN : : ON: OR. And mixtly, DO : BN : : 

ON + OR OR — ON 

—- (N P) :--- (O P). And confequently, 

DOxOPzzBNx NP. 

Problem XXXVJ. 

To find the Locus or Place of the Vertex of a 
Triangle vehofe Bafe is given, and one of 
the Angles at the Bafe differs by a given 
Angle from [being] double of the other . 

I N the laft Scheme of the former Problem, let A BD be 
that Triangle, AB its Bafe bifecled in P, APQ_ot 
BPM half of the given Angle, by which DBA exceeds 
the double of the Angle DAB $ and the Angle DM Q will 
‘ ‘ be 
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be double < 3 f the Angle D Q_M* To P M let fall the Per- 

E endiculars AR, BN, DO, and bifefl the Angle D Ad. Q_ 
y the right Line MS meeting DO in 5 ; and the Trian¬ 
gle* DOP. SOM will be fimilar ,* and confequently O Q 
: OM :: OD : O S, and dividing O£—OM : O A 4 : : 
SD:OS:: (by the a. of the 6th Elem.) D M: O AA. 
Wherefore rile 9. of the 5 th Elem.') O — O M — D Ad. 
Now making PO = x, OD—y, AR01 BNxxb, and PR 
or P N—c, you’ll have, as in the former Problem, O Ad 


cj—xy 


1 

OM 


and OQ-. 


cy-\-xy 


and confequently" O — 


__ 2 bey—2 x yy 

jy —Vb 


, Make now DOq-\-OMqi 


:DAdq, 


that is tt t cc *~ 2CX + XX 11 * Uce ~% k *y ± 

* W yy —, 2 by bb y ■ y* — llbyy b* 

cc — 2 cx-\-xx 4.bcc 
or yy + - 


Zbc xy + 4 xxyy 


y — by. y — b y — byy—byy + byy+b 

and by due Redu&ion there will at length arife 

+ ^ + 2 bxx +K, 

y* 2 yy -\rq.bcx j 3 

J ^.— 2 cx }} Tu 1 — 2 bbcx 

— 3XX 'r* bcc +bbxx 
Which gives the Relation of the Curve : 
an Hyperbola when the Angle BP M (vanilhes, or) be¬ 
comes nothing ; or, which is the lame Thing, when one of 
the Angles at the Bafe DB A is double of the other DAB . 
For then BN or b vanilhing, the ^Equation will become 
yyz=:$xx + 2 cx — cc. 


= O.T 


Which becomes 


And from the Conftruction of this Equation there comes 
this Theorem. [Fide Figure 54.] If from the Center C f the } 
Afymptotes being C S y CT 9 containing the Angle SCT of> 

120 Degrees, you deferibe any Hyperbola, as DV, whofe i 
Semi-Axis are CV, CA ; produce CV to B> fo that VB 
ihall = VC, and from A and B yon draw ahy how the 
right lines A D,BD, meeting at the Hyperbola 5 the Angle 
BAD wil] be half the Angle A B D, but a third Part of the f 
Angle ADE„ which the right Line A D comprehends to¬ 
gether with B D produc'd. This is to be underftood of an 
Hyperbola that pafTes thro* the Point V. Now if the two 
right Lines Ad and Bd, drawn from the fame Points A and ; 
B, meet ill the conjugate Hyperbola that pafts through A, 
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then of thofe two external Angles of the Triangle at the 
Bafe, ,that at B will be doable of that at A. 

Problem XXXVII. 

To describe a Circle through two given Points 
that Jhall touch a right Line given by Ptjition • 
£Vide Figure 55.3 

T* ET A and B be the two Points, and EE the right 
I j Line given by Pofition, and let it be requir’d to defcribe 
a Circle AB E through thofe Points which fhall touch that 
right Line F £. Join AB and biftfl it in D. Upon D 
ereft the Perpendicular D F meeting the right Line FE in 
F, and the Center of the Circle will fall upon this Jaft 
drawn Line D F, as fuppofe in C. Join therefore CB •, and 
on FE let fall the perpendicular C£, and £ will be the 
Point of Conta&, andCF andC£ equal, as being Radii 
of the Circle fought. Now fince the Points A y F, D, and 
F, are given, let DB •== and D F=& ; and feek for DC 
to determine the Center of the Circle, which therefore call 
x> Now in the Triangle CDF, becaufe the Angle at D is 
a right one, you have VD Bq DCq^ thatis, %/^A^xve 
szCF. Alfo DF —DC, or b — x — CF. And fince iii 
the right-angled Triangle CF E the Angles are given, there 
will be given the Ratio df the Sides CF and C£. Let that 

be as d toe; and CE ttill be — jXCF, thatis, = 

Now put [or make} CB and CE (the Radii of 

the Circle fought) equal to one another, and you'll hare 

the ^Equation \Sa 4 -j- xx — — -Whofe Parts being 

d 

fquar'd and multiply^! by dd , there arifes. *add -f ddxx 

2 eebx — aadd -f- eebb 
= eebb — ae ebx -p eexx ; or xx =- -jj ——-/ 

. , _ n . . „ _ —teb ds/ttbb te*a — <Uad. 

And extracting the Root x= - _ — -- 

Therefore the Length oT D C, and confequently the Center 
C is found, from which a Circle is to be deferib’d through 
the.Points A and B that lhall touch the right Line FE- 

Pro- 
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Problem XXXVlIf. 

To defcribe a Circle through a given Point that 
Jhall touch two right Lines given by Pojition. 
£Vide Figure $6.~] 

N. B. This Proportion is refolv d as Prop . 37. for the 
Point A being given , there is alfo given the other 
Point B. 

OUPPOSE the given Point to be A; andlet £F, FG , 
be the two right Lines given by Pofirion, and AEG 
die Circle fought touching the fame, and palling through 
that Point A Let the Angle E FG be bift&ed by the right 
line C F, and the Center of the Circle will be found there¬ 
in. Let that be C; and having let fall the Perpendiculars 
CEj CG to EF and FG y E and G will be the Points of 
Conta6f. Now in the Triangles GEF , CG F, fince the 
Angles E and G are right ones, and the Angles at F are 
halves of the Anele EFG, all the Angles are given, and 
confequently the Ratio of the Side CF to CE or CG. Let 
that be as d to e ; and if for determining the Center of the 
Circle fought C, there be afium’d CFz=zX y CE or CG will 
ex 

be = -7. Befides, let fall the Perpendicular AH to FC f 
d 

and fince the Point A is given, the right Lines AH and 
FH will be given. Let them be call’d a and fc, and taking 
FCox x from FHoxb , there will remain CH = b — x ; 
To whofe Square M — ibx-^-xx add the Square of A H 
or aa y and the Sum aa-\-bb —2 bx + xx will be ACq 
by the 47. 1. Eucl . fcecaufe the Angle A HC is, by Suppo¬ 
sition, a right one. Now make the Radii of the Circle 
AC and CG equal to each other; that is, make an Equality 
between their Values, or between their Squares, and you’ll 

have the Equation aa + bb — ibx -f- Take 

away x x fiom both Sides, and changing all the Signs, 

you’ll have —aa—lb + 2 bx-zzxx — e -rj-» Multiply all 

dd 

by dd, and divide by dd — ce, and it will become 

* -*add 
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^n-nu+*U _J* =xx The Root of which 
» a —. e e 

.Equation being extra&ed, is 

of FC is found, and confequently the Point C, which is the 
Center of the Circle fought. 

If the found Value *, or FC, be taken from b, or HF, 

t i, nrn ... . TT „ —etb-\-dy/ 7 ebb^tt 4 4 —dd 44 

there will remain HC = --—.——--‘- 

dd—ee 

the fame Equation which came out in the former Problem) 
for determining the Length of DC 


Problem XXXIX. 

Te defcribe a Circle through two given Points , 
ivkich Jhall touch another Circle given by Po¬ 
rtion. £Vide Problem 11, and Figure 57.] 

T ET AB,be the two Points given, EK the Circle gi- 
I j ven by Magnitude and Polition, F its Center, ABE 
tne Circle fought, palling through the Points A and B, and 
touching the other Circle in E, and let C be its Center. Let 
fall the Perpendiculars CD and EG to AB being produc’d,' 
and draw CF cutting the Circles in the Point of Contaft 
£, and drawalfo FH parallel to DG , and meeting CD in 
H. Thefe being [thus] conftrufled, make AD or DB—a, 
DG or HF— b, G F-=c, and E F (the Radius of the Cir¬ 
cle given) —d t and DC—x; and CH will be (—CD — 
FGy — x — c, and CFq (-CHq -j- HFq) — xx —2 c J» 
-{-cc-{-bb t and CBq (— CDq •\-_DBq ) zsiXx 
^uid confequently CB or C£ = Vx x -\- a a. To this add 
EF, .and you’ll have CF=d -f Vxx + 44 whofe Square 
dd + a* + xx + zdVxlT+T*1. is = to the Value of the 
fame CF q found before, viz. xx — 2cx-\-cc~\-bb, Take a- 
way from both Sides xx, and there will remain dd + 44 
2d\^xxl^a4 — cc-\-bl—-2cx. Tak e away m oreover 
dd + 44 t and there will come out 2 d*/xx-\- 44 — cc-\' 
bb'—dd — AA — 2CX. NoWr for Abbreviation fake, for 

■ H ' «-fc 
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pc + bb—AA—* 4 , write 2 gg, and you’ll have 2 iVxx+a* 
j—2 gg — 2£*,or dVxx aa—gg — cx. -And the Parts 

of tne Equation being fquar’d, there will come out ddxx 
idta—g* — 2ggcxccxx. Take from both Side* 
AAx* an ! ccxx , ana there will remain AAxx — ccxx — 
g* — Adaa—2ggcx. And the Parts of the Equation 
being divided by Ad — cc, you’ll have xx = 

ft And by Extraction of the affe< 5 ted 

Ad—cc __ 

—9 g c + V e*dd — d 4 aa 4* ddaacc 

? oot *- as . ~~dd—cc : ■ 

Having found therefore x, or the Length of DC, bifefl: 
jiB in D, and it D erefl the Perpendicular DC = 

—ggc+l Vg 4 —a*dd-\- ogee xhenfiom the Center 
Ad—cc 

C, through the point A or B, defcribe the Circle ABE; 
for that will touch the other Circle E K, and pais through 
both the Points A, B. Q. E. F. 


Problem XL. 


To defcribe a Circle through a given Point which 
fhall touch a given Circle, and alfo a right 
Line, both given in Pojition, [Vide Figure 

53:3 


L ET the Circle to be defcrib’d be B D , its Center C, and 
1 B a Point through which it is to be defcrib’d, and 
AD the right Line which it lhall touch; the Point'of Con- 
fildt D, and the Circle which it lhall touch G M, its Cen¬ 
ter F, and its Point of Contact E. Produce CD to Q, ib 
that D Q_ fhall be — £F, aid through O draw QN pa¬ 
rallel to AD. Laftly, from B and F to AD and jg. 1 V, let 
fall the Perpendiculars BA, FN ; and from C to A B and 
FM let fall the Perpendiculars CK, CL. And fince BC— 
CD, or- AK, BK will be (=AB~>AK) '**AB — BC, 
and confequtntly BKq =- ABq — AB x BC+ BCq. Sub¬ 
tract this from BCq, and there will remain 2 ABxBC— 
ABq. for the Square of CK. Therefore ABx 2 BC —AB 

CKq ; and for the fame. Region FN >t 2FC— FN-sa 

" ~ r ' '' .. ‘ ' CLq, 
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CLq, andconfeqqently + AB — 2BC, and -jl 
FN— 2FC. Wherefore, if for AB, CX, F N, XL, and 
CL, you write 4, y r b,c, and*— y, you’ll have ^-7 + f 4 3 

B C, and |fc =F C. From FC take away BC, 

andttyereremain* £F = — *"* 

Now, if $ie Points where F A? being produc’d cuts die right 
Line and the Circle GEM be mark’d with' the Letters 
H, G, and M, and upon HG produc’d you take HR = AB r 
linceFf fil (=sDQ_=zEF) is =r£? F, bjr adding F//on both 
■Sides, you’ll have FiV = G H , and confequently AB — Flfr 
(z=:HR~,GH) r=G~R, and AB-—FN -J- 2£Fj that is,’ 
4 _fc + 2 £F = X/W, and §4 — + £F = \RM. 

.Wherefore, fince above £F was — C --—— 4 ~ 

— — — £4, if this be written fqr EF you’ll have f £ M. 

44 

£aU therefore irWi, and i 

2 b . 24 

wiH be ±z —— Multiply all the Terms 

b 4 ‘ 

by 4 and b, and there will arife 4 bd = acc — 24 ty + 4 jy 

— byy. Take away from both Sides acc—2Acy, and 
there will remain abd— 4 ,cc-\? 24cy — kyy—bjy. Di¬ 
vide ~by * —b, and there will arife 

= yy. And extracting the iRoot y 53 -— ^ + 

tbid + abcc i^hich Gonclufions may be thus 

r 44— 24 b-\rbb 

abbreviated ; make c : b :: d : e, then a^-b : a::c : f . 

and fe — fc + a fy will be —yy, or y —/+■///+/« —/f* 
H aving found y , or iTCJ or ^D, take AD — f^r 
Vf~f-\- f e — fc, and at D erefl the Perpendicular DC (=: 

BCJ s= ^S j- tAB t and from the Center C, at the In-* 
2AB ■ ■ p 

lerval C £ or CP, deferibe the Circle £ Z? £, for this palling 

U through 


t 1 v 

through the given Point B, will touch the right line AD. in 
t), and the Qrcle G EM in E. Q. E. F. 

Hence alfo a Circle may be defcrib’d which (hall touch 
two given Circles, and a right Line given by Pofition. \Vtde 
Figure 59.] For let the given Circles be RT, SF, their 
Centers B F, and the right Line given by Polition P Q. 
From the Center F, with the Radius FS — B R, deferibe the 
Circle E M. From the Point B to the right Line P Q_ let 
fall the Perpendicular B P, and having produc’d it to A. fo 
that PA ihall be — B R, through A draw AH parallel to 
P Jg, and deferibe a Circle which ihall pafs throqgh the 
Point B, and touch the right Line A H and the Circle £ M. 
Let its Center be C; join BC, cutting the Circle RT in R, 
and the Circle R S defcrib’d from the fame Center C, and 
the Radius CR will touch the Circles RT, SF, and the 
right Line P Q, as is manifeft by the Confiruflion. 

Problem XLI, 

To deferibe a Circle that fall pafs through a 
given Point, and touch two other Circles 
given in Pofition and Magnitude* [Vide Fi¬ 
gure 60.] " 

L OET the given Point be A, and let the Circles given 
f in Magnitude and Pofition be T IF, R HS, their C 60 !' 
ters C and B ; the Circle 4 to be defcrib’d AIH, its Center 
D, and the Points of Contact 1 and H. Join AB, At, 
AD, DB, and let AB produc'd cut the Circle R HS in the 
Points R and S, and AC produc’d, cut the Circle T IF in 
T and F, And having let fall the Perpendiculars DE 
from the Point D toAB, and DF from the Point V to 
AC meeting AB in G, and [alfo the Perpendicular] CR 
to AB ; in the Triangle ADB, ADq — DBq ABq 
"Will be c= 2AE x AB, by the 13 th of the 2d. Eleru. But 
DB — AD + BR, -and confequently DBq — ADq -[ 
2 AD y. BR 4- BRq. Take avvay this from ADq-^ ABq, 
and there will remain ABq — 2 AD ycBR — BRq for 

zAE'X. AB. Moreover, ABq—BRq is — AB—BR 
XAB -f- BR — AR X AS. Wherefore, AR x AS — 1 

zADxBRseiAEX AB. And 
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es-i AD. And by a like Reafoning in the Triangle A D C, 

TAV — 2 CAF 

again 


there will come out 


2 AD — 


Wherefore 

RAS . 
- S* + 


RAS—iBAE TAV— 2 CAF 


BR 
2 BAE 


2CAF 


BR 


TAV RAS 


CT 
A K 


BR 

AC: 


~~ CT 
2 BAE CT 


CT 

And 


CT 

X A TAfr 

er 


* 2 AC’ 


TAV 

CT 

AE, or 

i * i 


^ g .. „ „_ A F. Whence lince 

A F : A C, A G will = 

CT 


RAS , 2BAE 
+ -»-=-X 


BR 
2 KAE 
CT 


BR 
CT 


RAS T4V 
BR CT' 
fince KC: AK : 


——Take away this from 
2 AK 

and there will remain G E — 
CT 


•2 AK 

2 BAE 2 KAE 
+ X 


Whence 


RAS TAV 


BR 


CT 


BR CT 2 AK’ 

G E-.DE ; DE will be = 

2 BAE 2KAE CT T7 

T X -^77* Upon AB 


BR * CT ~ lit? 
lake A P, which let be to AB as CT to BR, and 
2 BAE iPKxAF. 2 BAE 


will be = 
2 KAE 


BR 

, and toDE= 


and fo 

RAS TAV 
BR CT 


2 PAE 
CT 


BR 
2PKxAE 


CT 


Upon AB ereft the Perpendicular AQ_ — 


X 

RAS 

BR 

and 


'i CT 
CT 

2 KC 

and in if take PJ ^> 

40 will be —DE. Join DO, DQ and CP, and the Tri¬ 
angles DO jQ, CKP , will be fimilar, becaufe their Angles 
at O and K are right ones, and the Sides (KC : PK: : 
AE, oi DO ’■ QO) proportional. Therefore the Angles. 
O OD, KPC, are equal, and confequently QJ) is perpen- 
<Jjcular to CP. Wherefore if A N be drawn parallel to CP, 
ahd meeting QD in N, the Angle AN O will be a right 
one, and the 1 riangles A QN, PCK fimH 
fluently PC: KC : : AQ_ : AN 


lar ; and confe- 
Whence lince A Q is 
RAS 

Tr 
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BR ' 

cr 

2 PC* 


- cr 
cr * 2*c* 


... ... , TAV 

AN »J1 b. - rt - —cT 


Produce AN to M f fo that NM lhaQbe — AN, 


and AD twill = DM, and confequently the Circle will 
pafs through the Point M. 

Since therefore the Point M is given, there follows this 
Refolution of the Problem) without any farther Analytic. 

. Upon AB take AP, which ipqft be to AB as CT to 
BR ; join CP, and draw parallel to it AM, which fhalj 

be to as CT to PC; and by the Help of the 

o R CT 

39th Probl. defcribe through the Points A and M the Cir¬ 
cle AlHM , which lhall touch either of the Circles TIV^ 
RHS , and the fame Circle lhall touch both. Q. E. F. 

And hence alfo a Circle may be defcrib’d, which fliail 
touch three Circles given in Magnitude and Pofition. For 
let the Radii of the given Circles be A y B , C % and their 
Centers?D, £, F. From the Centers E and F, with the 
Radii B+A and C + A defcribe two Circles, and let a third 
Circle which touches thefe [two] be alfo defcrib’d, and let 
it pafs through the Point A ; let its Radius be 6, and its 
Center //, and a Circle defcrib’d on the fame Center 
lirith the Radius G±A 9 fyalltoqch the three former Circles, 
a$ was requir’d. 
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Problem XLIf. 

Three Staves being eretted, or fet up an End 
in fome certain Part of the Earth perpendicu¬ 
lar to the Plane of the Horizon , in the Points 
A t B, and C, whereof that which is in A is 
j fix Foot long , that in B eighteen , and that 
in C eight , the Line A B being thirty Foot 
long \ it happens on a certain Day [in the 
that the End of the Shadow of the 
\ Staff A pajfes through the Points B and C, 
and of the Staff B through A and C, and of 
the Staff C through the Point A. To find 
the Sun s Declination , and the Elevation of 
the Pole , or the Day and Place where this 
ihall happen. [Vide Figure 61.J 


B EcaaTe the Shadow of each Stiff defcribes a Conic* SeSi; 

on, or the Seftion of a luminous Cone, whofe Vertex 
a the Top of the Staff. I will feign BCD EF to be fuch 
aCurve, [whether it be an Hyperbola, Parabola, oc El- 
"P* e ] as the Shadow of the Staff A defcribes that Day by 
Putting AD,AE,AF, to have been its Shadows, when !B C 
BA, CA, were refpe&ively the Shadows of the Staves # 
and C And belides I will fuppofe P A to be the Meri- ; 
«»nal Line, or the Axis of this Curvse, to which the Per-* 

' pendirulars B Ad, CH D K, EN, and PL, being let fall 
we Ordinates. And I will denote thefe Ordinates indefi’ 
wtely [or indifferently] by the Letter;*, and the intercepted 
Pans of the Axis AM, AH, AK, AN, and AL by the 
Letter x. I’ll fuppofe, laftly, the .Equation aa S-bx -U 
c **==yj, to exprefs the Relation of* and y, (j. e . the Na¬ 
ture of the Curve) afluming 44, b, and c, as known Qpan- 
httes, as they will be found to be from the Analyfis. Where 
1 made the unknown Quantities of two Dimenfions only 
wcaufe the ^Equation is [to exprefs] a Conick Seftion ; and 
1 omitted the odd Dimenfions of y\ becaufe it is an Ordi- 
jjate to the Axis. And I denoted the Si^ns of b and c as 
««ig indeterminate by the Note J-, which I ufe indiffe- 
• rently 
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rently for + or t—, and its oppofite for the contiaiyi 
But I made the Sign of the Square a a Affirmative, becaufe 
the concave Part of the Curve neceflarily contains the StafF 
A, proje&ing its Shadows to the oppofite Parts (\C and F, 
jD and E) ; and then, if at the Point A you ere£f the Per¬ 
pendicular Afr, this will foms where meet the Curve, fup- 
pofe in p, that is, the Ordinate y, where at is nothing, will 
[ftill] be real. From thence it follows that its Square, 
which in that Cafe is a a, will be Affirmative. 

It is manifeft therefore, that this fictitious ^Equation 4 a -1— 
lx -*~cxx~yy, as it is not fill’d with fuperfluous Terms, 
fo neither is it more reftrain’d [or narrower] than what is 
capable of fatisfying all the Conditions of the Problem, and 
will denote the Hyperbola, Ellipfe, or Parabola, according 
as the Values of a a, b, c y fhall be determin’d, or found to 
be nothing but what may be their Value ; and with what 
Signs b and c are to be affe&ed, and thence what Sort of a 
Curve this may be! will be manifeft from the following 
Analyfis. 


The former Part of the An*lyjis* 


Since the Shadows are as the Altitude of the Staves, you’ll 
have BC: AD : : AB: AE (: : 18 : 6) s: 3 : i. Aifo 
CA : AF (:: 8 : 6) :: 4 : 3. Wherefore naming (or 
making] AM~~\-r, MB-J-s^ AHz=.±-t, and HC 
From the Similitude of the Triangles AMB 9 

ANE, and AHC, ALF, AN will be =—-. NE 

S 2 ( 2 V 

-p -. AL=: -p —, and LF=—whofe Signs I 

3 4 , 4 

put contrary to the Signs of AM, , MB, AH, HC , becaufe 
they tend contrary Ways with refpeft to the Point A from 
which they are drawn, and from the Axis P on which 
they Hand. Now thefe being refpe&ively written for x and 
y in the fiftitious ^Equation a a i-bx -*-cxx=zyy* 


md J- s will give 44- 

and -r ~~ will give 

3 

and + v will give 44 - 
md —\v will give 44 


4 rJ- 
br 

" 3 
-tx 

X 


crr=zss . 
±crrr=z' 


T ss; 

t -L cttzzzVV; 

Tt -L-t* Ctt = 7 ? 

Now 
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Now, by exterminating ss from the firft and fecond 

quations, in order to obtain r, there comes out = r'. 

b 

Whence it is manifeft, that -J- t is Affirmative, becaufe r it 
fa Alfo by exterminating t/v firom th* third and fourth, 
(after having written for J-t its Value -J-t) to obtain r, 

A 44 

twre comes out = -i- r, therefore r is pofitive and equal 


to 

t 


and having' writ 2 *- for r in the firft, and ^ for 

in the third, there arife 244 J-^ 4 = rr, and ^44-^ 

J bb *.3 • - 


SSVV, 


9bb 

Moreover, having let fall Bx perpendicular^upon CH, 
BC wiB be : AD (: : 3 : 1) :: fix : : : Cx X. 

Wwefbre, face fix is (=AM—AH=r —0 = ~r, 
will be as but with a Negative Sign, zfa .— 

AlfofaceC* (- CH J- 

^ if 3 44-t- ^TT"» and therefore DX (=rf Cx) = • 


i? 4 « 
' 27 


4*C 


4 -f/f 


44- 


4 t* A C 


which being re- 


81 it * 1 9 bb ’ 

•peftively written in the ^Equation a a- 1 - bx -^-c xx —jj', 
or rather the Equation 44 + bx -*-cxx~yy, becaufe b 
bath before been found to be Pofitive, for AK and D X, 

<» * and 7, there comes out Ju 2 £— £ 8 ii 44 JL 

9Sibb 27 

37 * 4 c 


8tii 27 "^81 it 


, JL*‘' jtodt, 

_3 _ 

fteduSion — it -r 4 <* 4 C— -t- 21/jii 4 J- ^ 1 Aabbc + 44 4 fc j 
*nd the Parts being fquar’d, and again reduc’d, there coitaes 

°**0sai42t 4 J- i&Adbbc, or I ^- — = J-c.Whence 

• Ip 644 

tt u maniftft, that ■*- r is Negative, agd confequently the 
• X ' . nffitious 
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B&tiou* ^Equation AA±-lx-*-c}tx~jy will be oF this 
Form, 4* + bx—cxx—yy. And its Center and two Axes 
are thus found. 

Making ^ = 6 , as happens in the Vertex’s of the Figure 
f suid Q, you'll 4 have ak-^-bx~txx s and having ex— 
_y ± f/Tb 


traded the Boot * 

b . stbb 


zc' 


44 

4 cc c “ 


AP 
b 


that 4s; AQ=z-r + + and /4P=——* 

* 2e r 4 cc c * 2C 

t/ -r—— -4- —, where AP and AO are computed from A 
4re • 

towards the Parts jQ; and confequently when AP is com¬ 
puted from A towards P, its Value will be found to be 

4- **. And corAequently, taking.*#^ = 
zc 4 c6~ e ■ ■ ■ ' 

^ V will be die' Center of the Ellipfe, and V Qj 
((/£ + the greateft Semi-Axis. If, moreover, the 

Value 1 of Af* t or —, be put for ri M die Aquation a a -f* 

2C , . ‘ bb , . 

bx — fjr#there will come Out 44- 1-=s» 

♦ ^jiC 

tl 

Wherefore 44 + — will be — VZq s that is, to the Square 
of the. leaft$emi-Axis. 1 Laftjy, in. the Valdes of and 
rjg, VZ ntaadyfeun*, writing fort, theBcome 

o r& and^f.KZ. 

143$ *43$ ^*45 


7 - • - - - r /. x ^ < v 

The other Part of the Analyfs, [Vide Figure 62.J 
- - ■- • * ... ; v r * '• 

.Soppofe now the. Staff A R Sanding on the Poult A, and 
RP Q .will be the:Meridional Plane,, and RPZ £?the lu¬ 
minous Cone whofe Vertex is R. Let moreover be 

a Plane cutting the Horizon in VZ y . and the Meridional 
flaw jit TV X* which Section let it be perpendicular to 

y , , -- • * -- - ~ . " ~ «ll 4 k 
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& Axis of the World, or of the Cone, and it will cut the 
Cone in the Periphery of the Circle TZX, which will be 
every where at an equal Diftance, as R X. RZ, R T, from 
its Vertex. Wherefore, if PS be drawn parallel* to TX, 
you’ll have R S—R P, by reafon pf the equal Quantities 
RX, R T} and al(b S X=: X Qj by reafon of the equal 

Quantities PV, V£ whence RXot RZ (= RS + R Q) 

SP + i? o 

=-- —laflly, draw RV, and fince VZ perpen¬ 

dicularly Hands on the Plane RP Q, (asbeing the Se<9ion 
of the Planet perpendicularly ftandiqg on the tame [Plane!) 
the Triangle RVZ will be right-angled at^. 

Now making RA—d, AZ— e, VP or VO—f. and 
V Z = g, you’ll have A ? — / — ^ and R P — 

^ff —~t ~ << + dd . Alfo AQ—f + and 1? —• 

vTFF 2 ef -fee 4* dd ; and co nsequently R Z ( — 
^ R j g) V^—-2#/ + te + M 4" ff+ 2 tf+ee+dd» 

j Whofe Square 44 + + | 

*^ 4 ^2eeff4-f 4 + ?ddf/4*2d^' -M 4 » i» equtf 
(f-Vq -p PZf =s£-4$4*^^ + = W dd4 -tt 

4gg. . Now having reduc’d _ 

V't 4 — 2 eefpfe* 4"'add//4“ + d 4 =dd4-ee— 

f/ + 2gg, and the Parts being fquar’d and reduc’d into 
Oldtt, + — or -yj- = 

m 

i$$p *43* \f 142 

(the Values of AR t AV, VQ, and PZj) being record for 


d, e, f, and g, there arifea 5$ - + 7^ 7= 

md thence *ty Region l££±p%!£ 
143** 484S4-I287 

= Pfc 


In the firft Scheme MBq — ABq, that is, rr 

•VttBs33 X 33. But r was =: and ;; = 344 — 

? 3 4d 4 £ 
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^tb" 1 w ^ lcnce rr== ^V’ an ^ fobftituting lot e) 

st=z-—. Wherefore 4 - 4 s= 33 X 33, and thence 

4 9 bb 4 9 

by Redu£lion there again retails —-— bl. Put- 

ting therefore an Equality between the two Values of bb, 
and dividing each Part of the ^Equation by 49, you’ll have 

* o -> whole Paits being multi- 

4844-4-1287 5 $$ 6 i—444 

ply'd crofs-ways, ana divided by 49, there comes out 44* 
e=98144-4-374428, whole Root 44 is ?8 I- fVi58962? 

s= 280,2254144. 

Above was found -—— — bb, or — - T — * •— 
53361 — 444 

= Whencei. 

, 143 * 143 

or VQ ( TI24 - :— ) is — V160083 —• 1244. That is, 
143^ *43 

by fubftituting 280,2254144 for 44, and reducing the Term 
into Decimals, AV ss 11,188297, and TP or J'jgs 
22,147084 J and conlequetotly A P (P V — AV) — 
10,958788, and AQ~ (AV -J- VQ) 33,325382. 

Laftly, if R or 1 he made Radius, i- A 0 0 T 
5,355897 will be.the Tangent of the Angle ARQj* 79 
gr. 47'.48". and 4- At or 1,826465 the Tangent of the 
Angle ARP of 61 gr. 17'. 52". half the Sum of which 
Angles 70 gr. 32'. 50"- is the Complement <?f the Sun’s De¬ 
clination ; ana the Semi-dilFerence pgr. 14'. 58". the Com-' 
piement of the Latitude of the Place. Then, the Sun’s De¬ 
clination was 19 gr. 27'. 10". and the Latitude of the Plac* 
■go gr. 45'.' 20"- which were to' be found. •' '' , 
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Problem XLIII. 

If £t the Ends of the Thread DAE, moving 
• upon the fix'd Tack A , there are bang'd two 
Weights , D and E, thereof the Weight E 
jlides through the oblique Line BG given in 
Fofition j to find the Place of the Weight 2 ?, 
where tbefe Weights are in jEquilibrio* 
£Vide Figure 6 3.3 

QUPPOSE the Problem done, and parallel to AD 
vj draw E F, which fhall be to AE as the Weight E to 
tnie Weight D. And from the Point* A and F to the Line 
EG let fall the Perpendiculars AB, FG. Now fince the 
Weights are, by Suppofition, as the Lines AE and EF , 


—uuvwvu l»**» A VIVV VI till vnn TTWlgll|| 

tends towards F. And by the oblique Force EG tends to¬ 
wards G»- And the fame Body £ by the Weight D in the 
direS Force AE, is drawn towards A, and in the oblique 
Force B E is drawn towards B. Since therefore the Weights . 
Main each other in iEquilibrio, the Force by which the 
Weight £ is drawn towards B, ought to be equal to the 
contrary Force by which it tends towards G, that is, BE 
ought to be equal to EG. But now the Ratio of AE to 
EF is given by the Hypothecs •, and by reafon of the given 
Angle FEG, there is alfo given the Ratio of FE to EG, 
to which B E is equaL Therefore there is given the Ratio 
of AE to BE. AB is alfo given in Length • and thence 
die Triangle ABE, and the Point £ will eafily be given. 
Fit. maw AB—t, B E = x, and AE will be equal 

‘/*4 + icx } moreover, let AE be to BE in the given 

Ratio of d to e, and a a + x x will s= dx. And the 
Parts of the ./Equation being fquar’d and reduced, er«4=> 

ddxx—ttxx, or -p~~= zzxx. Therefore the Length 
vdd—ee 

BE, is found, which determines the Place of the Weight 
—1 £• F. 
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Now. if both Weights defcend by oblique Lines given in 
p 0 fit inn, the Computation may be made thus. [Tide Ft- 
gurt 64.] Let CD and BE be oblique Lines given by Po¬ 
rtion, through which thofe Weights defcend. From the 
fix’d Tack A to thefe Lines let fall the Perpendiculars AC, 
AB, and let the Lines EG, DH, ereardfrom the Weights 
perpendicularly to the Horizon, meet them in the Points G 
and H. and the Force by which the Weight E endeavours 
to defcend in a perpendicular Li e, or the whole Gravity 
of E, will be to the Force by which the fame Weight en¬ 
deavours to defcend in the oblique Line BE, as G £ to B is ; 
and the Force by which it endeavours to defcend in the 
oblique Line B El will be to the Force by which it endea¬ 
vours to defcend in the Line A E, that is, to theForce by which 
tlie Thread A E is diftenled [or fetch'd] as BE to AE./^nd 
cpnfequently the Gravity of E will be to the 1 enfion oi the 
[Thread A E, as G E to A E. And by the fame Ratio the Gra¬ 
vity of D will be to the Tenfion qf theThread AD, as ff f} 
to AD' Let therefore the Length of the whole Jlimad D A, 
d- A E be c, and let its P?rt and its other iPart 

AD will — X. And fiecaufe AEq-^-ABq is = 
BEq, and ADq — ACq—CDq ; let, rporeover, AS 
^4, and AC—b, and BE wiB be ~^xx —44, and 

CD —>/xx — 2cx -\- cc-— bb. Moreover fince the Tri¬ 
angles BEG, CDH are given in Specie, let BE: EG 

f: E, and CD : D H:: f : g, and EG wiU==.^ Vxx —44, 


and DU~j-\^xx — 2 cx -f cc— bb. Wherefore Jinqe 

p E : AE :: Weight E : Tenfion of AE ; and HD : AD 
; : Weight D : Tenfion of AD f and thole Tenfions are 
Ex 

equal, you'll h?ve -— — - _ Tenfion of AE — to 

- VXX —44 s • 

the Tenfion AT) — —- —~ — - - . from the 

g -v &V+-2CX ^.cc — bh 

Redu&ion *of which Equation there -comes .out gx 
2 cx + cc — hb z=zDc — D* V#*—**, Of 

-\*ggtc 

-&D * 4 + IdDc*' -D g D b cc xx-*PPfJ*x+ 

+ DD44 

DDCC44SZ0, But 
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But 5 F ^ou delire a Cafe wherein this Problem may be 
conftru£ted by a Rule and Compafs, make the Weight D 

JB E CD 

to the Weight E as the Ratio -- to the Ratio jjjp and 
g will become — D ; and fo in jthe Room of the piece* 
dent ./Equation vou‘11 have this, xx — 2icx-\- tacc 

*c . ,■ - , , ' 


s=o, or *■= 




< \ 


Problem XLlV. . 

If on the String DA B C F 1 , that Jlides about the 
tm Tacks A arid B, there ‘are hung three 
Weights, D, 'E>-F ; D and F at the Ends of 
the String , ; arid E at its middle Point C, 
plac'd between .ike *Tacks.: From the given 
Weights\ and Pofition of the Tacks to find the 
Situation of the Point C, to here \he middle 
Weight hangs, and where they are in AZcjui- 

librio, £Vide figure 65.3 

, * * / ! \ ! 1 ‘ * 

S INCE the Terifidn pttHt Thread AC is equal to the 
| T^nfitfft Cf the Thread A D, and the Tenfion of the 
read AC io the TtriiJorfof the Thteid E F, the Tehlion 
off the Stkings ot ; Thtedds AC, SC, EC will be as the 
Weights Z>, Ey F* ’Then* take the Parts of thb Thread CG 9 
CHyClf ift the feiife; ftatfo as the Weights. Compleat the 
Triarigle Gtil. Produce fCtill it itte’et G H in K, and 
G K tfiB be = Xff, arid CK±i £ C/, and cohfequently C 
the Certter of Gravity 6f the Triangle GHL For, draw 
V Q through Gi perpendicular to CE, and perpendicular 1 to 
that, from the Points G and H 9 draw G P, HQ. And if 
the Force by which the Thread AC by the Weight D draws 
the Point C towards A, be exprefs’d by the Line G C, the 
Force by which that Thread will draw tpe fame Point to¬ 
wards P, will be exprefs’d by the Line CP; and the Force 
by which it draws it to K , will be exprefs’d by the Line 
<? P. And in like Manner, the Forges by which the Thread 
AC, by Means of the Weight F, draws the fame Point C 
* . ~ ‘ towards 
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towards B, Q> and X, will be exprefs'd by the Lines CfZ 9 
CK, and H Q\ and the Force by which the Thread CE 9 
by Means of the Weight E, draws that Point C towards E, 
will be exprefs’d by the Line Cl. Now fince the Point C 
is fuilain’d in jEquilibrio by equal Forces, the Sum of the 
Forces by which the Threads A C and B C do together draw 
C towards K, will be equal to the contrary Force by which 
the Thread E C draws that Point towards E ; that is, the 
Stun GP HQ, will be equal to Cl; and the Force by 
which the Thread AC draws the Point C towards P, wifi 
be equal to the contrary Force by which the Thread BC 
draws the fame Point C towards O ; that is, the Line P C 
is equal to the Line CQ. 'Wherefore, fince PG, CK, and 
QH are Parallel, GK will be alfo — KH, and CK (= 

-■ ? — US* -. ss | Cl.) Which was to be fhewn. It remains 
2 

therefore to determine the Triangle CCK % whofe Sides GC 
and HC are given,, together with the lone CK, which is 
drawn from the Vertex C to the middle of the Bafe. Let 
fall therefore &om the Vertex C to the Bale CH the Per¬ 
pendicular CL, and — wi ^ ** ssKLsss 

GC^KC^GKq^ por 2C k V Ue Q H and ha - 

rejefted the common Divifor G H, and order’d the Terms, 
you'll have GCq — 2 KCq * 1 - CHq 22 2GKq , or 

VfGCq — KCq j CHq — GK, having found GK, or 
KH, there are given together the Angles GCK, KCH, or 
DAC, FBC, Wherefore, from the Points Asnd C in 
thefe given Angles DAC, FBC, draw the Lines AC, BC, 
meeting in the Point C; and C will be the Point fought. 

But it is not always necefiary to ifolve Qpeftions mat are 
of the fame Kind, particularly by Algebra, but from the So¬ 
lution of one of them you may moll commonly infer the 
Solution of the other. As if now there fhould be propos’d 
' this QuelHon. 


The 
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The Thread A CD B being divided into the 
ven Parts AC , CD, D B, and its Ends being 
faflend to the two Tacks given by P of lion, 
A and B } and if at the Points of Divifon, 
C and D, there are hanged the two Weights 
E and P j from the given Weight F, and the 
Situation of the Points C and D, to know the 
Weight E. [Vide Figure 66 ."} 

F ROM the Solution of die former Problem the Sokv 
tion of this may be ealily. enough found. Produce the 
Lines A C, B D, rill they meet the Lines DF, CE in' G 
and H ; and the Weight E will be to the Weight F, as 
DG to CH. • 

And hence -may appear a Method of making a Balance of 
only Threads, by which the Weight of any Body £ may. be 
known, from only one given Weight F. 


Problem XLV. 

A Stone falling down into a Well, from the 
Sound of the Stone Jinking the Bottom, to 
determine the Depth of the Well\ 


L ET the Depth of the Well be x, and if the Stone de^ 
i faends with ari uniformly accelerated Motion through' 
any given Space a, in any given Time l, and the Sound 
panes with an uniform Motion through the fame given Space 
«r in the ghren.Titne d t the Stone will defcend through the 


/ X 

Space * in the lit&e bf/ —} but the Sound which is caus'd 
by the Stone linking upon the-Bottom of the Well, will 
attend by the fame Space x, in the Time —. For the 


Spaces defcrib’d by defcending heavy Bodies, are as the 
Squares of the Times of Defcent ; ot the Roots of the 
Spares, that is,. V x and V< are as the Times themfelves. 
And the Spaces x and *, through which the Sound palTes, are 
a* the Times of Pafiage. And the Sum of thefe Times 

Y bVv 
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y {/— and ——, is the Time of the Stone’s falling to the 
Return of the Sound. This Time may be known by Obser¬ 
vation. Let it be r, and you’ll have b (/— f- 

And b t/ * s= t — —. And the Parts being Squar’d, 

r a d * 

_ 11 And.by Redu&ion xx = 

4 44 

2gdt^_dbb * _ And having extraSed the Root 

■ J bbTW t . 

Problem XLVI. 

Having given the Perimeter and Perpendicular 
of a right-angled Triangle , to find the Tri¬ 
angle. [.Vide Figure 6 y.J 

L ET C be the right r Angle of the Triangle, ABC and 
CD a Perpendicular let fall, thence to the Bafe A B. 
Let there be given AB BC-\- AC— a, and CD — b. 
Make the Bafe AB = x, and the Sum of the Sides will be 
4 — x, Put y for the Difference of the Legs, and the great¬ 
er Leg AC will be = -—^12 ■ the lefs BC = *- - - \ 
Now, from the Nature of a right-angled Triangle you have 

ACq-\- BCq — ABq, that is, —— - - -- - 

— xx. And alfo AB : ACr: BC : DC, therefore AB / 

DC = 4 CxBC, tint fa, i. = d J-^L±^Z 2 I. 

4 

By the former ./Equation yy is— xx^ 24 # — 44 . By 
the latter yy is — xx — 2 ax -f- 44 — 46#. And confer 
quently xx + 24 *—44— xx — 24 # + 44.:—46** And 

44 

by Reduftion 44,v-J- qbx =,2 da, or * = 

Geome- 
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Geometrically thus. In every right-angled Triangle, as 
the Sum of the Perimeter and Perpendicular is to the Peri¬ 
meter, fo is half the Perimeter to the Bafe. 


Subtract 2* from and there will remain 
Excels of the Sides above the Bafe. 


ab 


the 


4 + **' 

_ -—-Whence again, as in 

every right-angled Triangle the Sum of the Perimeter and 
Perpendicular is to the Perimeter, fo is the Perpendicular to 
the Excefs pf the Sides above the Bafe. 


Problem XLVII. 

Having given the Bafe A B of a right-angled 
Triangle , and the Sum of the Perpendicular , 
and the Legs CA-\-CB-\-CD\ to find the 
Triangle. 

L ET CA '+CB + CDz=a, AB=b, CD = x, and 
1 AC-^-CB will be — a— x. Put AC-~CB—y ,and 

AC will be — 4 . '~ mX . ±P 9 and Cg= ~~ 7 . But ACq 
2 2 

» /in - A-D /l. »• 44 — 2*X-\-XX + 11 , 

«+■ <?B $ v—ABq } that is, --- CLIL _ J t. 

Moreover, AC x CB=AB X CD, that is, ^ ■ ~ 2axJ ^ xx ~~‘^, 

4 

xsabx. Which being compar’d, you have 2 bb — aa + 
24 *— rXXssjy = 44 -w 24# + q.bx. And by Re- 

du Qion, xx— 2 Ax-^- 2 bx — *a-\-bb, and x-a-^-b — 
^ 24 b+ 2 bb. 

Geometrically thus. In any right-angled Triangle, from 
the Sum of the Legs and Perpendicular fubtrd£l the mean 
Proportion!? between the faid Sum and the double of thp 
Erie, and there will remain the Perpendicular. 

Tbtfme otbendfe. 

Make C 4 -+CB +CD as 4, AB^b, and AQ—x, and 

BCwillbe=V , fcJ»— xx, * 1 , And 4 + 

b 

CB-|* CDs= 4, Of CB + CI3TS4— x. And therefor* 

. Y 2 b+x 
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— V bb—xx = *-~x. And the Part* being (qmr’d 

and multiply’d by hi, there will be made —* 4 —- 2 i *’ 
•+■ 2b'x-\-b 4 = 4 <*££ — 2 abbx-^bbxx* Which dsqua* 
tion being order'd, by Tranfpo&ion of Pan*, after this 

Manner, *' + s»V {| ’J* } 

= 2ai Jr '+ 4 4 a» ;t } •* 

Roots on both bides, there will atife xx -\-bx bb + 
tzzx-\-b Viab 2bb. And the Root being again cfr 
tra iled — kb-\-V %b b + $*b ± 

f^b </fbb+jTb —££&"—f xb. 

The Geometrical GnjiruUion . [Vide Figure 

Take therefore ABsxz^b, BC~%a, CD-±\AB, AE, 
a,mean Proportional between £ and AC.amlEF *-£f,> 
mean Proportional between 6 and D E, and J?F, Bf wiS 
be the two legs c£ the Triaogk. 


Problem XLVIII. 

Having given in the right-angled Triangle ABC, 
the Sum of the Sides AC + BC % and tht 
'Perpendicular CD, to find the Triangle. ■ 


L ET ACA' BCxz*, CD^xb, AC—x, and BC wiM 

=4—*#> sjeV 44 — 24*-^-2<c*. Moeeoter, 

CD: AC:: BC: A B. Therefore again 

' _ ‘ b * 

Wherefore 4a;— xx^by/**—-zax 2 *# ; and the 
Part* being fquar’d and order’d x* — 2 ax i ~^ a4 ., #* + 

24>P 

24 H*— dabble. Add to both Parts 4 abb-\-b*, and 
*e« trillbe o»de# 4 —24*’ ^*jj*Mn<V*4i<s* 

«x4**M-*% Aed the JU>ot bcihg cxtn&rd on both 

; , ~ Sides, 
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Sides, + hb % and the Root be¬ 

ing again extracted x— f<* + ^^ aa-\- bb—b >/d 4 ■+■ kb* 


The Geometrical Qnftruflitn. [Vide Figure 6p.] 

Take A B-ss BC=. \a. At C ere&fhe Perpendicular CD 
„-=?b. Produce DC to £-, fo that D E ftiall ~ D A. And' 
between C D and CE take a mean Proportional C F. And 
let a Circle, describ’d &om the Center F and the Radios BC, 
cut the right Line B C in G and H, and &G and BH will 
be the two Sides of the Triangle. 

The fame otberrvife. 

Let AC + RC=<», AC — BC—j, AB—x, and DC 

s= b, and w iD — AC, — BC, a -^~^szACq 

■\ -n r a n * A —yy ACy.BC 

+ B Cq— A BqzxXx, .——^—ss— DQ~~ ~ ~ Xm 

Therefore 2xx — aa—yy—aa — 4b-*?, and xx — aa —. 
2 bx, and the Root being extracted x- — b-\-v / b b-f^a*. 
Whence in the Conftrufiioo above CE is the Hypothenufe of 
the Triangle fought But the Bafe and Perpendicular, as 
well in this as the Problem above being given, the Trian¬ 
gle is thus expeditioufly c'onftru&ed, \ViAe Figure 70J Make 
a Parallelogram C G, wbofe Side CE Hull be the Bain of the 
Triangle, and the other Side C F the Perpendicular. And 
Upon C E describe a Semicircle, cutting the oppofite Side PG 
in H. Draw C H, EH, and CHE will be the Triangle 
fought. 

Problem XLIX. 

In a right-angled Triangle , having given the 
Sum of the Legs , and the of the Per¬ 
pendicular and Bafe , to find the Triangle . 

I ET the Sum of the Legs AC and BC be [call’d] 4 the 
4 Sum of the Bafe A B and of the Perpendicular C D 
M[calld] b, let the Leg ACxzx, the Bafe AMs=y, and 

7, + * x * — ACq 

/ +BCq 
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~by — jj—bj — 4 4-f- 24*— z xx t and by = a* — 4 * 
-f x*. Make its Squire 4 4 — 24 ? x -f 344** — 24*’ 
-f * 4 equal to jyxbb, that is equal to adbb—iabbx 
lbbxx. And ordering the ./Equation, there will come 

out * 4 — 2 4*» + l*i h x*‘ ath = 0 - Add 

to each Side of the Equation b* — oabb, and there will 

comeo« ±l“x,~l‘' hb *± »<il . 

s=t 4 — Aabb. And the Root being extracted on both Sides 
xx—~ax+ 44—bbc= — b y/bb—d 4, and the Root being 
again extracted x— bb — \*a—bVbb—~*e- 


The Geometrical CtmfiruBio*. 

Take R a mean Proportional between b-bd and b—4, 
and S a mean Proportional between R and b — R, and T a 
mean Proportional between f 4 + S and \a — 5 ; and h4 
+ T, and §4 — -T will be the Sides of the Triangle. 

Problem L. 

To fubtend the given Angle CBD with the 
given right Line'CD, fo that if AD be 
drawn from the End of that right Line D to 
the Point A, given on the right Line CB pro¬ 
duc'd, the Angle ADC fhau be equal to the 
Angle A BD, £Vide Figure 7 i/j 


A^AKE CD —a, AB = b, BD — x, and BD will be 
• & ai :: C D ‘ D 2 4 — Let fall the Perpendicu¬ 

lar DE, and BE will be = B J?AZzA D %^LMl 

2 BA = 


XX — 1 


xx 




2 b 


By reafon of the given Triangle DBA, 


. make 
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make BD : BE: :b : e, and you’ll hare again BE— ^ 
• i 4 


therefore sex ——- 
bbxx — aabb s=o< 


+ bbzs2tx:. And # 4 —2,*» + 


Problem LI. 

Having the Sides of a Triangle given , to find 
the Angles. [[Vide Figure 72.3 

L ET the [given] Sides AB — a, AC—b, BC- Cy to 
find the Angle A. Having let fall to AB the Perpen- 
' ar C D, which is oppofite to that Angle, you’ll have in 
the firft Place, bb—ccz=ACq—BCq—ADa—BDa 
t=Ap -f- BD x AD — BD -AB x zAD —AbJ: 

2AD x 4 — as. And conlequently § a + — — A D. 

Whence comes out this firft Theorem. As AB to AC -f 

■BCfo AB — BCtoa fourth Proportional N. ft * 

~ AT). As AC to AD' (o Radius to the Cofine of the 
Angle A. 

Moreover, DCq s= ACq — ADq — 

24 ebb -I- 2 44 CC + 2 bbcc—4* —l* —e* 

4 44 3=1 

44 b + OC 4 -f ex 4 —b + cx — 4- 1 > £-!•/• 

-—- 77 T - -- :E -^. Whence 

having multiply’d the Roots of the Numerator and Deno¬ 
minator by b, there is made this fecond Th eorem. As 2 db 
to a mean Proport ional be tween 4 -\-b + c xs fib—c and 

*—h + c X — 4 + b + c, fois Radius to the Sine of the 
Angle 4. 

Moreover,on AB take AE- AC, and draw CE, and the 
Angle ECD will be equal to half the Angled. Take AD 
from AE, and there will remain DE-b—^a— 

_ jc—ag^jb^—bb __ V+a—b xc—a+b 
24 2 a * 2 * "" * 
Whence DEq = i + *—*** + a—bxc—a + bxc—a+b ,. 
. , 444 * 

Ana hence is made the third and fourth Theorem , viz.. As 

2 g If 
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2 dbto c-+- 4 —* b x e — 4 + £ (fo to DJE) fo Radios 
to the verfed Sine of the Angle A. And, as a mean Pro- 

F ortional between a b -\- c y and a-\-b — e to a mean 
roportional between e ■+■ a — b y and c —a b (fo CD to 

D E ) fo Radius to the Tangent of half the Angie A, ortk 
Cotangent of half the Angle to Radius. 

Befides, CEq is r zCDq-^DEq = 

:i*bb-\-bcc — bAA —&> b -, -—, 

* " — 1 ---- = -Xf+a—bxc —4 + b. 

4 4 

Whence the fifth and fixth Theorem. As a mean Proporti¬ 
onal between 2 4 and 2 1 to a mean Proportional between 
* + is and c— 4 + K OT as 1 to a mean Proportional 

between and C ~*5 - (fo A C to iCE, or C£ 

24 2 b 2 ^ 

to DE) 1b Radius to the Sine of | the Angle ^4. And as a 
mean Proportional between 2 a and 2 fc to a mean Proporti¬ 
onal between 4-t-t + c and4 + t —t (foCE to CD) fo 
Radius to the Cofine of half the Angle A. 

But if befides the Angles, the Area of the Trianghrbealfo 
fou ght, multiply CDq by \ABg y and the Root , vk> 

i >/* + b-\-c xA + b —ex 4-— t-pcx — A-\-b + e will be 
we Area loughf. 


Problem LIJ. 

From the Xdbfervation of four Places of a Co¬ 
met, moving with an uniform right-lined Mo¬ 
tion through the Heaven , to determine its Di- 
■ fiance from the Earth , and Dire&ion and 
Velocity of its Motion , according to the Co* 
pernican Hypothejis. [Vide Figure 73.3 

TF from the Center of the Comet in the four Places cb- 
I ferv’d, you let fall fo many Perpendiculars to the Plane of 
the EdipncJr; and A, B, C, D , be the Point* in tbgt Plane 
on which the Perpendiculars fall j through thofe Points draw 
the right Line AD, and .this will be cut by the Perpendi¬ 
culars in the lame Ratio wkh the Line which the Comet 
defcribe# by its Motion j that is, fo that A B lhall be to AC 
as the Time between the firft and fecond jObferrarion to the 
Time between the foil and third: and AB to AD as the 

i m, * * 
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Time between the firft and fecond to the Time between the 
firft and fourth. From the Obfervations therefore there are 
* given the Proportions of the Lines AB, AC, AD, to one 
another. 

Moreover, let the Sun S be in the fame Plane of the Eclip^ 
tick, and EH an Arch of the Ecliptical Line in which the 
Earth moves ; E % F,G, H, four Places of the Earth in the 
Times of the Obfervations, E the firft Place,* F the fecond, 
G the third, H the fourth. Join AE. BF,CG, D H : and 
let them be produc’d till the three former cut the latter in 
/, K y and L, viz,. BF ini, CG in K, DH in L. And the 
Angles A IB) A KC, ALD will be the Differences of the 
obferv’d Longitudes of the Comet; A IB the Difference of 
the Longitudes of the firft and fecond Place of the Comet; 
AKC the Difference of the Longitudes of the firft and third 
Place, and ALD the Difference of the Longitudes of the 
firft and fourth Place. There are given therefore from the 
Obfervations the Angles AIB^AKC, AL D. 

Join SE y SF, E F; and by reafon of the given Points 
S, £, F y and the given Angle E S F, there will be given the 
Angle S E F. There is given alfo the Angle SE A, as being 
the Difference of Longitude of the Comet and Sun in the 
Time of the firft Observation. Wherefore, if you add its 
Complement to two right Angles, viz,, the Angle S El to 
the Angle SEFy there will be given the Angle lEE . There¬ 
fore there are given the Angles of the Triangle IEF, together 
with the Side E F , and confequently there is given the Side 
/ £. And by a like Argument there are given K E and L E m 
There are given therefore in Pofition the four Lines A l, Bl 9 
CK 9 D L y and confequently the problem comes to this, that 
four Lines being given in Pofition, we may find a fifth, which 
fliall be cut by thefe four in a given Ratio, 

Having let fall to Al the Perpendiculars B My CN 9 DO, 
by reafon of the given Angle A IB there is given the Ratio 
of B M to ML But BM to CN is in the given Ratio of 
BA and CA, and by reafon of the given Angle C KJS/ there 
is given the Ratio of CN to KN • Wherefore, there is 
alfo given the Ratio pi BM to KN; and thence alfo the 
Ratio of BM to MI — KN, that is, to MN + 1 K. 
Take P to / K as is A B to B C, and fince M A is to M AiN. 
in the fame Ratio, P-f MA will be to IK + M N in the 
fame Ratio, that is, in a given Ratio. Wherefore, there is 
given the Ratio of B M to P -J- M A. And by a Jike Ar¬ 
gument, if Q be taken to IL in the Ratio of AB to B D , 

' • Z * 7 “ * there 
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there will be given the Ratio of B Ad to Q + M A. And 
then die Ratio of BM to the Difference oFj M A and 
Q + Ad A will be given. But that Difference, viz* P—Q* 
or Q~P is given, and then there will be given B Ad. But 
B M being given, there are alfo given P + Ad A and Ad /, 
and thence, Ad A, AdE y AE, and the Angle EAB. 

Thefe being found, ere£l at A a Line perpendicular to 
the Plan of the Ecliptick, which fhall be to the Line E A as 
the Tangent of the Comets Latitude in the firft Obfervati¬ 
on to Radius, and the End of that Perpendicular will be 
the Planet’s Place in the firft Obfervation. Whence the Di- 
. fiance of the Comet from the Earth is given in the Time 
of that Obfervation. 

And after the fame Manner, if from the Point B you e- 
mGt a Perpendicular which fhall be to the Line BE as the 
Tangent or the Comet’s Latitude in the fecond Obfervation 
to Radius, you 11 have the Place of the Comet’s Center in 
that fecond Obfervation, an^ a Line drawn from the firfi 
Place to the fecond, is that in which the Comet mores 
through the Heaven. 

Problem LIII. 

If the given Angle CAD move about the an¬ 
gular Point A given in Pofition, and the given 
Angle CBD about the angular Point B given 
alfo in Pojition , on this Condition , that the 
Legs AD, BD, fhall always cut one another 
in the right Line E F given likewife in p«fi- 
tion } to find the Curve, which the Interfe&ion 
C of the other Legs AC i B C, defcribes. 
|[Vide Figure 74.] 

P RODUCE CA to d, fo that Ad fhall be = AD, 
and produce CB to t, fo that Bt fhall be = to B D. 
Make the Angle Adt equal to the Angle AD E, and the 
Angle BSf equal to the Angle B D F, and produce AB on 
both Sides till it meet de and tf in e and f. Produce ajfo 
td to G, that dC fhall be —if, and from the Point C to 
the line A B draw CH parallel to ed, and CK parallel to 
ft. And conceiving the Lines tG, ft to remain immove¬ 
able 
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able while the Angles CAD, CBD, move by the aforefcid 
Law about the Poles A and B, Gd will always be equal» 
ft, and the Triangle CHK will be given in Specie. Make 
therefore Ae = a, tGzzb, Bfx=t,AB m, Ba_*, 
and C 2C z=y. And B K will be : CK ::Bf: fS. There- 


fore f i —^-znGd. Take this from Ge, and there will 

X 


remain = & — —. Since the Triangle CKHia given 
in Specie, make C K : CH: :d:e, and CH : HK ::d:f, 
and CH will - VL, and HK= f -j. And confequenUy 


AH—fn _ x _—• But AH : HC :: At: td, that is,' 

d 


m _ x L, : il :: a : b —. Therefore, by multiply- 

m ^ d* d A? 

ing the Means and Ertream* together, there wiU be made 

+-fe = -7- 


mb- 


all the Terms by dx, and reduce them into Order, and 

«^« d C 

there will come out f cjy *e xy~~dcmy ~~bdxx 

MM / P 

limx — o. Where, fince the unknown Quantities* and 
__D. ._-_ evident, that the 


iwtx — n. wnere. iuh.c u«. - * 

, afeend only to two Dimensions, it is evident that the 
Curve Line that the Point C defcribes is a ComJt Settion. 


Make ae + f b ~~ dc — 2 p, and there will come out y jf -= 


2 pxj ,dm„itl xx—^-x. And the Square Root 

f f J‘ p ! L 

being extrafled, y'szj-x + — 


7 




/* 


/f 


id 


Whence we infer, that the Curve is an Hyperbola, if ^ 


i ?£ • and 


be Affirmative, or Negative and not greater than jj 

Z 2 *P»; 
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hi 

* Paratola, if 7^ be Negative and equal to ~ • an Ellipfe 
V d 

or a Circle, if — te both Negative and greater than — m 
Q..E.I. . ff 

Problem LIV. 

To defcribe a Parabola ivhicjo fooll pdfs through 
four Points given. QVide Figure 75.] 

L ET thofe given Points be A, B , C, D. Join AB, and 
biftrd it in E. And through £ draw FE, a right Line, 
which conceive to be the Diameter of a Parabola, the Point 
v being its Vertex. Join AC, and draw DG paralleJ to 
AB, and meeting AC in G. Make AB = a, AC—b 
, ~ c i GD — d. Upon AC take AP of any Length* 
and from P draw P Q parallel to A B, and conceiving O 
to be a Point of the Parabola ; make AP =X , P (Q~f. 
And take any Equation expreffiveof a Parabola, which de¬ 
termines the Re lation bet ween AP and P Q. As thaty is 

= * + /*• + ^gg + h x. 

' a n ^ -dP ot x be put — o, the Point P falling upon 
•?> P .Q ° r y J viH [e = o, as alfo — — AB. And by writ- 
ing_iii the aflumd Equation o for x, you’ll have y — e+ 

v&g, jhat is, — t+g. The greater of which Values of y 
t~\-g is = 0 , the kite, e —g' = —A B, otto—a. Th*re- 
A 4 r ~— and *—&•> that is, — 2 g =— a,oxg — k M. 
And fo in room of t he aflum’d Aquation you’ll have this 

y = ar* a +f?±' / u*+i>x. 

Moreover, if AP 01 x be made = 4 C, fo that the Point 
P fells upon C, you 11 have again P£ — o. For * there¬ 
fore in the laft Equation write AC ot b, and for y write 

o ; and y ou’ll have o - — 1 a -f fb 4- Vlss -1- hb. or \s 

TT+hb-, and the Parts being fquar’d —sfb 
"^ob, ot ffb—ftt — h. And lb, in room of the 
aflumd A q uatio n, them w ill be had this, y——i a + f x 

hy^ad-^-ffbx — fax. 

Moreover, if AP or x be made r= AG cue. P Q or y 
be ——GD or — d. Wherefore, for x and y in the 
lan Aquation write c and — </, and you'll have — d— _ 

|*4 
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I 4 4 f c — v^f 44 4 - ffbc — /■<<«■, or k* — d —fc^. 

^a 44 -\~ ff be — f*c. And the Parts being fquar'd,_ a d 

‘•—f*c + dd-\- 2 dcf-\-ccff—ffbc — fac. And the jg- 

quation being order'd and reduc’d, ff— r ^i-/ + 

tj , »—c bc—cc * 

^ or b —f, that is, for (7 C write k, and that Equation will 

become //— ^ /+ ——. And the Root being ex- 

t( ,n ,j , d . yddc + ddb — adh • 

tra£kd, f — — + f/- -jj- -. But / being Found, 

th e Parabolick ./Equat ion, viz. y — _ k a fx -\- 

44 4 - ffbx — fax will be fully determin'd; by whole 
.Conltruftion therefore the Parabola will alfo be determin’d. 
The Conftru£Uon is thus : Draw CH parallel to BD meet¬ 
ing D G in H. Between DG and D H take a mean Pro¬ 
portional D K, and draw £1 parallel to CK, bifeaing AB 
in £, and meeting DG in A Then produce /£ to V. fo 
that Eff ihall be to E l ::EBq: DIq — EBq t and V 

will be the Vertex, VE the Diameter, and the Ltu ttf 

_ w E* 

Rectum of the Parabola fought. 

Problem LV. 

To deferibe a Cgnick SeSIion through five Points 
given, £Vide Figure j 6 ,j 

L ET thofe Points be A. B, C, D, E. Join AC. BE. 

cutting one another in H. Draw Dl parallel to £ £ 
ana meeting AC in A As alfo EK parallel to AC, ani 
meeting DI produc’d in K. Produce ID to F, and EK to 
G; fo that AHC Ihall be : B HE :: AIC: FID EKG 
F KD, and the Points F and G will be in a Conick Sefli- 
°n; as is known. 

But you ought to obferve this, if the Point H falls be- 
tween all the Points A , C. and B, £, or without them all 
me Point I mull either fall between all the Points A C and 
V D , pi without them all ; and the Point K between all 
me Points D, F, and E,G, or without them all. But if the 
Point H falls between the two Points A , C, and without 
the other two B, E t or between thofe two BE, and with- 
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out the other two A C, the Point I ought to fall between 
two of the Points A C and F, D, and without the other 
two of them; and in like Manner, the Point K ought to 
fall between two of the Points D, F, and E, G, and with¬ 
out Side of the two other of them ; which will be done by 
taking /F, KG, on this or that Side of the Points /, K, ac¬ 
cording to the Exigency of the Problem. Having found the 
Points F and G, bifefl AC and £G in N and O ; alfo BE, ; 
F D in L and M. Join NO, LM , cutting one another in 
R ; and L M and NO will be the Diameters of the Conick 
Se&ion, R its Center, and BL,F M, Ordinates to theDia- 
meter LM. Produce LM on both Sides, if there be Occaflon, 
to P and O, fo that BLq lhall.be to FMq :: PLQ : PMQ, 
and P ana Q will be the Vertex’s of the Conick Section, 
and P Q the Latus Tranfverfum. Make P L O'. L B q : i 
PQ:T, and T will be the Lmut ReUum. Which being I 
known, the Figure is known. 

It remains only that we may fhew how L M is to be 
produc'd each Way to P and , fo that BLq may "be: 

TMqi xPLQji PMQj viz,. Ph Q, or PLxLQ, it 
PR—LRxPR-^LRjfotPLis PR—LR, and Lga 1 

LR, or PR+LR, Moreover, PR — LR x ! 
PR LR, by multiplying, becomes PRq—LRq. And ' 
after the fame Manner, P Mq is P R-\- RM x PR — R M, 
or P Rq—RMq. Therefore BLq : FMq : : PR q — 
LRq : PRq—RMq j and by dividing, BLq—FAtq: 

FMq i : R Mq — LRq : PRq—RMq. Wherefore lince I 
there are given BLq —FMq, FMq and RMq — LRq, I 
there will be given pRq — RMq. Add the given Quan¬ 
tity RMq, and there will be given the Sum PRq , and con- 
lequently its Root P R, to which QR is equal. 
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Problem LVI. 

To defcribe a Conick SeBion which Jball pafs 
through four given Points , and in one of 
thofe 'Points pall touch a right Line given 
in Poption. [Vide Figure 77.3 

L E T the four given Points be A, B, C, D, and the righl 
f Line given in PofitiOn be AE, which let the Conick 
ion touch in the Point A. Join any two Points D, C, 
and let DC produc’d, if there be Occalion for it, meet die 
Tangent in E. Through the fourth Point B draw B F pa¬ 
rallel to DC, which Jhall meet the fame Tangent in' F. 
Alfo draw DI parallel to the Tangent, and which may meet 
BF in /. Upon FB, DI, produc’d, if there be Occafion, 
t »ke FG y HI. of fuch Length as AEq: CED :: AF q : 
BFG :: DIH: BIG. And the Points G and H will be 
ip a Conick Se3ion as is known ; if you only take FG, I H t 
on the right Sides of the Points F and /, according to the 
I Rule deliver'd in the former Problem. Bifcfi BG, DC, 
VH. in K, L, and M. Join KL, AM, crating one ano¬ 
ther In O, and O will be the Center, A the Vertex, and 
H M an Ordinate to the Semi-Diameter AO » which be. 
ing known, the Figure is known. 

Problem LVII. 

To defcribe a Conick SeBion which pall pafs 
through three given Points , and touch right * 
Lines given in Pojition in two of thofe Points. 
[Vide Figure 78.3 

L ET thofe given Points he A, B, £ touching AD, BD t 
1 in the Points A and B, and let D be the common Inter- 
fe&ion of thofe Tangents. Bifeci AB in E. Draw DE, 
and produce it till in F it meets CF drawn parallel to AB} 
and DF will be the Diameter, and AE and CF theQrdi- 
f nates to [that] Diameter. Produce DF to O, and on DO 
take OV a mean Proportional between DO an d EO , on 

this Condition, that alfo AEq : CFq: :VE X VO -f OE 

:VF 
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: VF X TO + U P ; and ^ will be the Vertex, and 0 the 
Center of the Figure. Which being known, the Figure 
will alfo be known. Rut VE is = VO — OE y and confe- 

quently VE X VO-\-OE = VO— OE X VO+~OE — 
VOq—OEq. Belides, becaufe VO is a mean Proportio¬ 
nal between DO and £0, VOq will be = DOE , and 
confequently VOq — OEq=zDOE — OEq — DEO. And 
by a like Argument you’ll have VF xVO + 0F — VO q — 
OFq—DOE — OFq* Therefore AEq : CFq : : DEO 
: DOE — OFq. OFq is = EOq — %FEO+FEq. 
And confequently DOE—OFq — DOE — OEq + 2 FEO 
-FEq-DE0 + 2FE0—FEq. And AEqiCFq:: 
DEO :DE0-\-2FE0 — FEq::DE : DE+ 2 FE — 

Therefore there is given DE -f 2F£ — -• 


Take away from this given Quantity D F + 2 F £, and 

FEq FEq 

there will remain given. Cali that N; and — ^ - 


will be z= £0, and confequently £0 will be given. But 
EO being given, there is alfo given V0 9 the mean Propor¬ 
tional between DQ and EO. 


After this Way, by fome of Apollonius's Theorems, thefe 
Problems are expeditioufly enough folv’d; which yet may 
be folv’d by Algebra without thofe Theorems. As if the 
firfl of the three laft Problems be propos’d: \Vidt Figure 78 .] 
Let the five given Points be A 9 B, C, D y £,. through which 
the Conick Se&ion is to pals. Join any two of them, A y C, 
and any other two, F, £, by Lines cutting (or interfeSing) 
one another inH. Draw DI parallel to BE meeting AC 
in /; as alfo any other right Line K L meeting AC in K $ 
and the Conick Seftion in L. And imagine the Conick 
Sedtion to be given, fo that the Point K being known, there 
will at the feme Time be known the Point L ; and making 
AK=zx y and K £= 7 , to exprefs the Relation between * 
and y , affume any Equation which generally exprefles the 
Conick Sedlions • fuppofethis, 4-\-bx-\-cxx-\~ dy-\- exy 
-+■ yy — o. Wherein 4, i, c } d y f, denote determinate Quan¬ 
tities with their Signs, but x and y indeterminate Quan¬ 
tities* Noi$ if we can find the determinate Quantities 4, 
b y c, <f, e, the Conick SeQion will be known. If therefore 
the Point L falls upon the Point A y in that Cafe AK and 
K L y that is, x and. 7 , will be o* Then all the Terms of the 

^Equation 
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Equation befides a will vaniih, and there will remain 61 
Wherefore 4 is to be blotted out in that ./Equation, and the 
other Terms bx + cxx + dy cxy-\-yy will be = 0 . 
But if L falls upon C,AK r or x } will be — AC y and LK 
or y 9 = c. Put therefore AC = r, and by fubftituting f for 
x and o for y, the Aquation for the Curve bx + cxx-\* 
dy 4 *-*J + 77 = 0, will become bf+cff—o, or b — 
-~cf. And having writ in that Aquation — cf for b> it 
will become — cfx 4 cxx 4 dy 4 e xy 4 yy = o More¬ 
over, if the Point L falls upon the* Point 2?, AK or x will 
bejxz AH, and KLoxyz=BH. Put therefore AHz=.r± 
and and then write g for x and b for y , and the 

Aquation —~cfx-{-cxx 9 &c # will become — cfg-^ egg 
+ dh-\- egh + hb~o. Now if the Point L falls upon 
E, AK will be ~AH 9 or x^zg, and K L or y — f/E. 
For HE therefore write — k,. with a Negative Sign, beeaufe 
HE lies on the. contrary Side of the Line A C, and by fub¬ 
ftituting g for x and — k for y , the Aquation —cfx-\~ 
cxx 9 St\ will become — cfx 4 egg — dk—egk + ki 
= 0. Take away this from the former Aquation — cfg 
4 egg 4 - dh egh -r hh, and there will remain dh 4 
*gh bb dk-)regk — H = c. Divide this by h 4 
and there will come out d + eg 4 h — k = o> Take away 
this multiply’d by h from — cfg 4 egg dh-\- egb 4 bb 
o, and there will remain — cfg 4 egg 4 b k = o, or 

--— — ■ = c. Laftly, if the Point L falls upon the 

r m zg + fg 

Point D, AK ox x will be = A /,. and KL or y will be 
=== ID. Wherefore, for AI write m 9 and for ID , », and 
like wife for x and > fubftitute m and n x and the Aquation 
— cfx+cxx 9 See «, will become — cfm 4 emm 4 4# 4" 
emn -\-nn-c. Divide this by », and there will come 

4 4 »=: c. Take away d *4. 


out 


'g + h — 2 = 0 , 


and there will remain 

cmm—cfm 


~cfm 4 cmf * 


4 # 


4 em — eg A # — b 4 h = 0, or 

r# 

•+* i = eg — e m. But now by reafon of the given Point# 
A, B, C, D, E, there are given AC, AH, Al, BH, EH, 
D /, that is, /, g, m, b,k } n. And confequendf by the jfc- 

Aa quatiaij 
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~-c there is given C. Bilk t being given 


by the Equation 


t&m—efm 


-\-n — JE> + k n= e£— tn 


there i* givert eg — eth. Divide this given Quantity by 
the given one g — w, and there will come out the given e. 
Which being found, the Equation d + eg + h — k —o, 
t>rd — k~*— h — eg, will give A. Ahd thefe being known, 
there will at the fame Time be determin’d die Equation ex- 
tereffive of the Conick Seaton fought, vit. cfx—cxx -f- 
5 y-\-t Xy +jj. And from that Equation, by the Method 
of Des Cartes , the Conick Seaton will be determin’d. 

Now if the four Points A, B, C, E, and the Pofition of 
the right Line AT, which touches the Conick Se£hon in one 
of thofe Points, A were given, the Conick Seaton may be 
thus more eafily determin’d. Having found, as above, the 
Equations cfx — exx + dy^exyYyy, d — i-^h-^-eg, 
hi ' 

and € —_, conceive the T angent A F to meet die 

fg —gg 

tight Line £ ti in F, and then the Point L to be moved 
along the Perimeter of the Figure CD B till it fall upon the 
Pointed ; and the ultimate Ratio of LK to AK will be 
' the Ratio of TH to A H, as will be evident to any one 
that contemplates the Figure. Make F ti=p, and in this 
Cafe where L K, A K, are in a vanilhing State, you’ll have 

p : g : :y: x , or— = x., Wherefore for x, in the .Equa¬ 
tion cfxz±cxx-±dy+exy+y}i, write and there 

will arife = C M21 -\-dy-\- + yy. Divide all 

P PP P. 

btr v and there will come out —^ — C -£-Q -{■ d+ -- 
} P PP P 

y. INow becaufe the Point L is fuppos'd to fall upon 
the Point A, and confequently KL, or y, to be infinitely 
fmall or nothing, blot out the Terms which are multiply’d 

by y, and there will remain c —& — d. 


——— = c, then = A. 

tg—gg P 


Lafily, 


Wherefore make 
l~h—d 


g 




and 
having , 


Digitized by Google 


C *79 1 

having found c, i % and r, the ^Equation c fx^scxx^ ij 
4~.f xj -\~yj will determine the Conick Seftion. 

If, laftly, there are only given the three Points A % B, C, 
together with the Pofition of the two right Lines AT y CT, 
which touch the Conick Seftion in • two of thofe Points, A 
and C, there will be obtain’d, as above, this .Equation eje- 
prdlive of a Conick Se£hon, cfx — c x x + dy 4 "*XJ + 7J* 
{Fide Figure 8c.], Then if you fuppofe the Ordinate K L 
to be parallel to the Tangent A T, and it be conceiv’d to be 
produc'd, till it again meets the Conick Section in My and 
that line LM to approach to the Tangent AT till it coin¬ 
cides with it at A, the ultimate [or evaneCent] Ratio of 
the lines KL and KM to one another, will be a Ratio of 
^Equality, as will appear to any one that contemplates the 
Figure. Wherefore in that Cafe KL and KM being equal 
to each other, that is, the two Values of y, (viz., the Af¬ 
firmative one KL y and the Negative one KM) being equal, 
thofe Terms of the ^Equation (cfx — cxx dy 4* exy + 

jj ) in which y is of an odd Dimenfion, that is, the Terms 
dy+txy in refpeftof the Term yy, wherein y is of an 
even Dimenfion, will vanifli. For other wife the two Va¬ 
lues of y, viz.. the Affirmative and the Negative, cannot be 
equal; and in that Cafe A K is infinitely lefs than L K, 
that is x than y, and confequently the Term exy than the 
Termyy. And confequently being infinitelf^efs, may be 
reckon’d for nothing. But the Term dy, in xefpe& or the 
Term yy, will not vanilh as it ought to do, but will grow 
fo much the greater, unlefs d be fuppos’d to be nothing. 
Therefore the Term dy is to be blotted opt, and fo,there 
will remain cfx~cxx-\-exy-\-yyy an .Equation expref- 
five of a ConickSe£Uon. Conceive now the Tangents AT, 
CTy to meet one another in T, and the Point L to come to 
approach to die Point C, till it coincides with it. And the 
ultimate .Ratio of KLto KC will be that of AT to AC, 
KL was j ; AK, x; and AC, f; and confequently KC , 
f—x ; make AT —g, and the ultimate Ratio of y to 
f — x, will be the fame as of g to f. The Equation cfx 
xxcxx-\-txy-\-yy t fubtra&ing on both Sides exx, be- 
com ca cfx— exx — txy -\-yy, that is, f —x into cxzxy 
into tX-\-j. Therefore y : f—x :: ex : ex-\-y, and con¬ 
fequently g:f::ex:ex ■+• y. But the Point L falling up¬ 
on Q y becomes nothing. Therefore g : f:: ex: ex. Di¬ 
vide the latter Ratio by x, and it will become g : f u e : e, 

A a 2 and 
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and — —t. Wherefore, if in the Equation cfx — cxx 
^ .cf 

exy+yy, you write for e, it will become cfx—cxx 


cf * 

•+ ~ xy +J7, m Equation expreffive of a Conick Sefli- 

on. Laftly, draw B H parallel to KL y or AT, from the 
given Point 2?, through which the Conick Seflion ought to 
pafs, and which (hall meet AC in H, and conceiving KL 
to come towards B //, till it coincides with it, in that Cafe 
AH will be =at, and BH=y. Call therefore the given 
AHzzim, and the given B H—n, and then for x andjf, 

in the ^Equation cfx—cxx -f* ~ xy -f* y y, write m and 

1 ,f 

n, and there will arife cfrn =zcmm + — mn -f »». Tike 

cf g 

away on both Sides c mm -f- — mn, and there will come 

£ 

out cfm—'cmm —— mn — nn. Put /—m _ 

& J £ 
and am will be — »». Divide each Part of the Equa¬ 
tion by smj and there will arife e — —. But having found 

s w 

c, the Equation for the Conick Seflion is' determin’d (cfx 
ss= cx x + -- x y ~\~yy). And then, by the Method of Des 
Ctrtes, the Conick Section is given, and may be defcrib’d. 


Pro* 
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Problem L VIII. 

having given the Globe A, and the Pojition of 
the Wall D E, and B D the Di/lance of the 
Center of the Globe B from the Wall \ to find 
the Bulk of the Globe B, on this Condition , 
that if the Globe A, (whofe Center is in the 
Line BD, which is perpendicular to the Wall 9 
and produc'd out beyond B) be moved in free 
abfolute Space y and where Gravity can't a& y 
with an uniform Motion towards D, till it 
falls upon \_or firikes again/f] the other qui- 
efcent Globe B j and that Globe B, after it is 
reflected from the Wall , fall meet the Globe 
A in the given Point ( 7 . £Vide Figure 81.3 

L ET the Velocity of the Globe A before Reflection be 
1 4, and by Problem 12. the Velocity of the Globe A will 

be after Refle&ion s= A+B ~’ ^ *** Velocity of the 
Globe B after Reijcftion will be = 'Therefore the 

Jt ■+■ # 

Velocity of the Globe A to the Velocity of the Globe B is 
as A — B to 2 A. On GD take gD — GH, viz,, to the 
Diameter of the Globe /?, and thole Velocities will be as 
GC to G g-\gC. For when the Globe A /truck upon the 
. Globe B, the Point G, which being on the Surface of the 
Globe B is moved in the Line AD, will*go through the 
Space Gg before that Globe B lhall flrike againft the Wall, 
and through the Space gC after it is reflected from the Wall; 
that is, through the whole Space G g-\- gC, in the fame 
Time wherein the Point F of the Globe A lhall pafs through 
the Space G CJ fb that both Globes may again meet and flrike 
one another-in the given Point C. Wherefore, fince the In¬ 
tervals BC and CD are given, make BC—m, BD-\-CD 
sr », and BG—x. and&C will be — m ^ x, and Gg + 
gCe=f?D + DC— 2gD=GB + BD + DC— 2(7*7= 
* + »— 4 jr. or —» 3 Above you had A—B to 

a/Las the Velocity of the Globe A to the Velocity of the 
- . •" Globe 
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Globe B t and the Velocity of the Globe A to the Velocity 
of the Globe B, a s GO to Gg + gC, and confequendy AL 
— B to 2/^, as GC to Gg-\-gC; therefore finceGC is = 
+ and Gg + ^Cz=n — $x, A — B will be to 2 A 
ton — 5 x . Moreover, the Globe A u to the 
Globe 5 as the Cube of it* Radius AF to the Cube of the 
ether* Radio* G B; that is, if you make the Radius AF to . 
be /, as / * to x 1 ; therefore / ? — x' : 2s* (: : A— B 
z <iA) •.•:»* + x in — 3 And multiplying tbe Means 
and Extreams by one another, you’ll have this Aquation, 
**’* — 3/’* — nx' + 3* 4 = 2ms 1 + 2i**« AndbyRe- 




:0. From the Con- 


doaion ^x A — Z- 2 s'm 

firodion of which Aquation there will be given x 9 the 
Semi-Diameter of the Globe B ; which being given, that 
Globe is alfo given. Q. E. F. 

But note, when the Point C lies on contrary Sides of the 
Globe B, the Sign of .die Quantity 2 m mull be chang'd, 

and written a* 4 — nx' — 5r* "£*** =:0. i 

If the Globe B were given, and the Globe A fought on 
this Condition, that the two Globes, after Reflection, ihculd 
meet in C, the Qpeftion would be ealier • t/is,. in the laft 
Aquation found, x would be fuppos'd to be given, and s to 
be fought. Whereby, by a due Reduction of that Aqua- 
tion, the Terms — -f s^n — 2S i m being tranflated to 
the contrary Side of the Equation, and each Part divided 

2 X A — u X * 

by <x — n + 2 wl there would come out ■ . ■ - 

z=s\ Where s will be obtain'd by the bare Extraction o{ 
the Cube Root. 

Now if both Globes being given, you were to find the 
Point C, in which both would fall upon one another after 
Reflection, the fame Aquation by due itedu&ion would 

give nt=z§n —that is, BC= + 


Fpt above, »-r- 5 at was s= Gg 

gC. Whence, if you take away 2*, or 6 ff,-there will 
remain » —. <5 *3;; Fig -f-gC The Half whereof is f » — 
'-. x— \Hg-\- \gC. Moreover, fiom n , -or ~BD-^-QDy 

take away *•. or B ff. and there will remain or 

; t ; - - HD 
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HD + CD. Whence, fince you’ll hwe fl 

7 2 /* 2 A 21 * 

- - - - i( ul wh Jf L 

X»—r, or"--— = — - a xHD-\-CD. And the 

* 2l' 2A 

Signs being chang'd,^—__!LfL == —x HD-\- CD* 


Problem LIX. 

If two Globes, A and B, are joind together by 
a fmall Thread PQj and the Globe B hang- 
ing on the Globe A’, if you let fall the Globe 
A > fo that both Globes may begin to fall to¬ 
gether by the foie Force of Gravity in the 
fame perpendicular Line P Qj, and then the » 
lower Globe B, after it is reflected upwards 
from the Bottom or Horizontal Plane FG, it 
Jhall meet the upper Globe A, as falling, in a 
certain Point D } from the given Length of 
the Thread P Qj> and the Difiance DF of 
that Point D from the Bottom, to find the 
Height P F, from which the upper Globe A 
ought to be let fall to [caufe j this EffeSt, 
£Vide Figure 83.3 '■ 


E T a be the Length of the Thread P Q* In the Per- 
\a pendicular P jQR F, from F upwards take F E equal to 
JfR the Diameter of the lower Globe, fo that when the 
lowe'll Point R of that Globe falls upon the Bottom in F, 
its upper Point Q lhall poflefs the Place E ; and let E D 
be the Difiance through which that Globe, after it is rfr* 
fieftcd from the Bottom, lhall, by afcending, pafs, before it 
meets the upper falling Globe in the Point D. Therefore, 
by reafon of the given Difiance DF 6 f the Point D frost 
the Bottom, and the Diameter £ F of the inferiour Globe, 
there will be given their Difference D E. Let that — b, and 
let the Depth R F, or Q E , through which that lower Globe 
by falling before it touches the Bottom be — x, if it be 
unknown. And having found x, if to it you ado E F and 
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re.;. there will be had the Height P F, from which the I 1 
upper Globe ought to fall to have the defir’d EflFeft. . 

Since therefore f is -== 4 , and QE — x, PE will be 
5=4 + *. Take away DE or b y and there will remain | 

P D — 4 +a ;—hm But the Time of the Defcent of the 
Globe A is as the Root of the Space defcrib'd in falling, or / 

4 -F x —• b y and the Time of the Defcent of the other I 

Globe B as the Root of the Space defcrih'd by [its] falling, 1 

or Vx 9 and the Time of its Afcent as the Difference of that < 
Root, and of the Root of the Space which it would defcribe 1 

by filling only from J Q to D # For this Difference is as the ! 

Time of Defcent from D to £, which is equal to the Time 1 

of Afcent from £ to D. But that Difference is Yx — ^x~b* ^ 

Whence the Time of Defcent and Afcent together will j 

be as 2 Yx< — Y^ x — b. Wherefore, fince this Time is } 

equal to the Time of Defcent of the tipper Globe, the j 

V ^4 -J- x — b will be — 2Yx*— Vx — b. The Parts of S 

which Equation being fquar'd, you 11 have a~\- x~+b — 1 

5 #—b — ^Vxx — bXy or 4—4 *—>4 Yxx — bx; and 1 

the Aquation being order’d, 4or — a — 4 Yxx> — bx ; and ^ 

Cjuaring the Parts of that Aquation again, there arifes t 

l6xx — 84a? + 44 33 i6xx— i6bx, or 442=84*— : 

1 6bx^ and dividing all by 8 4—166, you’ll have -—^-77 2 

8 a—lOD ; 

= x . Make therefore as 8*— 16b to 4, fo a to x 9 and y 

'you’ll have * or J QE. Q E. I. 

Now if from the given QE you are to find the Length 1 
of the Thread P Q or a ; the fame Aquation da —Sax- 
16 bx, by extra£ling the affe£ed Quadratick Root, would 

give4-=:4* — Yi6xx —1 6bx\ that is, if you take QT 
a mean Proportional between QD and j££, PQ willoe 1 

c= 4 ET* For that mean Proportional will be \/x x x—h 
or Yxx—bm which fubtracled from at, or QjL) leaves 
£r, the Quadruple whereof is 4 * — \\/ xx — bx* 

But if from the given Quantities Q £, or x y as alfo the 
Length of the Thread P Q or 4, there were fought the Point 
D on which the upper Globe falls upon the under one ; the ! 
Diftance D E, or b y of that Point from the given Point E, 
will be had from the precedent Aquation aa — Sax — i6b* ( ! 
by transferring a a and 16 bx to the contrary Sides of the 1 

Aquation 1 
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^Equation with the Signs chang’d, and by dividing the whole 
by ipjt. There will arife — X ~Zt 4 ~b. Make there-' 

16 X * 

* ore 16 x to 8a?— 4, fo 4 to l, and you’ll have bot db: 

Hitherto I have fuppos d the Globes ty’d together by a 
fmall Thread to be let fall together. Wnich, if they are 
let fall at different Times connefted by no Thread, fo that 
the upper Globe A, for Example, being let fall firft, fl a il 
defend through the Space f 7 before the other Globe begins 
t&fall, and from the given Diftances FT, P Q and >DE, 
you are to find the Height P F, from which the upper Globe 
ought to be.let fall, fo that it fhall fall upon the inferior or 
lower one at the Point D. Make P Qxxa, DE x b, PT 
ss c t and QE — x, and V D will be = a x — b, as a- 
bove. And the Time wherein the upper Globe, by falling, 
will deferibe the Spaces P T and T D, and the lower Qobe 
by falling before, and then by re-afeending, will deferibe the 
Sum of the Spaces QE -{-ED will be as VP T, VP D —* 
V PT y and ’ 2 VQE — VQD j t hat is , aa the Vo^ 

Va^x — b—-Vc, and zVx — Vx — b, 'but the tw6 
raft Times, becaufe the Spaces TD and QE + ED are de- 
ffrib’d togethe r, are equal. Therefore Va + *•— b — Ve 

— z Vx—'s/x— b. And the Parts being fquar’d 4 + c—p 
—cb $x—4.y/xx — bx. Make 4+* 

g= f i an< * « — b = zf, and b y a due Redofilion 4*—e a 

Vcf-^cx — ^Vxx — bx, and the Parts being fquar’d 
er—$>*■+ i6var+ 4ff+4c#+r6* — 4e x Vcj-\-e» 
as i6xx — \6bx. And blotting out on both Side* i6»x t 
and writing m for ee + 4 tf, and alfo writing n for 8« — 
1 6b — 4 c, you’ll have by due Reduftion 16*— 4^ * 

ffcf -i-cx s=nx — m. And the Parts being fquar’d [you’ll 
have] ttfcfxx -f 256c* 5 — i28re/* —. i28«*.* Hi- 
16 -4 \6cetxzs.nnxx —2 mnx \ mm. And having 

order’d the ./Equation 2 %6cx } 

+ 2 %6cf — 1 2%ccf , , . 

xx -f i 6 <" * 3=0. By the Coo: 

•■a* , ~y 2ptn 

ftj-oQiqn of which ^Equation x or QE will be given, to 
which if.you. add the given Diftances P O and £ F you’ll 
have the Height P F, which was to be found. * 

. B b Pap- 
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' Problem LX. 

'If two qui&fcent Globesj the upper one A and 
t. the under (Uif B, are let fall at different Times , 

' and the lower Globe begins to fall Jhthe 
']■ fame Moment that the upper one, by fallings 
■ has defend'd the Space PT'■> to find the Places 
• CL, which thofe falling Globes Jhdll occupy 
1 when their Interval dr J) fiance is given, 

i XVide Figure 84.3 

S INCE the Oiftances PT, P Q, and x Xj Are given, 
call the firft a, the fccond b, .the third c, and for Pj, 
•or the Space! that, the foperior Globe defenbes by . falling be¬ 
fore it comes to the Place fought *, put ar. Now the Times 
wherein .the upper Globe defenbes the Sp^cts P T, P r,J^, 
*«d the lov«?r one the Space a » VPT > 

J-s/PT and V 0 _ x» The latter, two of which Times, 
becaufe the Globes by falling together deferibe the Spaces 
Ttt and Ox, are equal. Whence alfo the VP -r— -VPT 

trill be equal io the V Qjo P* = X \^\ P q ~ f 
and by adding v.yC, or c, to fi, .and fubtrachng PO, orb, 
topi the Sum . you'll have jgx— * b»- Wherefore 

fubftitotpiB thefe, Voull have V* — -V* —,^ x t n f 
And fqqariiiglioth Sides of the -Equation, there wiU atife 

X + -h t—b: And blotting: out,on both 

Sides hnd .ordering the ^Equation, you’ll 1 wve^ + t—r 
_ 2 y 4 x. And having fquar’d the Parts, the Square ot 
dJL l 2 d, c will be =? 4 4 X, and that Square divided by 44 
win be = '*T or 4 a will be to a + b — <r as a -f b~-c is 
' tad.' But’from a? found, bfP*, the* is given the Place 
feught vk. -ft of the fuperior Globe fought. And by the 
Diftance ot the Places, there is alfo given the Place of the 

And henrr, if you were to find the Poiiit where the up¬ 
per Globe by falling, will at length fall upon.phe lower 
orte ; by putting the Diftance -r%= 0’ or by extirpating f, 
fiy, v 44 is'to a+b as a -t- b is to x, or P-x, and the Point 
% will be that fought. 
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• And ^cciprocaHy, if, thtffoint *•„ or x . in which ihe f 
uppers lob^ -fails upon the. und^r one >; bp given, and you, 
are to find, the Place T which the lower Ppinjt P of the up- ', 
per falling Gilobe- pofleifs’d, dr was then in, i ? when the lower 
Globe be >an to fall ; becaufe 4 a is to k + b as a +b is to" 
x; or multiplying the Means and Exbreams together, 4 ax. 
= 44 2 a b -f bb y and by due ordering oF ^he jEquitioii' 
** = 4 * y —r- 2 M b — b k;' extra# the Square Root, and you’U 
have 4— 'zx —b — 2 Vxx — bx. Take therefore Vx^\ ^ 

mean Proportional between P* and Qr, and towards V 
I take VT z=z.VQ, and T will be the foint you feek. Fpi 
V * will be — VP'Jt X Qj*r y that is, z=:Vx * at — t; or ==/ 

1 </xx — bjc* r the double whereof fubtrafted from at — 

| or from .2 Jtr* ~P Q, that is, from ,P 2 leaves 
\ 2 t'Q, or PV — VQ. that is, Pl\ - ~ * 

j If, lafily, the lower of the Globes, after the uppfcrl&s 
\ fyien upon fhe lower, and the lower* byr their Shock upon- 
] one another, is accelerated, and the fuperioj one retarded, 

I the Places are requir’d where, in falling, thfey lhill acquire* 

] a Diflance equal to a given right Line. In the firft Place, 
i you mull feek the Place where the upper one falls upon the 
1, lower one ; then from the known Mignitudes of the Globes, 
as alfo from their Celerities where they fall on each other, 

• you muft find the Celerities they fhall have immediately 
j after Refle&iort, after the fame Way as in Probl . 12. After- 
j wards you muft find the higheft Places to which thefe 
Globes, if they were carry’d upwards, would afeend, and 
thence the Spaces will be known, which the Globes will 
deferibe by falling in [any] given Times after Rcfbflion, as 
alfo the Difference of the Spaces 5 and reciprocally from 
"l that Difference affum’d, you uuy go back Analytically to 
1 the Spaces deferib’d in falling. 

As if the upper Globe fails upon the lower one at the 
j ^oint,7r, [Vide Figure 8^ ] and after Reflexion, the Cele- 
j nty of the upper one downwards be fo great, as if it were 
: upwards, it would caufe that Globe to afeend through the 

Space -tt N ; and the Celerity of the lower one downwards 
was fo great, as that,, if it were upwards, it would caufe the 
■ lower one to afeend through the Space i? M ; then theTimes 
wherein the upper Globe would reciprocally defeend through 
' the Spaces Ntt , iVC, and the inferior one through the Spaces 
Mir y M H t would be as s/Ntt, VA/C,V-Af x, 'VAiHi 
. and confequently tl*c Times wherein the upper Globe would 
1 Bb 2 run 

I Google 
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run the Spa^e *G, and the lower one » H t would be aw 
V 2 VG —Vtf *, to VMH—VM-r. Makethofe Times 
equal, and the VN(j — v'iV-r willbe— VMH~~YA 4 -*. 
And, moreover, flnce there is giten the Diftance G H, put 
vrG >\-G H-itH. And by the Reduction of thefe two 

Equations the Prob'em will be folv’d. As if Mtr is = 
JShr^b, G H = c, t6 =*, you’ll have, according to the 
litter Equation, x <Vc ■ s= .-k H. Add Mi r, yoall have 

+ To ttG add N x, and you’ll have NG 

W hich b eing found, accordi ng to the former 
./Equation, ■v/fc-f*—Vt will be s= V* + c x —V *• 
Write (toisf c, and V/ for t/a + Vi, and the /Equation 
will be Vfr + * = vV + * + y/.__And^the Parts being 
fquar ’d b x-\-fx. Or — e — f— 
a Ve/ " t-/*. P ot i—-e—/ write £, and you’ll have 
gt=t a V</+/*■, and the Parts being fquar’d, gg~ 4 'f -f- 

4f»,and fcy Reduflion 7I—fs=*. 

“ 4 / 


Pro- I 
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Problem LXI. 

If there are wo Globes , A, B, whereof the 
upper one A falling from the Height G, Jlrikes 
upon another lower one B rebounding front 
the Ground H upwards ^ and thefe Globes fit 
fart from one another by RefleStion , that the- 
Globe A returns by Force of that Refie&ion to 
its former Altitude G , and that in the fame 
Time that the lower Globe B returns to the 
Ground H j then the Globe A falls'again, 
and Jlrikes again upon the Globe B, rebound -> 
ing again back from the Ground *, and after 
this rate fhe Globes always tebound from 
one another and return to the fame Place .* 
From the given Magnitude of the Globes , the 
Pofition of the Ground , and the Place G from 
whence toe upper Globe falls , to find the Place 
where the Globes Jhall jlrike upon each other, 
[Vide Figure 86.] 


r ET e be the Center of the Globe A, and / the Centet 
I j of the Globe B, d the Center of the Place G wherein 
the upper Globe is in its greateft Height, g the Center of the 
Place of the lower Globe where it falls on the Ground, 4 
the Semi-Diameter of the Globe A, b the Semi-Diameter of 
'the Globe B, e the Point of Contact of the Globes falling 
upon one another, and H the Point of Contact of the lower 
Globe and the Ground. And the Swiftnefs of the Globe A, 
where it falls on the Globe B, will be the fame which is ge- 
nerated by the Fall of the Globe from the Height it, and 
ronfequently is as Vd t. With this fame Celerity the Globe 
A ought to be reflected upwards, that it may return to its 
former Place G. And the Globe B ought to be refle&ed 
with the fame Celerity downwards wherewith it afeended, 
tint it may return in the fame Time to the Ground it had 
mounted up from. And that both thefe may come to 
fafc, the Motion of the Globes in xcflefiing ought to be 

«iqual. 
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tejual. But the Motions arc compounded of the Celerities 
and Magnitudes together, and coufequently the Produ£fc of 
the Bulk and Celerity of one Globe will be equal to the 
Produffc of the Bulk and Celerity of the other. Whence, 
if the Product of the Bulk and Celerity of one Globe be 
divided by the Bulk of the other Globe, you*!! have the Ce¬ 
lerity of the other before and after Reflexion, or at the 
End of the Afccnt, and at the Beginning of the Defcenc. 

Therefore this Celerity will be as - X—, or fince the Globes 

z> 


are as the Cubes of the Radii as 


aWie 


But as the Square of 


this Celerity to the Square of the Celerity of the Globe A 
juft before Refle&ion, fo would be the Height to which the 
Globe B would afeend with this Celerity, if it was not hin¬ 
der d by meeting the Globe A falling upon it, to the Height 

ed from which the Globe B defeends. That is, as ^ it 

' Eq 

to dt % or as Aq to Bq s or a* to b 4 , fo that firft Height to 
x y it you put x for the latter Height ed. Therefore this 
Height, viz* to'which B would afeend, if it was apt hin¬ 
der’d^ is ~Let that be (K. To fK add/or d FI 

that is, p— x y if for the given dH — ef —- 
gH you write p, and x for the unknown de ; and you il 
a 6 

have Kg— --x + x 9 Whence the Celerity of the 

(Globe /?, when it falls from K to the Ground, that is n 
it falls through the Space Kg y which its Centre would Je- 


feribe in falling, will be as 


But that 


Globe falls from the Place Bcf to the Ground in the fame 
Time that the tipper Globe A afeends from the Plice Act to 
its greateft Height </, or on the other Hand falls from d to the 
'Place Ace \ and then fince the Celerities of falling Bodies 
vare equaHy augmented in equil Times, the Celerity of the 
rGWbe By by falling to the Ground, will be augmented as 
iriu.'h as is the whole Celerity which the Globe A acquires 
by falling in the fame Time from d ro e, or lofes by amend¬ 
ing from e to d. Therefore, to the Celerity which the Globe 
P lias in the Place 'Bcf> add the Celerity which die Globe 
V': • ■ - ' ; \* A 
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^has in the Place Ace, and the Sum, which is as Vde + 
* ^ or ~Vx 4 , Vx, will be the Celerity of the Globe 

t* ■ V 5 

A * 

$ where it Falls on the Ground. Then the V* + £-7 V** 

,JT J * _ . 4’ + r 

will be equal to y t- x + p— *. For ,y write “J 

■ b 1 

a 6 b* rt > “ r 

and for—,-, —, and that Equation will become > 

b* si s 


Vx •= f/ ~~ s x + p, ^d the Parts being fquar’d, ~ = 

— * + p, fubtrafl from both Sides - *, and multiply all 

SS * 

into ss , and divide by rr — rt y and there will arife x = 


— S JJL _ # Which ./Equation would have come out more 

rr*— rt * 

Ample, if I had taken for 4 ^ for there would have 


come out Whence making that p — t (hall Be 

P — 1 

to / as s to*, you 11 have x , ot ed ; to which if you add 
c c you*!! have </c, and the Point c, in which the Globes lhall 
fall upon one another* Q.E. K 


Hitherto I have been folving feveral Problems. For in 
learning the Sciences, Examples are of more Ufe than Pre¬ 
cepts. Wherefore I have been the larger on this Head. And 
fome which occurrd as I was putting down the reft, I have 
given their Solutions without ufing Algebra, that I might 
Ihew that in fome Problems that at firft Sight appear diffi¬ 
cult, there is not always Occalion for Algebra. But now it 
is Time to Ihew the Solution of ^Equations. For after a 
Problem is brought to an ^Equation, you muft extradl the 
Roots of that ^Equation, which are the Quantities that [an- 
fwer or] fatisfy the Problem, 


. - 
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How JEqjuations are to be folv*J. 


AFTER therefore in the Solution of a Queftion you are 
JTJl come to an ./Equation, and that Equation is duly r*- 
duca and order’d; when.the Quantities which are (oppos'd 
riven, are really given in Numbers, thofe Numbers arc to 
fee fubftituted in their room in the Equation, .and you’}] 
have a Numeral .Equation, whofe Root being extracted will 
fatisfy the Queftion. As if in the Divifion of an Angle 
into five equal Parts, by putting r for the Radius of the 
Circle, q for the Chord of the Complement of the propos'd 
Angle to two right ones, and x for the Chord of the Com¬ 
plement of the fifth Part of that Angle, 1 had come to this 
Equation, x* — frrx'' + r A q = 0. Where in 

any particular Cafe the Radius r is given in Numbers, and 
the Line q fubtending the Complement of the given Angle ; 
as if Radius were ic, and the Chord 3 ; 1 fubftitute thofe 
Numbers in the Equation for r and 4, and (here comes out 
the Numeral Equation x' — 500** 4 “ 50000a;—30000 
— o, whereof the Root being extra&ed will be x , or the 
Line fubtending the Complement of the fifth Part of that 
given Angle. 

But the Root is a. Number which being fubftituted in the 
Equaxion for the Letter or Species lignifying 
Of the Nature the R°°t, will make all the Terms vaniih. 
of the Roots of Thus Unity is the Root of the Equation.*-* 
*?i ^Equation. — X 1 ^ 1 yxx + 4 9 * — 30 rsL O, beetle 
being writ for a:it produces 1 — 1—ip 49 
-T-30, that is, nothin*:. And thus, if for x you write the 
Number 3, or the Negative Number -*-5, and in bqth 
Cafes there will be produc'd nothing, the Affirmative and 
Negative Terms in thefe four Cafes deftroying one another ; 
tjhen fince any qf the Numbers written in the Equation 
fulfil* the Conditiqn of x y by making all the Terms of the 
Equation together equal to nothing, any of them will bt 
the Rpot of the Equation. 

And that you may not wonder that the fame Equation 
may have feveral Roots, you muft know that there may .be 
more Solutions [than one] of' the fame Problem. As if 
there was fought the Interfe&ion of two given Circles; 
there are two Interfeclions, and confequently the Queftion 
admits two Anfwers ; and then the Equation determining 

the 
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thcJntcrfcdion will have two Roots, whereby it determines 
both [Points of] the Interfedion, if there be nothing in 
the Data whereby the Anfwer is determin d to [only] one 
lnterfe£Hon. [f'ide figure 87 .] And thus, if the Arch 
APB the fifth Part of AP were t6 be found, thpugh per¬ 
haps you might apply youT Thoughts only to the Aren APBJ 
yet the ./Equation, whereby the Qpeflion will be (blv’d, win 
deteimine the fifth Part or all the Arches which are termi¬ 
nated at the Points A and B ; viz,.' the fifth Part of the 
Arches ASB, APBSApB, ASBPASB, and APBSAPBSAPB, 
sis well as the fifth Part of the Arch APB; which fifth 
Part,' if you divide the whole Circumference into five equal 
Parts PQ_, HR, RS, ST , TP , will be AT, AQ, ATS, 
A O R. Wherefore, by feeking the fifth Parts of the Arches 
which the right Line A B fubtends, to determine all the: 
Cafes the whole Circumference ought to be divided' in the 
five Points JP, Q, R, S, T. Wherefore, the /Equation that 
will determine all the Cafes will have five Roots. For the 
fifth Parts of all thefe Arches depend on the fame Data, and 
areTound by the fame Kind of Calculus; fo that you’ll al- 
Ways fall upon the fame /Equation, whether you feek the 
fifth Part of the Arch APB , or' the fifth Part of the Arch 
ASB, or the fifth Part of any otherof the Arches. Whence, 
if the /Equation by which the fifth Part of the Arch APB 
is determin’d, Ihould not have more than one Root, while’ 
by feeking the fifth Part of the Arch ASB we fall upon 
that fame /Equation; it would follow, that this greater Arch 
would have the fame fifth Part with the former, which is ; 
lefs, becaufe its Subtenfe [or Chord] is exprefs’d by the fame 
Root of the /Equation. . In every Problem therefore it is 
neceffary; that thq /Equation which anfwers ihould have a? 
many Roots as there are different Cafes of the Quantity 
fought depending on the fame Data, and to be determin’d 
by the fame Method of Reafoning. 

. But an /Equation may have as many Roots as it has Di- 
mediums, and not more. Thus the /Equation x* — x l 
—19**+49.V— 30 = o, has four Roots, 1, a, 3 , — 5, 
but not more. For any of thefe Numbers writ in' the /li¬ 
quation for x will came all the Tams to deftroy one ano¬ 
ther as we have faid $ but befides thefe, there is no Num- 
ber-by. whofe Subfiitution this wiU happen. Moreover, the 1 
Number and Nature of the Roots will be beft underflood 
from the Generation of the /Equation. "As if we would 
know how an Aquation ui generated, • whofe- Roots are i, 
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3, 3, and— ; we are to fappofe r to fignify amhiguoufly 
thole Numbers, or *tob.e-=: i,.*.^2, *3=3»and*=X''‘ , ’S* 
or which k the fame Thing, *—i — o, *—2 — o, x —■ 
2 — c, and a: = o; and multiplying thefe together, 

there will come out by the Multiplication"of,*— i by *—r2 
•this Equation *•* — 3* -4- 2=°* which is of two Diraen- 
fions, and has two Roots 1 and 2. And by the Multiplica¬ 
tion of this by *—3, thete will come out x i — 6 xx -f- 
11 x— 6 — 0, an Aquation of three Dimenfions and -as 
many Roots ; which again multiply’d by +■ 5 becomes 

^ — 1 p xx -V 49* —30 =0, as above. Since 
therefore this Aquation is generated by Four Fafloi?, x—j j 
x— 2, *—3, * + 5, continually mukiply’d by one ano¬ 
ther, where any of the Faftors is nothing, that which is 
made by all will be nothing ; but where none of them is 
libthing,. that which is contain’d under theip all cannot be . 
nothing. That is, x* — * * — 1 p * * -j- 49 * — 30 cannot 
be — o, as ought to be, except in thefe four Cafes, where 
ar—1 is ; t= jQ, or x —2^:0, or ,*•—33=0, or, iaftly, 
x + $=c>. and then only the Numbers t, 2, 3, and — 3 
can.exhibit *, or be the Roots of the Aquatipn. And you, 
are to reafon alike of all Aquations. For. we may i magine; 
afito be generated by fuch a Multidication, although it is 
tiffially very difficult to feparate the Fa&o’rs from one ano¬ 
ther, and is the fame Thing as to refolve the Aquation and; 
extraft its Roots. For the Roots being had, the Fa£torsare 
had alfo. . 

Rut die Roots are of two Sorts, Affirmative, as in the, 
Exantple brought, 1.2, and 3, and ,Negative, as—*<$. And 
of tbefe fome are often impoffible, Thus, the two Roots 
of the Aquation xx — 2 a x + — 0, .which, are *-J- 
V*x—ibb and x—Vm — bb, arereal -when ax K greater 
than <Bb ; but when 44 is lefs than bb, • they became irapof- 
fible, becaufe then a a — bb will be, a Negative Qataneity, 
and the Square Root of a Negative Quantity : is impcffiUe. 
For every poffitde Root, whether it be Affirmative or Ne¬ 
gative, if it be mukiply ’d by it fdf, produces an Affirmative 
Squaretherefore that will be an impoffible tone which is to, 
produce a .Negative Square. By the fame.Argument you may 
conclude, chat the Aquation x* —±xx 4 - 4*—,6-eeo,h»: 
one'real R.oot,whiflhis 2, and two iropaffibfc ones 1 -\>y /—2 
and 1—V—2. For any of ttliofe, a* 1 -f V—2, « — wf—2'. 
icing writ in the Aquation for x, will snake aHrts Terms, 
deflroy are,another * bqt y — 2, .mdr—^ —i, «re 

im- 
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irapofilble Npm^s, feecaufe they fuppofe the Extra&on of 
th« Square Root out of the Negative Number — 2. 

— Bat it is juft, that the Roots of Equations fhould be of. 
tetv impoflible, fcft they fhould exhibit the Cafes of Problem 
thatr are often impoflibie as if they were poffible As* if 
you-were to deternfine* the InterfeAton of a ri^ht line and 
t‘Osfile, and you fhould put two Letters for the Radius of 
the Ciitrle arid the Diftance of the right Line from its Cen¬ 
ter* f atKf When you have the Equation ■ defining • the Inter- 1 
fWftkm; if for the Letter denoting the Diftance of the right 
Liiie fr'om the Omer, you put a ffuatber lefs than the Ra. 
dius, thpe IiTterfiflion Will be poffible*; , bat if it be greater* 
itopoffifele 5 ; and the two Roots of the ./Equation, which de¬ 
termine the tWtf'ItiforieAions, Ought to be either pOjfibk ear 
impOflible, that,they may truly txprefs the Mattel {#7A t 
Figure 88 i} Alid thu$j if the Circle CD IF, and the Ef- 
lipffe yfG&F* cut one another in the Points C y £>, E, F, and 
W sifiy j right tihe! given in Pofitinn, as A 9 y you ter foil the 
Itefptodicoters Cu, 2 ) H y E /, FK, and by feekmg the 
Length of any one of the Perpendiculars, you eonie at 
lettgth'to an Aquation ; that iEqtiarion, where the Circle 
•Wilts'die HKpfis lh four Points; Will have four real Rocrt% 
which Will be tbofe fbui: Perpendiculars. Now, if the Ha- 
diW pp tbt Circle, its Center remaining, be ditninifirfd us- 
tiH the Poirtt^ F’ind F meeting, the Circle at length touches 
tho fellipfej tftcffe tWb of the Routs which exprefs the Pcrv 
jkriwutew FandFiC. now’ Ooiacidiiig* will becpme c~ 
Akd if, ^ Circle be yet dimhlifh’d, fb thai it does 
ndt touch rbP'EBipfe in the Point' B F,- bet only cuts it in 
the Other twoiPbiWts Gj D y then out of the four Rootsdioffe 
Whichexprdfd, the Perpendiculars £7, FJC, which are 
ProW become 1 impPflible, will become, together witty thefe 
petpertdicula^ alfo impoflible. And after this-Way in all 
Equations; by fcogtfcenting or diminifhing thsit Terms of 
the unequal Roots, two will become firft equal and then im- 
poffiMe. And; thenCe it is, that the* Number of theifll£of- 
fible Roots is*always even. • 

But fometnHcs the Roots of ^Equations are poffible 'when 
the Schemes exhibit them as itapPflible. But this happens 
by reafon of Come Limitation in > the Scheme, which does 
"Hot belong to the" ./Equation. [fide Figure 89/j As if in 
"the 4 Semi-Circle ADB y having given the Diameter AB 9 
'Sfidthie Chord^©, 4 nd having let fall the Perpendicular 
dc, I was to find the Segment of the Diameter AC, you'll. 
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have _ jfQ And, by this ./Equation, AC is exhi- 

bited a real Quantity, where the infcrib’d Line AD is greater 
than the Diameter AB \ but by the Scheme, AC then be¬ 
comes impoffible, vit* in the Scheme the Line AD it (up-, 
pos’d to be infctib’d in the Circle, and therefore cannot be 
greater than the Diameter of the Circle; but in the .Equa¬ 
tion there is nothing that depends upon that Condition. i 
From this Condition alone of the Lines the Equation comes I 
out, that AB y AD, and AC ate continually proportional. ' 
i^id becaufe the Equation does not contain all the Condi¬ 
tions of the Scheme, it is not neceflary that it Ihould be 
bound to the Limits of all the Conditions. : Whatever is 
mote in the Scheme than in the Equation may conftrain that 
to limits, but not this. For which reafon, when Equati¬ 
ons are of odd Dimenfions, and confequfntjy cannot have 
all their Roots impoffible, die Schemes often, let Limits to 
the Quantities on wliich all the Roqts .depend, which ’tis 
impoffible they can exceed, keeping die fame. Conditions of 
the Schemes. i ; , 

Of thofe Roots .that are real ones, the Affirmative and 
Negative ones lie on contrary Sides, or tend Contrairy Ways, 
Thus, in the lad Scheme but one. by frekingthe Perpendi¬ 
cular GGy you 11 light upon an Equation that has two Af- • 
firmative Roots CG and DH, tending fiona the Points C 
and D the fame Way,; and two Negative on®, EJ and FJC, 
tending from the Points £ and F the oppodte Way. Or if 
in the Line AB there be given any Point P, and the Part 
of it PG extending from that given Point jo fome of the 
Perpendiculars, as CG, be fought, - we (hall light on an E- 
quation of .four Roots, PG, PH, PI, and PK, ; whereof 
the Quantity fought PG,, and thofe that tend from.the' 
Point p the fame Way .with PG, (as P ,K) .will be Affir¬ 
mative.. but thofe wliich tend the contrary Way (as P ti, 
PI) Negative. 

Where there are none of the Roots of the Equation im- 
poffible, the Number of the Affirmative and Negative Roots 
may be known from the Signs of the Terms or the Equa¬ 
tion. For there are fo many Affirmative Roots as there are 
Changes of the Signs in a. continual Series from to —, 
and from —- to ; the reft are Negative. As in the E» 
quation * 4 — x % — 19** + 49X—:30:*<vwherethe Signs 
of the Terms follow one another in this Order, ■+- 

a 
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+ <■—, die Variations of the fecond — from the fitft +, of 
the fourth from the third —, and of the fifth — from 
the fourth -f-, Jhew, that there are three Affirmative Roots, 
and confequently, that the fourth is a Negative one. But 
where lome of the Roots are impoffible, the' Rule is of no 
Force, uniefs as far as thofe impoffible Roots, which are 
neither Negative nor Affirmative, may be taken for ambi¬ 
guous ories. Thus in the Equation x * + pxx + ZPP X ~~ 
q = o, the Signs fhew that there is, one Affirmative Root, 
and two Negative ones. Suppbfe x = ip, or *—ip — o, 
and multiply the former ./Equation by this, /*'—2p = o, 
and add one Affirmative Root* more to the former, ana 

you’ll have this. Equation, x* —px' ^pp#*Tj*?* x 

+ 2p q s= o> whith ought to have two Affirmative and two 
Negative Roots ; yet it has, if you regard the Change of 
the Signs, four Affirmative ones. There are therefore two 
iinpomble ones, which for their Ambiguity in the former 
Cafe feetn to be Negative ones, in the latter, Affirmative 
otieS. 


But you may know almoft by this Rule how many Roots 
are impoffible.' Make a Series of FraftLons, whofe Deno¬ 
minators are Numbers in this Frogreflion 1, 2, 3, 4, <, &c. 
going on to the Number which fhall be the fame as that Of 
the Dimenfiorts of the ./Equation and the Numerators the 
fame Series of Numbers in a contrary Order. Divide each 
of the latter Fradidns by each of the former, ; and' place the 
Fra&ons that come out on the middle Terms of the ./Equa¬ 
tion. And uhder any of the middle Terms, if its Square, 
mdtiply’d into' the Fraction Handing over its Head,Is greater 
than the Refiartgle Of the Terips 6n both Sides, pike the 
Sign +, but if it’ be lefs, the Sign —; but under the firft 
and lad TeiW' , place the Sign . 4-. ’ And there wfll te as 
many impoffible Roots aS them are Changes In the ories of 
the underwritten Signs front to **■, and 7* to 4 >. As 
if you hatve the .Equation x * rf- pxx •+■ 3 ppjt — q =: 04 
1 divide the fecond of the Fractions of tnis Series 
tit. 4. by the firft 4^ and the third f by the fecond i, and 
I place the Frt&ioris that cortis oat, viz, f and ^Dpon the 
mean Terms Of the Equation, as follows j 




** ^ pjex + Jppx — q xs. 0. J 

+ ~ 4 * + 


Th*l 
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Then, Becaufe the Square of the fecond Term pxx multi¬ 
ply 'd into the Fxadton over its Head 4 , vit. 


ppx* 


is kTs 


than 5 ppjf 4 ,j the Rectangle of the firft Term * 1 and thud 
3 pp* t 1 place the; Sign — under the Ten* pxx, But be- 
caofe gp*xx (the Square of , the third Termqppv) mul* 
tiply’d into the Fraction over, its Head -f*. is, greater than no¬ 
thing and'therefore much greater than the Negative Rect¬ 
angle of the fecond Term p**, and the fourth — q, Jf 
place theSign + under that third Term. Then, under the 
firft Term, x' and the laftI place ther Sign+. And 
the twojphanges of the underwritten Signs; which are in 
this Series -— -+■ -fthe one from irtto-’—; and ri*} 
ottiei from into-f, Ihew that there are two impoffihfc 
Root?, .^nd thus the ^q>iation *> --4**-4- 4at—d=s0 

i, ■ ■ 

has two impofiible Roots, ^ - 4 4*.-*- 6 i=s o« 

.* .!• 4r', :tt : . *r 

Alfo the ^Equation * 4 — 6 xx — 3* — 2—0 has two* 

■ !r.• .? . T ’ » / ‘ • •• " •• ■' 

* 4 & (?xx —- 3* rt a.-c= 0. • For this Series of Fra- 

+ 4 : -f * ~ +-* . • • 

Ctiona 4, , by dividing the fecond by the firft, and the 
third, by the fyeond, and the fourth by the third, gives this 
Series,^$4 4, to be placed, upon the middle Term&of dm 
.Equation. Then the Square qi the fecond Term, which is 
here nothing, multiply’d iuto. the Fraihc^.Qyer Head, vm 
4 > producesno things which i&yet greater than, the Negative 
Rectangle —' 6 x 6 contain'dund^ theTeym* * 4 . and --6 xx, 
Whqpefore, under the . Tew- chat is wanting I write +* 
In tip reft I go on as ui. tfic./qroiet Example;, and there 
cpmey q*t|ln& Series of the underwritten Signs rir+-K 


tyhere. two. Changes Ihew,there are twq( impolitic Roots, 
dfcnd after, thp fame Wap iijL (he Jiquatiofv, *- s y1 — 4* 4 .+ 
i*’ — 2 *JCrr-r 54-rn4^ffL yre djifcoaer’d two impoffible 
Roots,* a* jffcjfows.; . , ^; 


Cj'J' 


.... - *•* L.;:h **» .• • . T: !<.h 

*'r— 4* 4 + 4*‘*,rw. a *x —v rrr^.ris o. . . 1 

"F + 4 r 4 - 4. 

Where two or more Terms are at once wanting, under 
the firft of the deficient Terms you muft write the Sign —, 
under the fecond theSign rf, under tfiethird the Sign —•, 
and fo on, always varying tbe Signs, except that under the 
t ' laft 
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'aft of the.deficient Terms you muft always place -J-,wbert 
the Texans nest on both Sides, the deficient Terms have con* 

trary Signs. As ifl the Equations 4 4 * * < j g0 i 

*>d ^+« 4 ***-' h ;==; the wr'«to«ei* 

four, and tlje latter two impoflible Roots. Thus alfo the 
Equation, 

? ' < J ) c » 

'■■*?■ ~s ■ T r T T 

•* 7 «— 2*' + 3A''-r2* 4 4"*’ * #— 2*0 
4" ' —s*-.- 4~ • 4**”4* 4* 

has fix itnpcflibie Roots. , 

Bence aifo tpay be known whether the impoflible Roots 
ace among theAffinaative or Negative ones. Fog the Signs 
of the Terms ovear Head of the fubfcrib’d changing Ter wy 
ihew, thso there as many impoflible Affirmative [Roots] u 
these are Variations of them, .and as many Negative ones 
as thpte are Snceeffions without Variations. ' Thus, in the 

.Equation “74* 4 4* 4-*/ •"? 2** S* ■ 4wO^ fce- 

caufe by the Sigss that are writ underneath that are chang e- 

able, viz,, -f-h, by which it is fhewn theft ate two 

impoflible Roots, die Terms over Head + _ 

vex have, the Signs-.—, which by two Variations 

Ubew there arb two Affirmative Roots; therefore there will 
be. tiyo impoflible Roots among die Affirmative-ones. Since 
therefore -{he Signs of all the Terms of the jSqteti oa 

4 -hr*—--—. by three Variations lhew that there aw 

three .Affirmative Roots, and that the other two are Nega¬ 
tive, and that among the Affirmative ones there ate two 
impoflible.ones; it follows that there are, tec. one true 
affirmative Root, two negative ones, and two impofl i bl e 

ones. Now, if the Equation had been 4 *'—* 

7 ‘ *T # T 1 • 

, 54 r** 4 ^=p^ then the Terms 0*®r Head of the fub- 

ftdb*d former!Teyms 4 " —, **u —44?*-.4*’, by their 
%ns that dopt change _ and —, lhew, that one of the 
Negative Roots is impoflible ; and the Terms over the For* 

mer underwritten varying Terms — viz., — 2 xx * x 

by their Terms not varying — and —, lhew that one of the 
Negative Roots are impoflible. Wherefore, fince the Signs 
<» the ^Equation 4 ~ ~ — - • — by one Variation lhew 

there is one Affirmative Root, and that the other four are 

Negative $ 
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Negative, it follows, there is one Affirmative, two Nega¬ 
tive, and two Impoflible ones. And this is fo where there 
are not more impoflible Roots than what are difeovefd by 
the Rule preceding. For there may be more, although it 
feldom happens* ' 

Moreover, all the Affirmative Roots of any ^Equation 
may be chang'd into Negative ones, and the Negative into * 
Affirmative ones, and that only by 
Of th t Tranfmvu - changing of the alternate Terms [i. r. 
tiMs of ^Equations, every other Term]. Thus, in the JEqua- 
tion x K —4* 4 -f 4’** 

4 = o, the three Affirmative Roots will be chang’d into Ne¬ 
gative ones, and the two Negative ones into Affirmatives, 
by changing only the Signs of the fecond, Foutth, and fixth 
Terms, as is done here, x' '+ 4* 4 + 4 * ; -)-* 2**— 5* 
-f 4-zO. This ^Equation has the fame Roots wi$i the for¬ 
mer, unlefs that in this, thofe Roots are Affirmative that 
were there Negative, ana'Negative here that there were 
Affirmative ; and the two impoflible Roots, which lay hid 
there among the Affirmative ones, lie hid here among the 
Negative ones ; fo that thefe being fubduc’d, there remains 
only one Root truly Negative. 

There are alfo other Tranfiriutations of ^Equations which 
are of Ufe in divers Cafes. Tor we may fuppofe the Root 
of an iEquation to be compos'd any how out of a known 
and an unknown Quantity, and then fubftitute what we 
fuppofe equivalent to it. • As if we fuppofe the Root to be 
equal to the Sum or Difference of any known 'and' unknown 
Quantity* For, after this Rate, we may augment or di- 
Hiinifti the Roots of the ^Equation by that known Quanti¬ 
ty, or fubtrafl them from it; and thereby caufe that fome 
of them that were before Negative fhall now become Affir¬ 
mative, or fome of the Affirmative ones become Negative, 
or alfo that all fliaJl become Affirmative or all Negative. 
Thus, in the ^Equation x 4 ~ x *• rp.t* + 49*— ?0 =3, 
if t have a mind to augment the Roots by Unity, I fuppofe 
x +1 teJ, or x tzJ — 1 5 and then for x'l irrite y — 1 in 
the ^Equation, and for the Square, Cube, or Biquadrate of 
jr, 1 write the like Power of y — 1, as follows; 
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X 4 

7 -T- 4 *’ + 6yj->- 4 > + t 


— J'’ +■ W— 3 * 

— 1 pxx 

-1917 + 38}--19 

4 - 49 * 

+ 49 J ~49 

— 30 

. ‘: -30 

Sum j 

y 4 —‘iy ’ — i°yy + 80 j—96 


And the Roots of the. .Equation that is produc’d, (vit.) 

i °yy .+' 8 o>—p 6 =$ v wai i* 2,3,4,-4# 

which before were a, % f — «>, f. (f*higger by Unity* Now, 
if for x 1 had writ y + i|, there would have come out the 
^Equation y* 4- 5y ? 47 +-j 4 ==^ whereof 

there be two Affirmative Roots, f and i£, and two Nega¬ 
tive ones,' -**£ and — 6j. But by Writing y*— 6 for x 9 
there would have come out an iEquatiin whole Roots would 
have been ^ 9, 1, viz,, all Affirmative; and writing for 
the fame ’{V] y -jt 4, there would have come: out thofe Root* 
diminifh’d by 4, viz,. — 3 —. 2 ~i 9, all of them Ne¬ 
gative." • * ■ 1 ' • 1 . 1: - • 

And after this Way; by augmenting 6 t diminifilingtM 
Roots, i£ 4 ny of them arfe itapoffiblc, they Will fometidiei. 
be more eafily dete&ed this Way than before. 

Thus, in the ^Equation — 34**— 3* v '=t= 6 , there 
sire no Roots that appear 1 impofiible by the preceding Rule ; 
bat if yotraugmerit; the Roots by the Quantity 4, Writing 
y —4 .for you may by that Rule difcovef two impoffible 
Rootsin the j£qmtion refultitig, y' — 3 ayy *-4 5 = o. 

By the fame Operation you may alfo take a way the leCond 
Terms of Equations - Which will be done, if you fubduft' 
the known Quantity : [or Coefficient] of the fecond Term 
of the Equation propos’d, divided by the Number of Di- 
menfiohs [of the higheft Teem] of the ^Equation, from the • 
Quantity which y ou aff&me.to fignify the Root of the new 
Equation, and iubflitute the Remainder for the Root of the 
Jiquation propos’d. As if there was propos’d *he ^Equa¬ 
tion x '> — 4 xx + 4# —6 2= 0, I fubtfa& the known; 
Quantity [or Co-efficient] of the fecond Term, which is 
— 4, divided by the Number of the Dimenfions of the Ai-' 
quatiotv, t/ic. a, from the Species [or Letter] which is af- 
fum’d to fignify the new Root, fuppofe from y, and the 
Remainder y 4 4 I fubfiitute for x, and there comes out; 


Dd y 5 + 
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j' + w+yj+i* 

— 4JJ—¥ -J — 

+ 4 J + 7 
•— 6 1 


y 5 * 


4 „ ■ I 4 « 

T; tt 


o. 


By the fame Method, the third Term of an Equatiorr 
may be alfo taken away. Let there be propos’d the Equation 
x *— 3*’ +%x* — —2 = 6 , and make x—j — e f 

and fubftituting y-—c in the room of x, there will arile 
this Equation j 


y 4 __l£ 


•+■ 6 tt 

+ 9 < 

"H 


4*- 




+ 9 f jy — 9 (,e e yf3' e \ 


— 5 . 


+ 4 * 
— 2 


= o. 


The third Term of this Equation is6ee-j-9r + 3 mul¬ 
tiply’d by yy. Where, if 6 ee 4- <?e -f 3 were nothing, 
you’d have what you defir’d. Let ps fuppofe it therefore to 
be nothing, that,we ipay thence find what Number ought 
tp.be fubftituted in this Cafe for e y and we lhall have the 
Quadratick Equation 6 c e + pe 4 “ .3=0, which divided 
by d will become ee +ir 4 " 1 = 0, or tt — — \c —f, 
and extrading the Root t ■=•— f + V — f, or — — | ± 

VtVj is, —: — f+ £, and confequently equal 

Whence y—e will be either y + fy ory-f i. Wherefore, 
fincey —t was writ for x ; in the room of y—> there 
ought to be writ y + ?, or y +i for a;, that the third Term 
of the Equation that refults may be taken away. And 
that will happen in both Cafes. For if for « you write 

y.+ f , there will arife this ./Equation, y 4 —y » *_< j — 

t 4 = o ; but if you write y + i, there will arife this Equa¬ 
tion, y 4 +y 5 —4y—lirzrOi 

Moreover, the Roots of .Equations may be multiply’d or 
divided by given Numbers ; and after this Rate, the Terms 
of Equations be diminilh’d, and Fradions and Radical 
Quantities fometimes be taken away. As if tlie Equation 
were y 5 —- fy — V 4 -- = o ; in order to take away the Fra¬ 
ctions, I fuppofe y to be and then by fubfli utinght. 
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for j, there comes out this new Equation, — —- i-? 1 — 

27 2/ 

=- 0, and having rcjcScd the common Denominator of 
27 

the Terms, i 1 — 12 146 = o, the Roots of which E- 

quation are thrice greater than before. And again, to di¬ 
minish the Terms of this Equation, if you write 2V for 
there will come out St' 5 —24V — *146 =0, and divid¬ 
ing all by 8, you'll have v * —at/—- i8i = o ; the Roots 
of which Equation are half or the Roots of the former* 
And here, if at laft you find v make 2 v — z> % 
y + f = x 9 and you'll have x the Root of the Equation as 
fir ft propos’d. 

And thus, in the Equation x % — 2 # + ^3 = °* *° **** 
away the Radical Quantity V3 ; for x I write and 

there comes out the Equation 2y W 3 — 2 y V 3 + V3 « °» 
which, dividing all the Terms by the V3, becomes 3 y* —v 
2_y + 1 ■= o. 

Again, the Roots of an ./Equation may be chang'd into 
their Reciprocals, and after this Way the Equation may be 
fometimes reduc’d to a more commodious Form. * Thus,^thc 

laft Equation37 s — 2y + i=0, by writing ^ for y, be¬ 


comes — — 2 4-1=0. and all the Terms being multi- 

ply'd by a,and the Order of the Terms chang'd, — 
2 4 “ 3 =0. 'The laft Term but one of an ./Equation may 

alfo by this Method be taken away, as the fecond was taken 
away before, as you fee done in the precedent ./Equation $ 
or if you would take away the laft but two, it may be done 
as you have taken away the third. Moreover, the leaft Root 
may thus be converted into the greateft, and the greateft 
into the leaft, which may be of fome Ufe in what follows.* 
Thus, in the .Equation x 4 — x % — 19*# + 49.* — 30 


— 0, whofe Roots are 3, 2,1, — 5, if you writey for x, 

1 1 19 49 

there will come out the Equation —- — —-r 

y ^ f yy \ 

•—30t=:0, which, multiplying all the Terms byy 4 , ana 
dividing them by 30, the Signs being chang'd, becomes y 4 

4. l S y * 4. — y — — = 0, the Roots whereof 
30 J ^ 30' 
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are the greateft of the Affirmative Roots 3 

being now changed into the. Itajk f, and the leaft i be*n£, 
now made greateft, and the Negative Root — which of 
$11 was the moil remote from o, now coming neareft 
to it. 

There are- allb otheT Tranfmutaitions of Equations, but 
which may ail be perform’d after that Way of tranfmu- 
tating we have fhewn, when we took away tie third Tern* 
of the ./Equation. • ' 

From the Generation of Aquations it is evident, that the 
known Quantity of the fecond Term of the ./Equation, if 
ks Sign be chang’d, is equal to the Aggregate [or Sum] of 
all the Roots [added together], under tbek proper Signs ; 
and that of the third Term equal to the Aggregate of the 
Re&angks of each two of the Roots ; that of the fourth, if 
it# Sign he chaiTg’d, is equal to the Aggregate of the Con¬ 
tent* undefr each three of the Roots that of the fifth is e- 
qtral to the Aggregate of the Concents under each four, and 
fo on ad infinitum. Let us affume # = 4 , x = b 9 x = — c y 
x=±d 9 &c. or *•—4=r0, x—b=o, x + cz=o 9 x—d 
5= 6, and by the continual Multiplication of thefe we may 
generate ./Equations as above. Now, by multiplying x — a 

by x —— b there will be produc’d the ./Equation xx _ \x +> * 

where the known Quantity of the fecond Term, 
if its Signs are chang’d, viz. a 4 ~ A, is the Sum of the two 
Roots 4 and A, and the known Quantity of the third Term 
is the only. Rc£hngle contain’d under both/ Again, by mul¬ 
tiplying this Aquation by x 4 ? c, there will be produc’d 

•—4 4" 4 b 

the Cubick Aquation x' —A x x — ac x 4 - ah c = o, where 
4 " c — be 

the known Quantity of the fecond Term having its Signs 
chang’d, viz. 4,*+ A*—c, is the Sum of the Roots4, and A, 
and -— f ; the known Quantity of the third Term 4 b ~*ac 
— be is the Sum of the Re&angles under each two of the 
Terms a and A, a and > c, b and — c ; and the known 
Quantity of the fourth Term under its Sign chang’d, — abc 9 
is the only Con tent generated by the continual Multiplica¬ 
tion of all the Terms, 4 by A into — c. Moreover, by nj u ^ 
tiplying thatCubick Aquation by x — d> there will be pro¬ 
duc’d this Biquadratick one $ 

,T 4 
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+ 4 b 

- AC 

— be 
4- ad 
-j“ b d 
—cd 


+ abc 
— abd 

**+M 

acd 


x-+*bcd 


0 * 


Where the known Quantity of the fecond Term under its 
Signs chang’d, viz,. *-\rb — cd, is the Sum of all the 
Roots ; that of the third, ab—ac — bc-^ad-^- bd — cd 9 
is the Sum of the Re&angles under every two ; that of the 
fourth, its Signs being chang’d, -~' 4 bc-{-abd~kcd—* 
acd, is the Sum of the Contents under each Ternary ,* that 
of the fifths -— abed, is the only Content under them all. 
And hence we firft infer, that all the rational Roots of any 
Equation that involves neither Surds nor Fra&ions, and the 
Re&angjes of any two of the Roots, or the Contents of any* 
three or more of them, are fome of the Integral Divifors qJF 
the laft Term; and therefore when it is evident, that there 
is no Divifor of the laft Term, or Root of the ./Equation, 
or Reihngle, or Content of two or more, it will alfo be 
evident that there is no Root, or Redangle, or Content of 
Roots, except what is Surd. 

Let us fuppofe now, that the known Quantities of the 
Terms of [any] ./Equation under their Signs chang’d, are 
p, Hi r > ** v i & 0 * that of the fecond p, that of thd 

third q, of the fourth r, of the fifth x, and fo on. And the 
Signs of the Terms being rightly obferv’d, makep=-<r, pa 
4-2 q = b, pb -\-qa-\- 3 r = c i p c qb + ra + 
pd 4r qc 4r r b 4” r * 4" 5 *pc qd re 4" sb ta 

4 - 6 v = f. and fo on ad infinitum, obferving the Series of 
the Progreflion. And a will be the Sum of the Roots, b the 
Sum of the Squares of each of the Roots, c the Sum of the 
Cubes, d the Sum of the Biquadrates, e the Sum of the Qu* 4 - 
drato-Cuhes, f the Sum of the Cubo-Cubes [or fxxth Pow¬ 
er] and fo on. As in thp /Equation x 4 — x v — i9*.r 4 “ 

f qx — 30= o, where the known Quantity of the fecond 
erm is — 1, of the third — 1 p, of the fourth 4“ 4 9 , of 
the fifth — 30 5 you mull make 1 — p, 19 = <7, — 49 = r, 
30 = x. And there will thence arife ,a=z (pz=:) 1, = 

(pa-\-2q— 1 4 38=) 39, e — (pb + q* -f ~ 39 
1 9 —147=) —89, d — (pc 4 + r * + 4-t =—894* 

4 741 —49 4 120 —) 725. Wherefore the Sum of tire 

Root 
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Roots will be i, the Sum of the Squares of the Roots 39, 
the Sum of the Cubes — 89, and the Sum of the Biqua- 
drates 723, vfc. the Roots of that ^Equation are 1, 2, 3, 
and — 5, and the Sum of thefe *4-2+3 — ^ is 1 ; the 
Sum of theSquares, I + 4 + 9 + 25, is 39 ; the Sum ot the 
Cubes, 1 + 8 + 27 — 1 2^,is — 89; and the Sura of the Bi- 
quadrates, 1 + 16 -f 81 + 625, is 723. 

And hence are cohered the Limits between which the 
Roots of the ^Equation ihall confift, if none of them is im- 
poflible. For when the Squares of all the 
Of the Limits Roots are Affirmative, the Sum of the Squares 
JEqitdU*ns % will be Affirmative, and therefore greater than 
the Square of the greateft Root, And by the 
fame Argument, the Sum of the Biquidrates of all the 
Roots will be greater than the Biquadrate of the greateft 
Root, and the Sum of the Cubo-Cubes greater than the Cu- 
bo-Cube of the greateft Root. Wherefore, if you defire the 
limit which no Roots can pafs, feek the Sum of the Squares 
of the Roots, and extra# its Square Root. For this Root 
will be greater than the greateft Root of the ./Equation. But 
you’ll come nearer the greateft Root if you feek the Sum of 
the Biquadrates, and extra# its Biquadratick Root; and yet 
nearer, if you feek the Sum of the Cubo-Cubes, and extra# 
its Cubo-Cubical Root, and fo on ad infinitum. 

Thus, in the precedent Equation, the Square Root of the 
Sum of the Squares of the Roots, or V39, is 6 § nearly, 
and 6; is farther diftant from 0 than any of the Roots 1, 
2,3,—^. But the Biquadratick Root of the Sum of the 

4 

Biquadrates of the Roots, viz,. V723, which is ^ £ nearly, 
comes nearer to the Root that is moil remote from nothing, 
viz,. — 5. 

If, between the Sum of the Squares and the Sum of the 
Biquadrates of the Roots you find a mean Proportional, that 
• will be a little greater than the Sum of the Cubes of the 
Roots connected under Affirmative Signs. And hence, the 
half Sum of this mean Proportional, and of the Sum of the 
Cubes coJlefled under their proper Signs, found as before, 
will be greater than the Sum of the Cubes of the Affirma¬ 
tive Roots, and the half Difference greater than the Sum of 
the Cubes of the Negative Roots. And confequently, the 
greateft of the Affirmative Roots will be kfs than the Cube 
Root of that Semi-Difference. Th«s, in the precedent 
quation, a mean Proportional between the Sum of the Squares 
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of the Roots 39, and the Sum of the Biquadrafes 725, is 
nearly 168. The Sum of the Cubes under their proper Signs 
was, as above, —89, the half Sum of this and 168 is 
39 the Semi-Difference 128 }• The Cube Root of the 
form r, which is about 3 |, is greater than the greateft of 
the Affirmative Roots 3, The Cube Root of the latter^ 
which is 5 Vr nearly, is greater than the Negative Root—5. 
By which Example it may be feen how near you .may? conte 
this Way to the Root, where there is only one Negative Rpot 
or one Affirmative one. And yet you might come nearer yet, 
if you found a mean Proportional between the Sum of. the 
Biquadrates of the Roots and the Sum of the Cubo-Cubes. 
and if from the Semi-Sum and Semi-Difference of this, and 
of the Sum of the Quadrato-Cube of the Roots, you ex- 
trafted the Quadrato-Cubical Roots. For the Quadrato-Cu¬ 
bical Root of the Semi-Sum would be greater than the 
greateft Affirmative Root, and the Qpadrato-Cubick Root 
of the Semi-Differeixe would be greater than the greateft 
Negative Root, but by a lefs Excefs than before. Since there* 
fore any Root, by augmenting and diminifhing all the Roots, 
may be made the leaft, and then the leaft converted into the 
greateft, and afterwards all befides the greateft be made Ne** 
gative, it ismanifeft how [any] Root dtfiredmay be found 
nearly. 

If all the Roots except two are Negative, thofe two may 
be both together found this Way. The Sum of the Cubes 
of thofe two Roots being found according to the precedent 
Method, as alfo the Sum of the Quadrato-Cubes, and the 
Sum of the Quadrato-Qu idrato-Cubes of all the Roots: 
between the two latter Sums feek a mean Proportional, and 
that will be the Difference between the Sum of the Gubo- 
Cubes of the Affirmative Roots, and the Sum of the Cubo- 
Cubes of the Negative Roots nearly 5 and confequently, the 
half Sum of this mean Proporticnal, and of the Sum of th:: 
Cubo-Cubes of all the Roots, will be the Semi-Mim or the 
Cubo-Cubes of the Affirmative Roots, and the Scmi-Diifc- 
rence will be the Sum of the Cubo-Cubes of the Negative 
Roots. Having therefore both the Sum or the'Cubes,, and 
alfo the Sum of the Cubo-Cubes of the two Affirmative 
Roots, from the double of the latter Sum lub trail die Square 
of the former Sum, and the Square Root of the Remainder 
will be the Difference of the Cubes of th,-two Roots. And 
having both the Sum and Difference of the Cubes, you'll 
have the Cubes themfelves. Extracl their Cube Roots, uni 
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you’ll nearly have the two Affirmative Roots of the j£qua« 
tion. And if in higher Powers you fhould do the like, 
you'll have the Roots yet more nearly. But thefe Limita¬ 
tions, by reafon of the DHE. ulty of the Calculus, are of Jefs 
TJfe, and extend only to thofe ^Equations that have no ima- 

E inary Roots, wherefore I will now Ihew how to find the 
imits another Way, which is more eafy, and extends to all 
jEq nations. 

Multiply every Term of the Equation by the Number of 
its Dimensions, and divide the Produfl by the Root of the 
^Equation ; then again multiply every one of the Terms that 
come out by a Number Jefs by Unity than before, and di¬ 
vide the Product by the Root of the Equation, and fo go 
on, by always multiplying by Numbers lefs by Unity than 
before, and dividing the Produ& by the Root, till at length 
all the Terms are deftroy’d, whofe Signs are different From 
theSign of the firft or higheftTerm, except the lafl; and that 
Number will tc greater than any Affirmnive Root ; which 
being writ in theTerms that come out for [or in room oFjthe 
Root, makes the Aggregate cf thofe which were each Time 
produc'd by Multiplication to have always the fame Sign 
with the firft or higheft Term of the ^Equation. As if there 
was propos’d the Equation x x 2x* — io*' + $Oxx + 
63 x — 120 = 0. 1 firft multiply this thus ,* 

«< - at* - io*» + Z olx + 63 x - 120* ThenI ^ in 
multiply theTerms that come out divided by x, thus,* 

5 ^-si’ - 3cXX + 6ox + 63* And dividing the 
Terms that come out again by .r, there comes out 2ox ’ — 

24 xx — 60 x + 60 ; which, to leffcn them, I divide by 
the greateft common Divifor 4, and you have — 6xx 
5 . Tiiefe being again multiply'd by the Pro- 
greffion 3, 2, 1,0, and divided by x , becomes 5## —4* 

— *5. And thefe multi ply’d by the Progrcflion 2, 1, 0, and 
divided by 2 x become ^ x — 2. Now, fince the higheft 
Term of the .Equation x ' is Affirmative, 1 try v/hat Num¬ 
ber writ in thefe Produ£ls for x will caufe them all to be 
Affirmative. And by trying i, you have *5 x — 2 3 Af¬ 

firmative ; but *)XX — 4#—- 5, you have — 4 Negative, 
Wherefore the Limit will be greater than 1. 1 therefore try 

fome greater Number, as 2 and fubftituting 2 in each for 
a:, they become 
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5 * —2 == 8 

5**—4* —5 ’ = 7 

5* 5 — 6xx —15# 4-15 =1. 

q* 4 — $x* —$oxx+ 6 ox 4*63 —79 

— 2 X*~- IOX* + 30**4-63* — 120=4611 

"Wherefore, fince the Nu rubers that come out 8.7.1. 79. 
46. are all Affirmative, the Number 2 will be greater than 
the greateft of the Affirmative Roots. In like manner, if 
I would find the Limit of the Negative Roots, I try Nega¬ 
tive Numbers. Or that which is all one, I change the Signs 
of every other Term, and try Affirmative ones. But having 
chang’d the Signs of every other Term, the Quantities in 
which the Numbers are to be fubftituted, will become 

5* +2 

*»*■*■ 4* 4* —s 

^*’ 4*6** — I^AT f— 15 

5* 4 4 - 8 ** — 30**—-60* +63 

*‘ 4 * 2 * 4 — 10 ** — 30 ** 4-63 * 4 * I 2 C. 

Out of thefe I chufe feme Quantity wherein the Negative 
Termsfeem moft prevalent; fuppofe 5* 4 + 8^’ — 20 xx 
— 6 ox 4 * 63, and here fubftituting for * the Numbers 1 
and 2, there come out the Negative Numbers —14 and 
*—23. Whence the Limit will be greater than — 2. But 
fubmtuting the Number 3, there comes out the Affirmative 
Number 234. And in like manner in the other Quantities, 
by fubllituting the Number 3 there comes out always an Af¬ 
firmative Number, which may be feen by bare InfpeCtion. 
Wherefore the Number — 3 is greater than all the Nega¬ 
tive Roots. And fo you have the Limits 2 and — 3, be¬ 
tween which are all the Roots. 

But the Invention of Limits is of Ufe both in the Re¬ 
duction of ^Equations by Rational Roots, and in the Ex¬ 
traction of Surd Roots out of them ; leaft we might fome- 
times go about to look for the Root beyond thele Limits. 
Thus, in the laft .Equation, if I would find the Rational 
Roots, if perhaps it has any; from what we have faid, it 
is certain they can be no other than the Divifors of the laft 
Term of the Equation, which here is 120. Then trying all 
its Divifors, if none of them writ in the ./Equation for * 
would make all the Terms vaniih, it is ceroin that the JSr 
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quation will admit of no Root but what is Surd. But there 
are many Divifors of the laft Term 120, viz- 1. — 1. 
2. — 2. 3*— 3. 4.— 4. 5. —5, 6 —6. 8.—8. io* — ic. 
12.— 12. 15.-13. 20.7^20. 24. — 24. 30.— 20. 40. 
— 40. ,60, —. 5 bj 120- and — 126* To try all thele Divifors 
would be tedious. But it being known that the Roots are 
between 2 and — 3, we are free'd from that Labour* For 
now there will be no need to try the Divifors, unlefsthofe 
only that are witl^in thcfe Limits, viz,, the Divifors 1, and 
7- 1, and — 2. For if none of thefe are the Root, it is cer¬ 
tain that the Equation has no Root but wnat is Surd. 

Hitherto I have treated of the. Reduction ot ^Equations 
which admit of Rational Divifors $ but before we can con¬ 
clude, that an jEquattan of four, fix, or more 
The 'Reduttion Dimenfions is irreducible, we mull firft try 
of ^Equations whether or not it may be reduc’d by any Surd 
by Surd Divi- Divifor 5 or, which is the fame Thing, you 
firs . mull try whether the ^Equation can be fo di¬ 

vided into two equal Parcs, that jfou can ex¬ 
tra# the Root, out of both. But that may he done by the 
following Method. ' 

Difpofe the Equation according to the Dimenfion of fome 
certain Letter, fo that ill its Terms jointly qnder their pro¬ 
per Sifens,, may be eqqal to riothiiig, and let the higbetl Term 
be adte#ed with an^AfErmative Sign. Then, if the ^Equap 
tion be a Quadratick, (for we ; may, add this Cafe for the 
Analogy of the Matter) take from Loth Sides the, loweft 
Term, and add one fourth Part of the Squ ire of the known 
Quantity of the middle Term, As if the jEquationbe 
Xx~~ax —£7=0, fubtra# from both Sides y-b 9 and add 
i a t a f ' and there will come out x$.t- ax 4 - \aa — b + %ax 9 
and qxt ra&ing on both Sides the Root,, youil have * — 

=+^ 4 - 4 * a , °?*= 

Now, if the ^Equation be of *fdur Dinienfiorfe,» fuppbfe 
x A px* ^'qX'X + 'rx-^r ; t=o, whcre>p, q r r, ‘and j -de¬ 
note the known Quantities of :the Terms of the i&quatian 
adfeSed by their proper Signs, rhake 

Then put for n Tome common Integral Differ of the 
Terms £ and <2 (, that is not a Square, and which oughttb 
be odd, and divided by 4 to leave Unity, if either of the 
Term* p and r be odd. Put alfo for ifodie Divifor 6 E the 
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QjJWtity - if p be even ; or half of the odd Divifor, if* 

be odd ; or nothing, if the Dividual £ jbe npthjng. Tajc$ 
the (Quotient frppi jfi, and caR the half of the Remain* 

der h Then for Q put . rt”- and try if n divider 

•2 . .. • 
QQ,—h and the Root of the Quotient be rational and 
equii; to i ; which if dt happen, add tp each Part of ihe 
inkkx + nil, and extras die Root 
on hottb Sides, the^ coming out xx | pq? Vis-in* 

P> * ■' • • --- • : -- 

For Example, let there be’ propos'd the ^Equation x* + 

.12 x-y 17 — 0, fnd becpufe p and q are bojji here wanting,' 
and r is i2, and / is — 17; having fubltituted thefe Num-* 
bets,. you’ll have 5 = 0, &= 12, and <=31 — 17, and the 
only common Divifor - of ¥> and 2 viz* 2, will be h* 
ft* 

Mpreoyer^ ^ is 6 } and its^ivifors i, 2, i}, and 6 , are fuc- 

ceffively to be try’d for I, and — 3, —.2, — 1, — j, for / 

(t d - fth.'lt , ' * 

peijpeaively. But .*——7--, • that is, II js e^oal jto gi 

Moreover, ^ that is, j/ QQ if 7 is equal to/.' 

-Where the even Numbers 2 and 6 are iwrit for I, j£>i R 4 
and'36, and Q — s .wjll be an odd Number, and conse¬ 
quently cannot Obe divided hyjior i . Vy^ere^ore thole 
Number^ 2 and 6 are to be rejected. But when t and 2 
are fait 15 * I ,Q is-f arid 9, and QQj—-t is 18 and 98, 
.yhich Ig^i^ers tyay he diyide$ by »,, and the. Roots qf the 
Quotients,erttaSed. For they are + 3 and +7 j whereof 
oPly i—»3 agrees with/, f put therefqre 1,/ = -—.3, 

and Qxz ij and 1 ad(l the Quantity nkhxx + 2»!/# 4 “ 
2Zftxr~ •l i 2^ 4 * ;toepch F^ft df the Aqua¬ 

tion,and there comes out x* 4" 2.x x 4- 1 = 2xx — 12* + 
18; and extrading on both Sides the -Root x x 4- 1 = v V 2 
—- 3/* But if you had rather ayoid the Extra&ion of the 
jRoot,' m$p xx,-\- jtj>x-j- Q=zYn y.kx 4•'/, and you’ll 
find, 4 s hefqre, Xx 4 " 1 seiV2 )< x —3- And if.again 
you extrad the R oot of this A quation, there fall ,cpme out 

*= + | V2 + - + 3V2, that is, according to the 
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Variation of the Signs x— § V2 + V^gV2—- f» > 1*1 x=t 

\S /2 — V 3 -/2 — f. Alfo* —— 5V2+ V''—3*^2—i» 

and x ~—| V2 — —3V2—f. Which are four Roots 

of the ^Equation at firft propos’d, at 4 -f- 12 a: —17 = O. 
But the two laft of them are impoffible. 

Let us now propofe the ./Equation * 4 — 6 x * —58** 

— 114* — 11 = 0, and by writing — 6 , — «j8, —114, 
and — xi, for p, q, r, and t refpeflively, there will arife 
—67 = a, —315and—ixq3^ = t; theonly com¬ 
mon Divifor of the Numbers £ and 2 (, or of — 31^ and 

•— —33 ig and confequently will be here n, and the Di- 

ft 

vifors of - or —105, are 3,'5, 7, 15, 21, 35, and 105, 

If 

which arc therefore to be try’d for 4. Wherefore, I try firft 
3, and the Quotient — 35 which (comes out by dividing 

a . „ 

- by i, or — io<j by 3) I fubtrafl from fpi, or — 3 X 3, 
and there remains 2 6, the half whereof, 13, ought to be /. 

,+.n ft+n .-.htfr 


But 


or 


20, will be j£?> 


2 2 

and .£? jP — r will be 411, which may be divided by at, or 3, 
but the Root of the Quotient, 13 7,cannot be extra fled. Where¬ 
fore I rejefl 3* and try 5 for f. The Quotient that now 

comes out by dividing - by i,or —io<j by 5, is — 21; and 

fubtrafling this from j'p k, or — 3 x 5, there remains6, the 

half whereof 3, is/. Alfo jg, or that is, 

“~&7 i s the Number 4. And /, or i6-$- n, 

may be divided by n ; and the Root of the Quotient, 
which is 9, being extrafled, i.e. 3 agrees with /. Where¬ 
fore I conclude, that / is — 3, k — 5, 4, and n = 3 ; 

siild if nfJx* + 2»J/*-l-»//, that is, 7^**4- 90*+ 
27, be added to each Part of the ./Equation, the Root may 
be extrafled on both Sides, and there will come out xx-f 
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ye ^~3 i and die Root being again extrafted, *=—— 

, // _ , 21 x V? 

± r ! 7 ±—-—• 

Thus, if there was propos’d the ^Equation * 4 —9*? *f 
i<** —27*4- 9 = 0, by writing—9, + IS % —27, and 
4 - a for p, 4, r, and , refpeftively, there will come out 
Z.?i=«,— 50 ^ = ^ and 2^ = ?. The common Di- 
vifore of and 2 ?,or— 4 £< and ',u are 3, 5, 9, iq, 27, 45 . 
and 12S *, but 9 is a Square Number, and 3, i«>, 27, I 35 » 
divided by the Number 4, do not leave Unity, as, by reafon 
of the odd Term p they ought to do. Thefe therefore be¬ 
ing rejefled, there remain only <5 and 45 to be tryd for». 
Let us put therefore, firft n s= and the odd Dmfort of 

— or—V being halv’d, vie. t, r> V» t.,* 1 * t0 be 

try’d fot 4. If 4 be made f, the Quotient — V. which 

comes our by dividing - by 4 , fubtrafled from §p 4 , or 
n 

— *, leaves 18 for /, and or — 2, is £, and 

O O — s, or — «>, may be divided by », or q ; but the 
I&otof the Negative Quotient — 1 is lmpoffible, which yet 
ought to be 18. Wherefore ! conclude 4 not to be f, and 
then I try if it be 4. The Qjiotient which anfes by divid¬ 
ing - by 4 , or — V by r> viz ” the Q« otient — V I fu b- 
traa*from |p4, or — V, and there remains o J whenc^ 
now / .will be nothing. But * , or 3, is equal to 

O and OO—s is nothing ; whence againT, which is 
the’Root of j? Q —*, divided by n, is found to be nothing. 
Wherefore thefe Things thus agreeing, I conclude » to be 
i — 1, 1 — o, and jg— 3 ; and therefore by adding to 
each Part of the ./Equation propos’d, the Terms nkkxx + 
2 nlkx + »U, thatis, *ixx, and by extrafling on both 
Sides t he Squa re Root, there comes out xx + jp* + J< = 

VnXkx + l t that is, xx— 4! * + ^5 * £*• . 

By the fame Method, Literal ^Equations are alfo reduc d. 

As if. there was x* — 24* 1 ^' m *** 2 *’* + * 4 — 

", ( by 
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rf, has the Divifor* i 4< g ut 


will be n j and - or 

n* r r ' w * F 11 ^ <f. OUC 

©ecaufe nit of two Dimenfions, and iVn oueht to be of 
no more than on c , therefore i will be of none/and confe- 

quently cannot be 4. Let therefore k be r, and - being di- 

Vided * *» take Quotient from fpi, "and there 
will remain nothing for/. Moreover, or< „ i? 

frSr fci*3a£ 

i-rw-'sS: 

= *** + /, that is, **-4* + 44, 

Foul/ha * aJrCC ‘, th e _ Ro °t b eing, again extratfed 

|T 9 ttll have * wr f 4 + * V44-b ff + * 

V iff—|44±|4V^44 -frr. 

^^ssSSJSiai- 

= 0 was propos’d, by fobfitqtjng - i * TjS 

^ir sic ■ 

»•«*. of 

.odd; annto be’try’d 5 for i 7S rf^7 whereof & f»> 
u ror *. And rf fori we try f, you’ll 

aVC »i*« *=" 5. _ a«d dts.fctff «r 4-■=•*/.. Alfo 
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it -{- n I i 


= §=?g, and 


gg-' 


2= 6*, the Root where* 


2 9 » 
of agrees with /. I therefore conclude, that th6 Quantities 
if, i, /, i2. ait rightly found ; and having added to each 
Part of theiEqmtion ; the Terms nkkxx-f- 2nklx + »//, 
that is, 6 i x&~ i2 f *6the Root may be exftafted 
on both Sidefr; and by that Hxtta&ion there will come out 

* x + |p* + jg±r±V» X that is, **— \x -+■ 

f=r£ 1 X —2 or *•*—3* + 3 =0* and #,*+ 
2X — 2=0, and fo by thefe two Quadratic)* Equation* 
the Biquadratic!* one propos’d may Tpe divided. But Ra¬ 
tional DiviforS of this Sort may more expeditioufly be found 
by the other Method deliver'd above. 

If it any Time there are many jDivifors of the Quantity 

A 

—fo that it may be too difficult to try all of them for t % 

a 

theirNumber may be foon diminilh’d, by feeking all the Di- 
vifors of the Quantity, at —frr. For the Quantity 
ought to be equal to fome one of thefe, or to the half 
fbme Odd one. Thus, in the laft Example, */—|rr it 
*— 4,fame one of whole Divifors, 1,3, p, or of them halv’d 
a» 4 > T» ooght to be Q. Wherefore, by trying fingly the 

halv’d Divifors of the Quantity—, vis-, f, 4 » t, t* ¥» *n 4 

y for if, I rejefl all that do not make 4 * -h f » 4 or 
*“ ¥ + ’M * 5 that is, jj? is one of the Numbers t, 3, p f 
f,4, 4. But by writing |, 4, 4 v V. &c - f° r *, thtte come 
out refpeSiveiy — 4, -—4, *4* y»+ V» & * f° T g» out of 
which only — 4 and 4 are fbun 1 among the afomaid Num¬ 
bers 1,5, p, f. 4, 4, and eonfequently the reft being rejefl- 
ed, either k will be = 4 an d Q.—~~ t> ?>r 1 — 4 and 0 
— i. Which two Cafes ate examin’d. And fo much oF 
Equations of four Dimen lions. 

If an .Equation of ftc Ditnenllons is to be reduc'd, let it 
be x* ^px ’ -h?* 4 "h r x' 4-***+** + '*'=s:o; and 
inake 

q— Tpp = *. Y —fp*=:P. s —fp&:Ss>'. 

. 4**=?. r-*f*P==»» v — 

'<9"—4«H'=a. 

Then-hike for fome common Integer Divifor, that is not 
a Square, out of the Terms 2?, w, 29, and that likewife is 

not 
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Dot divifible by a Square Number, and which alfo divided 
by the Number 4, {hall leave Unity ; if but any one of the 
Terms p, r,t be odd. For k take lome Integer Divifor of 

the Qiiantity-if p be even; or the half of an odd Di- 

2 If If 

vilbr if p be odd j or o if * be 0. For Q_ [cake] the 
Quantity § * + § nkk. For / fome Divifor of the Quan¬ 
tity P~ r ""** ^ -- —- if j^be an Integer ; or the half of 

an odd Divifor, if be a Fraflion that has for its Deno¬ 
minator the Number 2 ; or o, if the Dividual [or the 

Qpantity] —£ be nothing. And for R the 

If 

Qpantity fr— § Qp ■+■ f nkl. Then try itRR —v can be 
divided by », and the Root of the Quotient extra fled; and 
befides, if that Root fee equal as well to the Qpantity 

OR —ft . „ . OO + pR—nlls tc 

———— as to the Quantity —-— -. If 

nl ink 

all thefe happen, call that Root m ; and in room of the dE- 
quati on proposed, write this, f p** + Qj* + r = + 

kxx -+IX+ m. For this Equation, by fquaring its 
Farts, and taking from both Sides the Terms on the Right- 
Hand. will produce the ./Equation propos’d. Now if all 
thefe Things do not happen in the Cafe propos’d, the Re- 
duflion will be impoifible, if it appears beforehand that 
the ./Equation cannot be reduc’d by a rational Divifor, 

For Example, let there be propos’d the ./Equation x 6 — ■ 

~ 24 abb 


xx 


+ 3 a A 4 


* 4 bb ~ °* 


i 'ax' -J- 2bbx* + zabbx' 24'b 

•—4 ab ' 

and by writing —24, +2 bb, + 2 abb, —2 aabb -f 24 s * 
— 44^’, o, and %44b* — 4 4 bb for p, q, r, s, t , and v re- 
fpeflively, there will come out 2 bb —4 4 ~ *. 4 nbb — 

4 ’=^. 24 i* b 244 bb — 44k 5 — 4 4 = y. — b* -J- 

2 a'b + % 44 bb — 4 4 .^’ —(■ f 4 * — 4 ' i bb — v,and 

3 4 zb 4 — 4 4 bb —-|4* — 0. And the common Divifor of 
the Terms 2 ( } and ^B, is 44 —2 bb, or 2 bb-—* 4 , ac¬ 
cording as 44 or 2 bb is the greater. But let 44 be greater 
than 2 bb t and 44—2 bb will be n. For n mud always be 


Affirmative. 


( H 

Moreover, - is —£44 + 24b 4 - idb , - is 
. n n 
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? j/and - is — f 

' .* -r , # > ! 

0 «H- . A 

" r t ) or ; ^ 
» » 2** 


' * 

<* -i-^AAbb, and cenfequent'y — Jt- 

, 2» 

|<T J> + k a * M — f rf?fr* —* 
. '•{ 14 *' * ■ ' 

aab A j the Divifors whereof are i, < a a ; but becatife 

%f n x & cannot be of more than one Dimenfion, and the 
Vn is;o£bne, therefore# will be of none ; and consequently* 
can o^Jy be a Number, - Wherefore, rcj< fling a and a a* 
there remains only i for h Btfides^ + gives o 


for j Qj and 


•&r^£Qp—t 


is alfo nothing; and confe- 


J uently /, which ,ought. tQ be its Divifor, will be nothing* 
aftfyj, ?Pj 2 + k'nll gives abh for R. And RR — v 
is — 2 aab* a* lb, which may be divided by », or * 4 
-f-*2 hb* and the Root of the Quotient <a#bb be ejetrafled* 
sind, that Root taken Negatively, vizi.—db 7 i& not unequal 


tp the indefinite Quantity 


£R» 


■f? 


nl 


J2 Q-b-pR—rnll ^ -f 


or but equal to 
o 


Wherefore? 


the.definite Quantity — ^ 

thatRoot — a b will be f iw, and in the,room of the &qua- v 
tion propos'd, there may be writ —fp Qx + £* 

rrV'rX bxx + lx + nt 7 that is, 'x' — axx + abb=£ 
Vda — ib'b X xx — ab* The Truth of which ^Equation 
you m&y prove by fquaring the Parts of the ^Equation 
found; and taking away the Terms oh the Right Hand from 
both Sides. From that Operation will be produc'd the jE- 
quation x 6 — 2 ax* 2 bbx* 2 abb x* — 2 a abb x x 
24'bxx — ]\ak'xx + zaab 4 — 4 4 H==0, which was to 
be reduc'd. . 

If the ./Equation is of eight Dimenfions, let it be x % •+* 
px'^qx* + rx' + ;'* 4 + + vxx + wx + 

?nd make 4— |pp = <t. r^fp* = P!. s «— |pp>—• !**==: 

y. t—\py — f = v — j*y — = .w — §&y 

s^ ( 9 and i^-%y?=zv, And feek a common Divifor of 
the Terms 2 ^, 2«, 2<, 8 m, that fliall be an Integer, and 
neither ^Square.Number, nor divifible by a Square Number; 
apJ which >alfo divided by 4 fliall leave Unity, if any of 
the alternate Terms p, r, r, » be odd, If there be nofuch 
common Divifor, it is certain, that the ^Equation cannot 
redpe'd by the Extraflion of a Quadratick Surd Root, 

F f and 
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and it cannot be fo reduc'd, there will fcarce be fhnnl a 
common Divifor of ill thofe font Quantities. The Open, 
tion therefore hitherto it a Sertof an Examination, whether 
the Equation be reducible ot not} and confequendy. fince 
that Sort of Kedu&ions are feldom poffibte, k will moft 
commonly end the Work. 

And, by a like Reafon, if the Equation be of ten, twelve, 
or more Diiwufions, tlie Impoflibility of its Redu&ion may 
be known. At if it be + px'+qx* + r* J -f sx* 
+ tx' -f + •+ b *' + *■* + d =°> you moft 

Ijiakeq —|pp=s», r —£pat=£, r-*-£ p£*—i** — y? 
t — % py — }*?> = v — 4-p^ ~ -f*> *— — 

4-aJ"—^ e—iyJ'ss^ 

d_,± j j 1 —k. And feek fuch a common Divifor to the 

4 «e Terms, as 2 ?, 8«, 4 9 > 8*, as is an Integer, and not 
a Square, but which ft»U leave, j when divided by 4, if 
any one of the terms r, t, * t c be odd. 

So if there be ah Equation of twelve Dimensions, as 
#'* -f- px' 1 + qx' ° ■+■ r#’ -V* tx * 4- tx 1 -f- vx* + a** 
-fijr. 4 -{-ex' r\-die' + *X -f f =r O, makeq~^pp~*, 
r —t — -?p&r“i (t *=:t—--^p.? —-fafissJ* 

— $£&=**, 4 —±pt — l.a.S—Lt,y — 

ixk— T^‘— T^r-i^^sssS f— 8, d — 

4->*—i f—j«»=^ aid you mud 

feek a common Integer Divifor of the fix Term; a £, 8 k, 4 9, 
8 *, 4 s 8 M, that is riot a Square, but being divided by 4 
fljall leave Unity, if any one of the Terms p, r, t, *,c,t 

be odd.. 

‘And thus you hky. go on 4d infinitum? and the propos’d 
Equation will be always irreJuceable when it has no com¬ 
mon Divifor. But? if at any Time fuch a Divifor « being 
found, 'there are Hopes of a future Reduction, and its may 
be found by working or following the Steps of the Opera¬ 
tion we fhew’d in the .Equation of eight Dimensions. 

Seek a Square Number, to which after it is muldply’d 
by n, the laft Term a of the Equation being added under 
its proper Sign, {hall make a Square Number. But that may 
h* expeditioufly perform’d if you add to e,, where m ,is an 
e^en Number, or to 4 c when it is odd, theft Quantities 
fucceffively n, \n, ■ju, 7«y p», it n, and fo On tit! die 
Sum becomes equal to fbme Number in the Table of Squke 

Nam 
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Numbers, which I fuppofe to be ready dt Wand. And ifno 
fuch Square' Number Occurs before the Square -Root of that 
Sum, augmented by the Square Root of the Eicefs of that 
Sum above the laft Term of the .Equation, is four times 
greater than the greateft of the Terms of the propos’d &■ 
quation p, q, r, s, r, v, &c, there will be no Oecalionto try 
any farther. For then the Equation cannot be reduc'd. 
But if fuch a Square Number docs accordingly occur, let its 
Root be 5 if a is even, or 2 S if n be oddj and call the 
*SS* ■ t. ■ 

Y ——r—■ sab* < But s and b ought to be Integers if a if 


*ven, but if »is odd, they miy be Fra&ions that have 2 
for their Denominator. And if one is a FradiOn, the other 
Ought to be lo too. Which alio is to be obferv’d of the 
Numbers R and M, Q and /, P and k hereafter to be found. 
And all the Numbers S and b, that can be found within the 
prelcrib’d Limit, mull be collefled in a [Table or] Gita* 
logue. 

Afterwards, for Cl) all the Numbers are to be fucceffively 
try’d, which do not make nk± jp four times greater than 
, the greateft Term of the Equation, and you mull in all 

• Cafes put- ^ ■ s=, Qi Then you are to try fucceffively 

for / all the Numbers that do not make nt + Q four times 
greater than the greateft Term of the Equation ; and in 

every Tryal put ~ + qk'It^R. Laflly, for m 
4 

you mull tty fucceffively all the Numbers which do not make 
nm^-R tour times greater than the greateft of the Terms of 
the Equation, and you mull Tee whether in any Cafe if you 
make /*— — PR"\-rill=z iH, and H 4 - *lw = S, 

let S be feme of the Numbers which were before brought 
into the Catalogue for S j and befides, if the other Number 
anfweririg to that 5 , which being Tec down for b in the Carte 

Catalogue, . will be eqpal to thefe three, —J? 

, 2 n w 

— v—nmnt PS-f 6 2j2& > — jj. 

i . qal ** 2»k 

all the^b: Things ihall happen in any Cafe, inftead of the E- 
quetfoft propos'd* y pu mull write this, x 4 4 * 

•• 3 ’i' 1 -. •• • ' '! u> i .> i »• , . . 4 . - 

F f 2 r mn | p For 
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For Example, let there be propos’d the Equation *' -f* 

4* 7 — X s - ioar' ^Af 4 - $X' — IOAT.V *— io x — ^ 

s=0, and you'll have q — 5 pp ——-1 — 4 — —■ 4 — *. 
r — 4-p* —.— io + io=o=t£. s — ~pe> — Jn- 5 — 

V = — l = >. t—ipy — 4 ^=— 5 + 4 -=— 4 - = ^ 

|/sii=—10 — v =— V- w--t- p, ?'=— 


io = j. 


j-y — — 4 —4.' — u. Therefore 


2f, 2*, 2 <, 8 w refpectively are —5;—'■?% ’—20, and 
' 4 ', and their common Divifor 4. which divided by.4, 
leaves 1, as it ought, becaufc the’Term s is odd. Sine* 
therefore the common Divilbr a, or 5, is found, which gives 
hope to a future Redudlion, and becaufe it is odd to 4%, os 

— 20, I fucceffively add a, 3 a, 5 a, 7 a, 9 a, &c. or 4, 15, 
25, 35*45, and there arifes 15, 0, 24, 60, 105, 160, 
225, 300, 385. 480, 585, 700,. 825, 960, 1x05, 1260, 
1425, i 6 co. Of which only o, 25, 225, and 1600 are 
Squares. And the Halves of thefe Roots 0, 4 -, t , 20, col¬ 
lect in a Table for the Values of S t and fo the Values ot 

y —that is, I, t» r> 9, for But becaufe S + a b, 

if 20 be taken for 5 * and 9 fo* 6, becomes 6 «*, a Number 
greater than four times the greateft Teimof the ^Equation, 
therefore I reje& 20 and 9, and wjite only the reft in the 
; Table as follows : 

h I I'T-T - 
S [ 0-T. t‘ • 

. Then try for i all the Numbers "which do not make -1 + 
n \, or 2 ± 5 i, greater than ,ao, (four times the greateft 
Term of the ^Equation) that is, the Numbers—8, ——6 f 
~ 5. —4. — 3> —2> — i, 0, I, 2, 3, 4, 5, 6, % put- 
a, i — * , . , K ,~ , 

tmg-, Or i--thatis, the Numbers 3 4 -S 1201 

<■ 2 2 t 

* 4 -% 60, V, 20, '- 4 , 0,' — 4 -, 0, 20, V, 60, • 't'» 120, 

refpedliyely for Q. Put even when Q + nl, and much 
more ought not t6 he greater than 46, I perceive 1 an 
to rejedt ’i', I.2P, , ( 4 '',_and 60 , and their Coriefppndents 
d—8, — 7, — 6, —4,5, 6, 7, and coufequently that only 

— 4^-r?, —r 2, *— 1, 0, 1, 2, 3, 4, muft iefpedUvely be 
try’d for 1,‘and’ V, 20> r , 0, —4, 0»'r » 20,-¥* 
ftivelf for P. lerhs therefore try^'t ; for i, 'and 0 for jP, 
and in this Cafe for /.there will - betdtoQ^efSyely to;by. .trjn 
*11 the Numbers which do not make Q+nl greater than 
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40, that is, all the Numbers between -10 and *r-.ib«triafid 
for R you are refpeflitfely to try the Nuri^ers 
+ nk /, or — «* l; that is, 

— 30, —2^, — 20, —15, —10, J - «{1 oV*{, ioi 1 .1*5; 20; 
25, 3^, 40, 45, the three former of JtvMchafid the4aft ®8- 
caufe they are ^rearer than 40, may bd[rteglefted^ n Let v tt| 
try therefore ~ 2 for /, and *5 for W; dfad in this’Cdfe T fo# 
m there ’will be befides* to be tryd alhthe Nuiiib^rs trflibh'dd 
not make XHrwif, or 5 + ww^ greater than 46^ that is,« ail 
the Numhers between 7 and *=- 9, "arid fee whether dr \110c 
by putting t — Q Q pR -4 <w 1 % that i$ ^ 20 aes of 
5 = 2 fl^let H^nkm y or 4— 50*=5, tha^i* if, 


thefe Numbers - 


— S Y * 5 2 5 


1*5 IZ55 —4* r—35 —25 __ 
2* > ’ 2 , „ 

35>45 ' 55 ' K 75 85 ‘ ‘ 




—, is ..equal 

, 2' 2' 2 # 2' 2' - 2 # 2 .. f .2r? .4 2 , ? 

to any of tne Numbers 'o, + 4 » V, 'which "were firU 
brought into the Catalogue for S. vAnd we meet with four 
5>§ thefe ^ 4% —4, 4,, y, to whiclj aiiftyer-rh-J,* 

4, it 4-. being writ for bin the fame Table, afe alfo 2 , I, o, 
— I iubftituted for m • But let us .try —* 4 ®^ S,. 1 £i>r.«ry 
„■ t - „ . • 1 ’ , / 2 RS—w •— 2<-4-io 

and -4- 4 for 0, and you 11 have - . . = — : - 

“ 1 1 ' 2 nm «io r . 


2 n l 


• Vnmm ' 25 4 1 10*^ 5 




pS-f 2 ££— t— 2 nlm __ ? 


— 20; 

«io + S4- 20 
* -y-v—: 


2»1 * —10 
4. Wherefore, fince there comes out in all Cafes ~ 4/' or 
*, {'conclude all the Numbers to be rightly found, and ton- 
fequently that in room of the Au^tioaptoi^d' you muft 
write x 4 -4 kV x i 4" Qj cx ”t~ 4“ S = X \ 

kx* - ylxx J fmx-\-b. t hat is, x 4 + .2 * % -fr 5*t 
V< x —#•’ — 1 k. For by fquaringthe Parts 

-of this, there; will be produc’d dm J^tioo of^gbl^Di* 
meofions,whichwas at firft propos’d. „ : > 

Now, if by trying sill the Cafes of the Numbers, all the 
• srfbreftfid Values of h do not in any Cafejconferit, it would 
he an Argument that the ^Equation “could npt be fojv’d by 
the Eftn£tion of the-Surd QpadntticlbRoot, 


■;,ir 
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' Fndght now join the Reductions of Equations by tfict 
ExtT*ft«H of the Surd Cubic a Root, but thefe, as bong 
feldom OF Ufe, I paf* by. Yet there are fome Reductions 
of Cubick Aquations commonly known, which, if I fhould 
wholly pafi over, the Reader might perhaps think us deficit 
cut lit there be propos’d the Cubick Aquation x l if 4, 
f«r 4 -:rr=soj the fecond Term whereof is wanting: For 
(tat every Cubick Equation may be reduc’d to this Form, is 
•vident from what we have faid above. Let x be fuppos’d 
ea<4-*. ThsnwiBs* 4- y*b+ XAbb + b' (thattsar*) 

(that is, %*bx) «|« 
l^aaso, and^hen wifi - 4 * -j-T* -^-rrno. By tiie former 

Aquation & & sp:.*—‘ and cubicaily b' — — 

Therefore by the lattter, a' - *— +rs=o, ora* +ra‘ 

■. .. Vi* 

*3 ~^» »ud bytbe E«ra£tion of the adfefled Qjiadratick 

R°°t> ** 5=—*f r+ ^ . Extra# tho Cubick 

, - • 2 7 


Root indyou’ll have a. And aboVe } you bad-—- — 1 >, 

' * ~ ... . }4 i 

and a + b sr ft. Therefore a — ^~ is the Root of the A- 

> " ‘ ■ Z* 

quation propos’d. — 

For Example, let there be propos’d the Aquation y 1 — 
6 y -F 12 = o; To take away the fecond Term of 

this Aquation, make x-\- 2 =y, and there will aiift x' if 
— 6 x 4-8 = 0. Where q is =— 6 , re;8, $rr=s id, 

%--*• ?-%**.***+*** 

=ihat is, 2 + V —+± v'T + .. 

v • • y-u.f+v's • 

'■ 1 Ahd aftet thii Way the Roots of -all Cubical Aquations 
fltay be extrafled wherein q is Affirmative ; or alfo wherein 

i^. isNegative, and not greater than | V h, that is, 

Vi’' 1 ': ; ■ 17 


herein tw6 of, the fi^oqs of) the Equation are impoffible. 
Jhjtujhere q is Negative, and ^ at the fame time greater 
- " . than 

Digitized by vjOOQLC 


E *23 1 

fur, ^|rr«—^T become an impoflibfe,T fop fjtj| 

and fo the Root of the .Equation x ot V will, inthis&fcL: 
he linpoffible,. td*. in this Cafe there are three £oflj61e 


re die .Equations q and V, and are indifferently denoted by 
theiettera x and y, and conieqnently all of them may be 
tttfaaeg by the faftie Method, areTexjpttfa’d the fahieWaV 
as anyone is otnafled or exprefsd ; but it i* impoffihlo to 
«*prefi all three bytfje Law aforefaid. The ^aAtity 

whereby * is denoted, cannot fye manyfold, alnd for 

that Reafcn the Suppofitioo that *, in this Cafe- wherein it 

«triple, pay be equal to the Binomial 4— —, or 4 -f b s 

the Cubes of whofe Terms *»-ft? are'togetlwf =r . wid 
trtple llefiangleqai is =*,k plainly 0 impoffible ,~aiid 
itre no Wonder that from an impoffible Hypothecs, an im- 
Poffible Concjudon fliodd follow. . > 

There is, moreover, another Way of exprefline thefe 
vix. from 4* "f + r, that is, from nothing tabs* 

*' + h c * i*±r frr -f —, and there will remain fr’ — 

27 

—' f^^^lrr-f Therefore 4 is = 

3 1 .... 27 — 

i r Jp (/| rr .fif an( J $ 

M 

r~-£.r~-ffjjKf *f — ; 0X4 = 

3^ 27 

^■'“I'r — ^£rr-f —, and &— 

r ' 27 1 

%rr -f —, and confequently the Sum of 

, • ■ l'~~ . .— 1 ^ t -r , - •- 

^ rr-f -f . 

^r"|r«-^Jrr+— will be *; 
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Moreover, the Roots of Biquadratic^ ^Equations hi ay btf 
{ktri&td feud expccWd by fneans of Cubick oney. But Bril' 
you inuft take pw?y,tbe fegond Term'of, .Equation. Let 

fhe Equation .that, {tjien] refulta^be [ x*.+ 9** 4 - r 4 f + s 
Suppofe "this, to he ^eoerated by the Multiplication 
of.'thefe two.,*y f=='°j a ”4. 

^jiktjs^tovbe tbe-J^in? with this x + Jf-'^rg *M 
eez=zq; tg — tf =ir,, and fg~s. Wherefore q ee =s 

,.1U S ,i••• ' 

frfr-fopfr ; 1 ; 1 , ^ gfi 

a^ + 2eey+e 4 — — . ; . ,, /J, y 

; 1 V'T|, 7 ^ 7 ~ C.=fg ) ==/, and by Redu$i<?n eft 

"""* '■jpig—'i yl'ii • ■-.•■■. '■ ' ? M 

o. For « ferrite y, and- you'll 


4 - 2 ee — rr 


•4' 


have y 1 + 2 ^yy ~^L ^ y — r r = 0, a Cubick Equation,' 

whofe fecond Term ,may be taken away, and then the Root 
extracted either by the precedent Rule or other wife. Then 
that Root being had, you mod go back again,, ‘b^ putting. 

q + ee — - q^ee + - _— — • 

Vy = e, --—~ =/, ^-—- ==£, and the tw<^ 

Equations xx •+• ex +f = o, and xx —ex + gz=z O, theii 
Roots being extra&ed, will give the four Roojs of the Bi> 
quadratiek Aquation x*-{- qxx + rx + s ==0, vfarx— A 

—- f e + V^ee — f, and x — \e : + Vt — 9 . Where 
note, that if the four Roots of the Biquadratic!?; .Equation; 
are poffible, the thre^' Roots of the Cubick Aquation 7 3 + * 

2 qyy~Vjy*-~ rr ==o will be poffible alfo* and confer 

*' * J* ; > i ’ * * * 

quently cannot be e'xtra&ed by the precedent Rule. And 
thus, if the affe&ed Roots cf an Aquation of five. v or more 
Dimenfions are converted into Roots thtyt jarp not afeflfeil^ 
the middle Terms of the* Aquation being taken away, that 
Expreffion of the Roots will be always imppflible, where 

*' -i- - i \ — * 1 «or« 
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fnote than rine'Koot ! in an Aquation of oddiJtmcnfioiM 
are poffible, or luore than two in an Aquation of even 
Dimeniions, which G&nftot be* reduc’d by the Evtr &ion 
6f the Surd Quadratic*; Root, by the Method Itfiii dowrt 
above. ; • ’ ' " 

Monlieur Des C*rtt< taught hoW to reduce a BlqUadratick' 
Aquation ; by the Rules faft deliver’d. E*fr. Ltt there, be 
propos'd' die ./Equation reduc’d above, * ‘ •-* ** r -^5 xx ~\* 
I 2 xi —6=0. Jake away the fecond Term, by writing’ 
t; 4 * 4 for .V, and there will arife v A —-»^ vv 4 “ V v 
4 -Vi- = o. Tq, t;ake away the Fra£Uons, write ^ & foj v % and 
there will arife 'z A — 86sc.fc 4 ~ 600c. “ 8^ 1 ,~o. Here 
—86:=$, 600— r, and —8^ 4=2* and confe< l uentl f 

y* 4. 2.qyy —rr = o, and fubftituting what ise-] 

quivalent, you’ll have y’ #—17277 4“ 108007 — 360 000 
= O. Where trying all the Divifors of the laft Term i 9 

— I, 2, 4 . - 4 , 5.-5, *»} j° onwards 1 ° 
loo, you’ll find at length 7= 100. Which yet may be 
found far more expeditiouily by our Method above deli¬ 
ver’d. Then having got 7, its Root 10 will be f, and 

1 + “—7 -86+100-63 


that is, 


or— 25, will be 


f and —-- } or 37 will beg, And conOfqaently the 

Aquations # .v 4 " ** "t“ f t=o, and u -f ^4 g 
and writing s, for *, and fubftituting equivalent Quantities, 
will become zz> + ioe.^ 23 = 0, and — ios> 4 " 37 =0. 
Reftore t/ in the room of and there will arife + 
2 ±s/ —44 = 0, and w—2 1 v 4 ”tt = o« Reftore, more¬ 
over,^—i for v, and there will come out xx + 2 at — 2 
o, and * * — 3 * 4 “ 3 = 0, two Aquatioi is ; the four 
Roots whereof xzz — 1 • 1 i V%, an( * * s= 1 f+V ■** f > are 
the fame with the four Roots of the Biquadratic*; Aquation 
propos’d at the Beginning, # 4 — * 3 — *)Xx + 12 x —6 
o. But thefe might have been more ealily found by th$ 
Method of finding Divifors, explain’d before* 


G g Hithert? 
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{Hitherto it wiMuffice- I fuppofe, to hare given th« Re^ 
duCtions of .Equations after a more eafy and more general 
, Way than what has been done by others. 
■jfc ExtrtQte* »f But fince among thefe Operations we often 
Roots out of Biuo- meet with complex radical Quantities, 
md j Qutntitits. which may be reduc’d to more fimpleonet, 

it is convenient to explain the Reduction 
of thofe alfo. They are perform’d by the Extractions of Roots 
01# of Binomial Quantities, ox out of Quantities more 
compounded, which may be conlider’d as Binomial ones. 

■ [But fince "this is already done in the Chapter of the 
Rtidlim, ofRadioals fo more fimplt Radical}} by means of tb< 
Extraction of Roots, we fhall fay no more of it here.] 
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Linear Conftru&ion 

OF 

EQUATIONS; 



ITHERTO I have ihewn the Propertied 
Tranfmutatiqns, Limits, and Reductions qf all 
Sorts of iEqna,tiofw. 1 have /lot always joyiyd 
the Deraonftrations, becaufp rbfy feem’d too eafy 
to need it, a°d fopnetimes cannot he laid down 
without too much Tedioufiiefs. Jt remains now only to fliew, 
how, after /Equations are /educ’d to their tnofl cammoqi- 
ous Form, their Roots may he e/tra&ed in Numbers. And 
here the chief Difficulty .liesin obtaining .the .two orthree 
firft Figures; which may be mpft commodioufly done py 
either the Geometrical or Mechanical Conflruiiion of iui 
/Equation. Wherefore I Hull fubjoin fome of thefe Con* 
flrudions. 


The Aotients, as we ,learn from Pjfpttt, in vain endea¬ 
vour’d at the TrifeCtion of an Angle, and the finding out 
of two mean Proportionals by a right jt-inp and a Circle, 
Afterwa/Js they began to confider the properties of feveral 
other Lines, as the Conchoid, the Ciflnid, and the Cornck 
Se diions, and by fome of thefe tp folye thofe Problems. 
At length, having more throughly exanfuirtl the flatter, 
and the Conick Sections being .receiv’d into Geometry, they 
diftinguiih’d Problems into three Kinds, ti*,. (i.) Into P^ne 
ones, which deriving their Original from lilies on a Phuie, 
ipay be folv’d by a right Line and a Circle j (.2.) Into So¬ 
lid ones, which jyexefolved by Lines driving their Origi- 

Gg 2 .. * ‘wd 
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flal from the Confideration of a Solid, tliat is, of a Cone • 
(3.) And Linear ones, to the Solution of which were re¬ 
quir’d Lines more compounded. And according to this Di- 
Itin&ion, we are not tofolve lolid Problems by other Lines 
than the Conic# Se£lions; efpeially if no other Lines but 
right ones, a Circle, and the Conick Scions, rauft be re- 
ceiv’d into Geometry. But the M oderns advancing yer much 
farther, have receiv’d iutjo Geometry all l ines that can be 
exprefs’d by Equations and have diftinguifh’d, according to 
the Dimenfionsof the Equations, thof Lines into Kinds; 
and have made it a Law, that you are not to conftruft a 
Problem by a Line of a fuperior Kind, that may be con- 
ftru&ed by one of an inferior one. In the Contemplation 
of Lines, and finding out their Properties, I like their Di- 
$inftion of them into Kinds, according to the pimenfions 
qf v thf ‘ Equations by which they are defin’d. But it is not 
'the Equation, but the Defcription that makes the Curve 
to be a Geometrical one. The Circle is a Geometrical Line, 
jpot becaufe it may be e>jprefs'd by an Equation* but bc- 
caufe its Defcription is a roflulare. It is not the Simplicity 
Gt the Equation, tu r the EaAnefs of the Defcription, which 
' is to determine the Choice of our Lines for the Conftru&ion 
6f Problems. For the Equation that expreffes a Parabola, 
Js more Ample than That that expreffes a Circle, and yet the 
Circle, by reafon of its more Ample Conftru&ion, is ad¬ 
mitted before it. The Circle and the Conick Sections, if 
you regard the Dimen Aon of the Equations; are of the 
fame Order, and yet the Circle is nor number'd with them 
In the Conftru£hon‘ot Problems, but by reafon of its Am¬ 
ple Defcription, is deprefs r d to a lower Order, viz that of 
a right Line ; fo that it is rot improper to txprefs that 
by a Circle that may be exprefs’d by a right Line. But it 
is a Fault to conftru$ that by the Conick Se&ions which 
may be corrftrudted by a Circle. Either therefore you mud 
take your Law knd Rule From the DimenAons of Equa- 
' tions as'pfcfery d in a Circle, and fo take away the Diftin- 
dion between Pl^he and Solid Problems ; or elfe you muft 
grant, that that La to is not fo ftri&ly to be obferv’d in 
Lines of fuperior Kinds, but that fome, by reafon of their 
fiiore Ample Defcription, n&y be preferr’d to others of the 
fame Order, and may be number'd* with Lines of inferior 
Orders in the Conflruftjon • of Problems. In Conftru£tions 
that are equally Geometrical, the moft Ample are always to 
pipfjbrr d, This La\y is fo univerfaJ, astobe without Ex- 
r : ceptioOj 
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eepition. But Algebraick Expreffions add nothing to the 
Simplicity of the Conftruftion ; the bare Defer!ptions of the 
tines only are here to be confider’d ; and thefe alone were 
cbnfider’d by thofe Geometricians who joyn'd a Circle with 
a right Line, And as thefe are eafy or hard, the Con- 
iiru^tion becomes eafy or hard : And therefore it is foreigrv 
to the Nature of the Thing, from any Thing elfe to' efta- 
blifh Laws about Conftru&ions. Either therefore let us,- 
with the Anrients, exclude all Lines befides the Qrcle, and 
perhaps the Conick Sc&ions, out of Geometry, or admit rail, 
according to the Simplicity of the Defcription. If the Tro¬ 
choid were admitted into Geometry, we might* by it? Means, 
divide an Angle in any given Ratio. Would, you therefore 
blame thofe who fhoulJ make Ufe of this, Liqe tQ divide 
an Angle in the Ratio of one Nurpber to. another;, and con** 
tend that this Line was not defin’d by an ^Equation, butt 
that you muft make Ufe of fuch Lines as are defin’d by M - 

S f nations ? If therefore, when an Angle was to be divided, 
or Inftance, into ioooi Parts, we fhould be oblig’d to 
bring a Curve defin’d by an ^Equation of above an hundred 
Dimenfions to do the Bulinefs ; which no Mortal could de* 
icrifce, much lefs underftand ; and lhould prefer this to the 
Trochoid, which is a Line well known, and defciib'd eafily 
by the Motion of a Wheel or a Circle, who would not fee 
the Abfurdity ? Either therefore the Trochoid is not to be 
admitted at all into Geometry, or elfe, in the Conflru&ion 
of Problems, it is to be preferr’d to all Lines of a more dif¬ 
ficult Defcription. And there is the fame Reafon for other 
Curves. For which Reafon we approve of the Trife&ioni 
of an Angle by a Conchoid, which Archimedes in hit lem¬ 
ma's, and Pappus in his Cohesions, have preferred to the In¬ 
ventions of all others in this Cafe ; becaufe we ought either 
to exclude all Lines, belidcs the Circle and right Line, out of 
Geometry, or admit them according to the Simplicity of 
their Descriptions, in which Cafe the Conchoid yields to 
none, except the Circle. ^Equations are Expreffions of A- 
rithmetical Computation, and properly have no Place in Ge¬ 
ometry, except as far a$ Quantities truly Geometrical (that 
is, Lines, Surfaces, Solids, and Proportions) may be faid to 
be fome equal to others. Multiplications, Divifions, and 
fuch fort of Computations, are newly receiv’d into Geome¬ 
try, and that unwarily, and contrary to the firft Defign of 
this Science. For whofoever conliders the Conflruflion of 
Problems by a right Line and a Circle, found out by the firft 

Geomc- 
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Geometricians, will eafily perceive that Geometry was in¬ 
vented that we might ex peditioufly avoid, by drawing Lines^ 
the Tedioufnefs of Computation. Therefore thefe two Sci¬ 
ences ought not to be confounded. The Antients did fo in- 
duftrioufty diftinguifli them from one another, that they ne¬ 
ver introduc'd Arithmetical Terms into Geometry. And 
the Moderns, by confounding both, have loft the Simplicity 
in which all the Elegancy of Geometry confifts. Where¬ 
fore that is Arithmetically more fimple which is determin’d 
by the more fimple ./Equations, but that is Geometrically 
snore fimple which is determin’d by the more fimple draw¬ 
ing of Lines; and in Geometry, that ought to be reckon’d 
beft which is Geometrically moft fimple. Wherefore, I 
Ought not to be blamed if, jvith that Prince of Mathema¬ 
ticians, Archimedes , ana .other Antients. I make Ufe of the. 
Conchoid for the Conftru^ion of folid Problems. But if . 
any one thinks otherwife, let him know, that I am here for [, 

Jickous not for a Geometrical Conftru&ion but guy t 

svhatfcver, by which l niay the neareft Way find the Roof: ? 

of tl>c ^Equation in Numbers, For the fake \yhereof j j- 

•premife this LemimticaJ Problem- j. 


To place the right Lane BC pf a given he*gtb, 
fo between two other given Lines A B, A C, 
that being produc'd, it Jball pafs through the 
~ given Point P. 

I P* t 4 ie line B C turn about the Pole P, and at the fame 
time moves on its End C upon the right Line A C, its 
. other End B lhall deferibe the Conchoid of the Antients. 
•let this cut the Line AQ in the Point B. Join P B, and 
its Part BC will be the .right Line, which was to be 
“drawn. And, by the fame Law, the Line jB( 7 anay be drawn 
■wrlrere, inftcaJ of AC, fome Curve Line is made Ufe of. 
\Vi<te Figure-po 7 ] 

If any do not like this Conftru£Uon by, a Conchoid, ano¬ 
ther, done hy a Conick Seflion, may be fubftitqted in its 
room. Front the Point P to the right Line AD, A E, draw 
. J P D,f£, making the Parallelogram EA.D.P, and from the 
. Points Cand X) to the right Lines A B let fall the Perpen¬ 
diculars CFj VG, us ajfo from the Point £ ,tp . the right 

' ' fine 


Digitized by Google 



4 a C ^>3i 1 

Line jiC. produc’d towards A, let fall the Perpendicular 
£H, aid making AD=x 4 , PDxxb, BC=c, AG = d, 
■AB.zsx, and ACsxy, you’ll have .*4 D : AG :: AC: AFt, 

and confequently AFxz^. Moreover, you’ll have AB : 

AC : : PD : CD, or x: y :: l : a— y. Therefore by — 
*-~yx, Which is an Aquation expieffive of an Hyperbola* 
And again, by the 13th of the 2d Elm. _ B Cq will be ia 

ACq*\-ABq —2 FAB, that is, cc tz.JJ + xx — 2 

4 

Both Sides of the former Equation being multiply’d by 
take them from both Sides of this, and there will re¬ 
main cc**- 4- xx—2dx, an Aquation 

prefling a Circle, where x and } are at right Angles. Where* 
fore, n you make thefe two Lines an Hyperbola and a Cir¬ 
cle, by the Help of thefe Aquations, by their Intcrfe&on 
you’ll have x and y, or AB and AC, which determine the 
Petition of the right Line BC. But thofe right Lines will 
fee compounded afe this Way, 

Draw any tWo right Lines, R% equal to AD, indR'Ai 
eqtriil to P D, containing the tight Angle MRU Com- 
pleat the Parallelogram KL AkN, t nd with the Aly riiptotes 
L. 2 V, M‘N, deferibe through the Point R the Hyperbola 
IKX. 

On RM produc’d towards R, take RP equal to AG, 
and KQ equal to BC. And on K'L produc’d towards K, 
take K R equal tor A H, and R S, equal to R Q, Compkac 
the Parallelogram PRRT .and from the Center T, at the 
Interval TS, defcribe a Circle. Let that cut the Hyperbola 
In the point X. let fair to X. P the -Perpendicular jfX and 
2 *r Will be e^ual t6 At, arid RY 'equal to AB. Which 
two Lines, AC'strtd AB, Or J orie of them, with the Point 
P, determine the Portion fought of the right line BC. To 
demon (Irate ■ which Confiruftion, and its Cafes,' according 
to the ^different} Cafes of the Problem, I {hall not here in¬ 
fill. {TidePfetthpi.'] 

I fay, by this CobfiruOidf), :;ifyouthink fit, you may 
folve the Problem. But this Solution is too compounded cq 
ftrve for any [particular] Ufes, It is only a Speculation, 
arid Geometrical Speculations have juft as much Elegancy as 
' - ? ' “• Simplicity, 
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Simplicity, and deferve juft To much Praife as they can pro-* 
inife Ufc. For which Reafon, I prefer the Conchoid, as 
much the Ampler, and not lefs Geometrical; and which is of 
efpecial Ufe in the Refolution of ^Equations as by us pro¬ 
pos'd. Premifing therefore the preceding Lemma, we Geo¬ 
metrically conftruct Cubick and Biquidratick Problems [as 
which may be reduc'd to Otbick ones ] as follows. {Vide Figures 
92 and 93.3 

Let there be propos'd the Cubick ./Equation x' qx 
+ r==o, whofe fecond Term is wanting, but the third is 
denoted under its Sign q , and the fourth by + r. Draw 
any right Line, KA, which call n. On KA, produc'd on both 

Sides, take KB = - to the fame Side as KA, if q be pofi- 

tiv)6,: otherwife to the contrary Part Bifect BA in C, and 
on K, as a Center with the Radius K C, deieribe the Circle 
CX, and in it acconimodate the right Line CX equal to 

—, producing it each Way. Joi n AX, which.produce alfb 

If If 

both Ways ;• then between the Lines CX and A X inicribe 
ET of the fame Length as CA, and which .being produc’d, 
may pafs through ttye Point K then lhill XT be the Root 
of the ./Equation. [Vide. Figure 94 * 3 , And of thefe Roots, 
thofe will be Affirmative which fell from X towards C y and 
thofe Negative which fall on the contrary Side, if it be -J-r, 
but contrarily if it be — r. 

Demottfiration. ; 

To demonftrate which, I premife thefe Lemma’s. 

Lb mm a I. TX: A K :: CX : K E. Draw K F parallel 
to CX.; thenbecaufe of the iimilar Triangles ACX, AKF, 
and ETX, EKF, there is AC: AK::CX:KF % and TX 
: TE, or AC : : KF : KE J and therefore by Equality TX i 
AK::CX:KE. Q,E.D. 

Lemma II. TX : AfC ::Cr : AK+](E. For by; 
Compofition of Proportion TX: AK :: XX-{-CX (i e. 
CT):AK+KE. Q.E.D. 

1 . % 

' ' -. Lemma 
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Lemma in. KE—BK :YX--TX : AK. For (by 
1,2. Elami a.) YKq—CKq=CYq —CT x CX—CY%TX. 
That is, if the Theorem berefolv'd into Proportionals, CT 
: r K?—CK :: YR + CK: TX. But TK — CK=±YK— 
YE+ CA-»CK=KE—BK. And YK + CK—YK 
— TE^CA + CKz= K E ■+■ AK. > Wherefore CY : ICE 
r-Bk :,:kE + AK: YX. But by Lemma 2. CY.i KE 
■+■ A K: : YX: AK. Wherefore by Equality TX: KE-~ 
BK : : AK : YXj ot KE— BK : YX :: YXiAKt 
Q.E. D. ; 

. 1 : * ! ' t t 

Theft Things being premifed. the Theorem will be thus: 
demonftrated., 

In the firft Lemma , TX : AK:: CX : KE, or K.E X 
Y X — A Ky. CX: and -in the third Lemma it was prov d, 
that KE—BK:YX:tYX:AK. Wherefore, if the; 
Terms of the firft Ratio of the laft Proportion be multiply’d 
by YX, it will be KE X YX— B K x YX : XYq :: YX:\ 
AK. that is, AKxCX — BK%YX: TXq :: YX : AK, 
and by multiplying the Extremes and Means into themfelves, 
it will be AKq* XC—AK xBK*YX '*=. TXcube. 
Therefore for YX, A K, BK, and CX, re-fubllituting x, 

n, , and.—, this ^Equation will arife,, viz., r—qx— 
n nn A ■ 

x Q. E- D. I need not Hay to Ihew you the Variati- , 
ons of the Signs, for they will be determin'd according to 
the different Cafes of the Problem. ’ 

Let then an ^Equation be propos’d wanting the third 
Terra, as x' -\-pxx-\-r~o ; in order to conftruQ: which, " 
take n for any Number of equal parts; take alfo, in any } 

right Line, 1 two Lengths KA=± —, and KB = f> and let 

< • • w n . ^ 

them be taken the fame Way if r and p have like Signs ; 
but qtherwife, take them towards contrary. Sides. Bifcil 
BA in C, and on K, as a Center, with the Radius KC, de- . 
feribe a Circle, into which accommodate CX— n, producing 
it both Ways. Join AX, produce it both Ways. Then,' ‘ 
between the Lines CX and AX draw EY—CA, ft that if 
Produc’d it may pafs through the Point K; and KE will 
be the Root of the ./Equation. And the Roots will be 
Affirmative,, when the Point T fells on that Side of X which., 
lies towards Cj and Negative, when it fells on the contrary 

H h Side 
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Side of J, provided it be -\-j; bot^itbe — r\ it will be 
the Reverie of this. 

To demonflrate this PropoGtioo, look bock to the Figure* 
and Lemma's of die former j and then you will find it 
thus. 

By Lamm* i. YX : AKi:CX: KE, or TXxKE — 
AK%CXy and by Ltmm* 3, *£ — KB':YX : :YX: 
AK y or, (taking KB towards contrary Pam) K E-\- KB 
: YX ': YX : AK, and therefore KE + KB multiply 1 d by 
KE wiH be to TXt KE : (or AK* CX ):: r JT: ^ A 
otasCjf: JP£. Wherefore multiplying the Extreams and 
Means into themfelves, KEaAt-\- KBxKEq xzAK'K 
C Xq ; and then for KE, KB, AK, and C^T, reftoringtheir 
Sobnitutes, yon will find die laft Equation to be the fame 
with what was propos'd, #’ -±pxx=zr t or x'-tpxx 
+.r s*o. 

Let an ./Equation, having time Dimen Hot*, and wanting 
no Term, be propos’d in this Form, ** +pxx + qx + r 
— o, fome of whofe Roots fliall be Affirmative, and fomc 
Negative 

And firft fuppofe q a Negative Quantity, then in any 
right Line, as KB, let two Lengths be taken, as KAss.~ t 

q 

and K B=p, and take them the lame Way, if p and 


- have contrary Signs; but if their Signs are alike, then 
9 

take the Lengths contrary Ways from the Point K. filled 
A B in C, and there ere£t the Perpendicular CX equal to 
the Square Root cjf the Term q ; then between the. Lines 
AX and CX, produced infinitely both Ways, infcribe tbe 
right Line, Ef® AC, fo that being produc'd, if may pads 
through K ; fo IhaD KE be the Root of the ^Equation, 
whipli will be Affirraatiye when the Point X GUIs between 
A and £ •, but Negative when the Point £ falls on that 
Side of the Point X which is towards ^. [Klde Figure 
If q had been an Affirmative Quantity, then in die Line 
KB- you muft have taken thole two lengths thus, vs*. 


K 4 — and KB = and the feme Way from 

P A/I 

K, if l/-— and have different Signs; but contrary 
J 1 P A 

Ways, if the Signs are of the feme Nature. BA alfo mull 

be 
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be bifeSed in C; and there the Perpendicular C X ere&ed 
equal to the Term p ; and between the Lines AX find CX t 
infinitely drawn out both Ways, the right line EY mull 
aJfobe infcribed equal to AC, and mad'e\o pais through the 
Point K, as before; then would XT t* the Root of uie j£* 
quation; Negative when the Point X fiiould fidl betwteeh 
jdahdE, and Affirmative when the Point T falls on the Side 
of tj*e Point X towards C 


The Demonfiration of the firfi Cafe , 

By the &ft Lemma, KE was to CX as A K toTX, and 
Cby Compofition) fo KE + AK, i. e. KY+ KC b to CX 
*\-YX, i.e. CY. But in the right-angled Triangle KCY t 

rCq±YKq—KCi =zKr + KCx KY—KO, and by fe. 
folving the equal Terms into Proportionals, KY+ JCC b 
to CYnCY it to KY— KCi or KE ■+ AK bto QY ay 
CY it to EK-—KB. Wherefore fince KE was to XP i 9 
this Proportion, by Duplication KEq vyill be to CXq as 
KE + AK to KE — KB, and by multiplying the ExtredfttS 
and Means by themfelves KEcubf-— KB X KEq szCXq 
X KE +CXqX AK. And by teftorihg the former ya* 
lues x'*-pxx=;qx-\-r. 


The Demonfiratidn of the fecoftd Cafe* 


By the fish Lemma, KE is to CX a* AK b tb YX, then 
by multiplying the Extreams and Means by thethfelves^ KB 
xYX s= CX X AK. Therefore in the precedingGafe, font 
KE x YX for CX X A K, and it will be KEaA. ^ KB* 
KEqzsCXqxKE + CXx KExrXy and by dividing 
aDby KE. there will be K Eq—KBx KEzzCXq +CX 
y.TX; then multiplying all by AK, and you’ll have AKx.' 
KEq—KBxKAxkE^AKxCib+AXxCX*. 
TX. And again, put KE x tX inhead of its equal CX k 
AK, then AKx KEq—AKxKBx KE = EKxCX 
X TX-^-KE X TXq ; whence all being divided by KE 
there will arife AK* KE — AkX KB s YXXCX 4 


TXq i and when all are multi ply’d by YX there will be 
A XU XE x YX^-AKx X YX~YXjx C*+ YX 

(kbi. Arid inhead of KE X YX iri the firft Term, put CX 
X AK, and then CXx AKq—A Kx BK x TX = CX* 

hi., rx. 
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or, which is the fame Thing, YX cube -f- 
CXxrXq + AKY.KBxYX—CX'K^Kq—o. And 
by fubftituting for YX, C X, AK. and K B, their Values 

i 

this ^Equation will come out, x* 

+ p x x + q x + r = o. 

put thefe ^Equations are alfo folv’d, by drawing a right 
line from a given Point, in fuch a Manner that the Part 
of it, which is intercepted between another right Line and 
a Circle, both given in Pofition, may be of a given Length. 
{Vide Figure 96 ] 

For, let there be propos’d a Cubick Equation 
•f VasO, whole fecond Term is wanting. Draw the right 
Line KA at Pleafure; which call n. In KA\ produc’d 


fcotb Ways, take KB — - on the fame Side of the Point 

ti 

*K as the Point A is if q be Negative, if not, on the con¬ 
trary. Bife& BA in C, and from the Center A , with the 
Pittance AC y defcribe a Circle CX. To this infcribe the 


' f 

right line CXss —, and through the Points R t C,and X 

* . 

defcribe the Circle KCXG . Join AX, and produce it tifll 
it again cuts the Circle KCXG laft defcrib’d in the Point 
<?. Laftly, between this Circle KC X G y and the right Line 
KC produc’d both Ways, infcribe the right Lin cEY~ 
AC y fo that E Y produc’d pafs through the Point G. And 
E G will be one of the Roots of the .Equation. But thofe 
Robts are Affirmative which fall in the greater Segment of 
the Circle KG Q and Negative which fall in the letter 
KFC, if r is Negative, and the contrary will be when r is 
Affirmative. 

In order to demonftjrate this Conftru&ipn, let us premife 
the fallowing Lewmatai 


: Lemma I. AD Things being fuppos’d as in the Con- 
ftrh&idn, CE is to KA as CE + C X is to AT, and as CX 
toKY. - ; . 

• For the right Line -fencing drawn^ AC is to A K as CX 
is to KGy becaufe the TiiaogJes AQX and A KG are Si¬ 
milar The Triangles TEC, TKG are.alfo'Similar; for 
the Angle at £ is coptipon to -both Triangles, and the Aisles 
G and C axe in the fymp Segqiept KQG of the Circle BGCK 

-;il’_^ ; V X '*• tv* ;?. -* v : 'l- <y * W 

.*». ; i * 
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and therefore equal. . Whence CE will be to E T a* K G to 
J KT, that i*> CE to AC a> A' G to KT, becaule EYanA AC 
were fuppofed equal. And by comparing this with the Pro¬ 
portionality above, it wiD follow by Equality of Proportion 
; that CE is to K A as CX to A T, and alternately CE is to 
i CX as KA to h T. Whence, by Compolidon, CE-\-CX 
I win be to CX as KA+KT to KY, that is, ATtoKT, 

I and alternately CE~\-CX is to AT as CX is to AT, that 
is, as CE to KA, Q,ED. 

: ! Lemma II. Let fall the Perpendicular CH upon the 
right Line GT, and the Rectangle 2 HEY win be equal to 
the Re£langle CE xCX. 

1 For the Perpendicular G L being let fall upon the Line. 

AT, theTriangles KGL, ECH have right Angles at L and 
.' H, and the Angles at K and E are in the lame Segment 
CG K of the Circle C KEG, and are therefore equalj_cpn- 
fequently the Triangles arc Similar. And therefore KG it 
to XL a* EC to EH. Moreover, A M being let fan from 
the Point A perpendicular to the Line A G, becaufe A K is 
equal to AG, KG will be bifeded in M; and the Triangles 
* KAM and KGL are Similar, becaufe the Angle at K is. 
51 common, and the Angles at M and L are right ones; and* 
. therefore AK is to K M aa KG is to KL. But as AK is 
tp KM fo is 2 AK to 2 KM, or KG j (and becaule the 
Triangles A K G and ACX are Similar) fo is 2 AC to CX } 
alfo (becaufe AC—ET) fo is 2£2" to CX. Therefore' 
2 ET is to CX as KG to KL. But KG was to KL as 
EC to Eft, therefore 2 ET is to CX as EC to E H, and fo 
the Redangle 2HET (by multiplying the Extreamsand 
.I Means by themfelves) is equal to ECX. CX. Q. E. D. 

Here we took the Lines AK and AG equal. For the 
I Redangles CAK and XAG an equal (by Cor. to 3 6 Prop. 

of the 3d Book of Euc.) and therefore as CA is to XA fo is 
’ AG to AK. But XA and CA are equal by Hypothelis j 
therefore AG = AK. 

i Lemma III. All Things being as above, the three 
i lines BT, CE, KA are continual Proportionals. 

For (by Prop. 12. Book 2. EJem.) CY q — ETq -f- CEq + 
2 ETx EH. And by taking ETq'ftom both Sides, CTq — 
ETq = CEq + 2 ET it EH. 3 tit zET x E H-CE x CX 

(by Ltm.i •) and by 1 adding CEq to both Sides, CEq + 

, . ... ■ ■ r. i : r■ 2 £/ 
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zEYxEHssCEq + C£ x CX Therefore CTq—EYq 
==C£q + CE x CX that is, CT-f ET x CT—Er~ 
CEq-\- CE X CX. And by refblving the equal Rediangles 
into proportional Sides, it will be as CE 4 - CX is to Cr-4- 
EY, fo is CT — ET to CE. But the three Lines E T, CA 
CE, are equal, and thence CT-\- E T=^CT A-CA-AT 
and Cr—Er^cr—CB=Br. Write Ar for Cr4.’ 
E T, and B T for C T — £ T, and it will be as CE + CX is 
to TA fo ii Br toCE. But (by Lm. i.) CE is to KAas 
CE + CX is to AT, therefore CE istoKAsuBTitto 
CE, that is, the three Lines 5 T, CE, and KA arc continual 
Proportionals. Q, E. D. 

Now, by the Help of thefe three Lemmas, we may de- 
monRrate the Conflruflion of the preceding Problem, thos: 
By Lem. i. CE is to KA as CX is to KT, fo KAxCX 


=tC£xX T, and by dividihg both Sides by CE, 

3= KX, To thefe equal Sides add BK, and B/C + 

5 dg^ ‘ wSr . Whence (by Lm. 3> ) B A+ 

ii to C E a* CE ii to KA, and thence, by multiplying the 
Extrearat and Means by themfeltres, CEq =BK% RA+ 
KAq xCX • . _ 

-- grg —*nd both Sides being multiply’d by CE * CE 


cub.— KB x KA x CE ^ KAq x CX CE was called x f 
the Root of the Equation KA=z n, KB=z i, and Cx — 


Thefe being fubflituted in (lead of C£, KA, KB, and 

CX, there will arife this ^Equation, —qx ■+• r, or — 
r —oj when q and r are Negatives, KA and KB 
having been taken on the fame Side of die Poir.t K, and 
the Affirmative Root being iii the greater Segment COK, 
This is one Cafe of the Conflruflion to be demonfl rated. 
Draw KB on the contrary Side, that is, let its Sign be 

changed, or the Sign of -, or, which is the fame Thing, 

the Sign of the Term and there will be had the Con-* 
flruftion of the ^Equation qx—~r =o. Which is thf 

ot her Cafe, In thefe Cafes- CX, and the Affirmative Root 
CE, fell towards the famb farts of the Line AK. Let Ct 

and 
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and the. Negate Root fall towards the fame Parts when 

the Sign of CX, or^-, or (which • the tame Hung) r is 

changed; and this will be the third Cafe x' +^*+r=a, 
when alj( the Roots are Negative. And again, wben the 

Sign of KB, or or only q, is changed, it wiD be die 

fourth Cafe j:’ -qx-\-r—o. The Conftrodions of all 
theft Cafe may be ea&Iy ran through, and particularly de¬ 
mon/bated after the lame Manner as the firft was ; and 
with the fame Words, by changing only the Situation of the 
Lines. 

Now let die Cubicle ./Equation *» + 

whole third Term is wanting, be to be conlboded. 

In the (ame Figure n being taken of any Length, take in 


any infinite right Line AT, KA,aad KB— —, and p, and. 


take them on the lame Side of the Point K, if the Sigusof 
the Terms p and r ate the lame, othenwfe on connasy 
Sides. Biftft B A in C, and from the Center K with die 
Diflance KC delcribe the Circle CXG. And to k inferibe 


the right Line CX equal to » the aJSuncd Length. Join 
AX and produce it; to. ( 7 , fo that AG may be equal to AK, 
and through the Points K,C,X,G delaibe a Circle. And, 
laftly, between this Circle and the right Line KC, produc’d 
both Wajrs, draw the right Line ET=AC, lb that being 
produced it may^pafs through the Point G ; then, the right 
Line KT being'prodop’d, will be one of the Roots of the 
.Equation, And thofe. Roots are Affirmative which fill on 
thafrSide of the Point if on which the Point A is on, if r 
is Affirmative j but if r is Negative, then the Affirmative 
Roots fall on the contrary Side. And if the A ffirma tive 
fall on one Side, the Negative fall on the other. 

This Conftru&ion is demon/bated by the Help of tjbe 
three lafi Eemmis afoar this Manner: 

By the third Ltmnut, BT, CE, KA are continual Pro*' 
portions/*; and by Letum* i. as C£ is to KA fo i&CXto 
KT Therefore BT is to CE as CTto KT. BT—KT 
— KB* Therefore KT — KB is to CE as CX* is to KT. 

fej* a* KT—KB is-to> CE Ibis JPT— KBxKTto CE 
by Prop. t. Btti 6- Ext. and becaufe of the Propor- 
tboakGE.to K4 uCXto KT iaCEx KT^KA%CX. 

There- 
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TBefeBre TrZTjfi x KY is to KA x CX (as kr—Kif 
toCE, that is, as CX to AT. And by multiplying the 
titreams and Means by themfelves XT—KB x KYq — 
KAxCXqi &*iis,.Kre<&.--KBx KYq—KAxCXq. 
Bat in thfe ConAruftton KY was at the Koot of the jEqua- 

tion, KB wdspUt = p, KA=~, and'cjf—». Write 

. # fi . u ■ • 

therefore *, ft —*■' and 0 for KY, KB, K A, and CX re- 

1 . . fltl + . . . r ;»' 

fpeftively, is % —pxX will be equal tor, 01 x* —>pxx 
o. 

This ConAruftion may be refalv’d' \irtO four Cafes of £.- 
quations, #’ — pxx— ‘/io, — parar •+• r a O, ar’ -|- 

V xx '— r = o, and a?'* + p* a: r = 0. The firA Cafe I 

have already demonArated ; the reA are demonArated with 
the fame .Words, only changing the Situation of the Lines, 
To wit, as in taking K A and KB on the fame Side of the. 
Point AT, and the Affirmative Root K T on the contrary Side 
has already produc’d KT cub. — KB ieXf’q ss KA'yi CXq, 
and thence x ’ — pxx- — r ~o j fo by taking KB on the 
other Side the Point AT, it will produce, by the like R ea¬ 
rning, KYcub.+ KYq X KB—KAx CXq, and thence 
+ pxx — r = o. And in thefe two Cafes, if the Situ¬ 
ation of the Affirmative Root KY be changed, by faking it 
on the other Side of the Point K, by a like Series of Argu¬ 
ments, it will fall into the other two Cafes, Ktcub. + KB 
xRT<f-= — KAxCXq, or a:’+ pa?* + r=s=o.- and 
KYcxb.—KB x KTqxz—KAy. CXq, ora?’— paraf + 
r = 0. ■ Which were all the Cafes to he demonArated, 

Now let this Cubick ^Equation x' + pxx + qx + r=o 
be propos’d, wanting no Term (unlefs perhaps the third). 
Which is conAruaed after this • Manner : [Kidc Figure 97 
and 98O - 


Take n at Pleafure. Draw any right Line GC— 

"j . 1 • '• • • • . 


H . . 

2 ’ 


and at the Point G ereS a Perpendiculai\GZ) — ^ , and 

if . the Terms p arid f have contrary Signs, from the 
Center C, with the Interval CD defcribe a Circle # B E. If 
they have the fame Signs, from the Center D, with the Space 
C C, defirri.be an occplt Circle, cutting the right Line G A in 
• . # J 
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; then from the Center C, withthe Diftance G//, det 
fcribe the Circle PBE. Then make G A — — ? — — on 

ft • ftp 

the lame Side the Point G that C i* on, if now the Qpan- 
tity —^ (the Signs of the Terms p, r in the li¬ 

quation to be conftrti&ed being well obferv’d) fhould come 
out Affirmative ; otherwife, draw G A on the other Side of 
the Point G, and at the Point A ere <9 the Perpendiculax 
AT, between which and the Circle PBE already defcrib'd, 
draw the right Line E T equal to p, fo that being produc'd, 
it may pafs through the Point G ; which being done, the 
Line EG will be one of the Roots of the ./Equation to be 
conftruited. Thofe Roots are Affirmative where the Point 
E falls between the Points G and T, and Negative, where 
the Point £ falls without, if p is Affirmative ; and the 
contrary, if Negative. 

In order to demon lirate this Conflru&ion, let us premife 
the following Lemmas, 


Lemma I. Let EF be let fall perpendicular to AG, and 
the right Line E C be drawn $ EGq-\-GCq — ECq-\~ 
zCGF. For (by Prop, 12. Book 2. Elem ►) EGq~ECq + 
GCq -f- 2 GCF. Let G Cq be added on Doth Sides, 
and EGq 4 * GCq —: ECq-{• 2 GCq,*\“ 2GCF* But 

2GC^+2GCF=2GCx(?CTCF= 2CGF. There¬ 
fore EGq -j- GCqtzECq •+■ 2 CG F. Q.E.D, 


Lemma II. In the firftCafe of the Conftruflion, where 
the Circle PBE pafTes through the Point D, G Eq—GDq 
= 2 CG F. For by the firft Lemma EG q-\- G Cq-=zECq-\r 
2CG F, and by taking CG q from both Sides, EGqs-ECq 
— GCq-\-2CGF. But ECq — GCq — CDq — GCq 
szGDq. Therefore EGq zszGDq -f- 2CG F, and by 
taking G Dq from both Sides, EGq — GDqz&iCGF, 
Q. E.D. 


Lemma TIL In the fecond Cafe of the Conftru{fiot% 
where the Circle P CD does not pafs through the Point D t 
EG q-\- G Dq — 2CG F. For, by the firft Lemma, EG a 
■4- G Cqzz ECq-\- 2 CGF. Take EC q Bom both Sides, ana 
EG q + GCq— ECqsss zQGF. But GC—DH, and EC 
.- - ' Ii ~ • mC? 
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^zCP-zGM.. Therefore GCq~-ECq'scDH f—'G Hq 
szGDq, andfo EG^4-G Dq^iCGF. Q.E.D. 

Lemma IV. Cry 2CGF = 2 CGxAGB. For, by 
Idifon of the fiihilar Triangles G E F and G TA, as GF is 
to G £ fo is AG to G L, that is, (by Prop. 1. Book 6 . Eltm.) 
as'2 CG x y*G is to 2 CG X G L Let the Eitreams and 
Means be riaultiply'd by themfelvea, and 2 CG xGXxGF 
s: 2CG x y^G X G E. Q.E. D. 

fcJow, by the Help of thefe Lemmas, die Confix u&ion of 
the Problem may be thus dernonftrated. 

Jn the firftCafe, EGq <— GDq — 2 CGF (by lemma 2.) 
and by multiplying,all by GT, EGqxGT~~ GDq X 81 
2 CGF X G T[■= (by Lemma 4.) 2 CG x.AGE, Inflead 
of G X wrrite EG-J-EJ^ and EG cub. EF X E Gq “* 
GDq'* EG — GDgy . £L— 2C G Ax. eG, or £G c*f». + 
£ r X E G q — GDqCC.~^CGA X EG —G PfX EX—or 
Jn the fecond Cafe, £ Gq 4 * GLXq~z2CGF (by Lem¬ 
ma 3.) and by multiplying all by G£ EGflX G*4"GI)f 
y.Gr— 2CG F * G r=i 2CG X AG&, by Lemma 4. 
Inflead of G X write: EG + f E, and £ G cub. + EfX £G 4 
4- GDq + EG + GDqx EX—2CGAX EG, ox EG cub. 
4- E r X £ G* 4 - GDq—iCGA x EG -\-GDqx ^=0. 

But the Root of the Equation EG — x, G D = f/j, 

ET — p, 2 CG=n, and GA^z—- — —, that is, in 

the firft Cafe, where the Signs of the Terms p and r are 
different j but in the fecond Cafe, where the Sign of one of 

a t 

the two, p or r, is changed, there is — - -- = GA . Let 

therefore fi G be put •= x, G D z=: f^ E^srp, 2CG=E# t 

^ , and in the firft Cafe it will he 

”P 


and G A z= — 


!v’ + px 1 -j- q + w —* ~ X *—r — o; that is, x * +p* T 

p , p 

’+^-r = 0 ; but in the TecOrtd Cafe, 4 - pa?# 4 * 
f 4- - — - 'x ar“ 4 - r ==0, that is--*’- “Kp * 1 + «*'• + r 

:f p 
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so*' Therefore in both Cafes fi(? is the true Value of the 
Root *. E. D. 

_ But either Cafe may be diftinguifli’d into its feveral Far- 
•icclars ; as the former into theic, x T px 1 ,-^ qx—n 

— Of * } -\-px' r=cO, x\—p* l -t-qx-\rrz^9, 

«*“ — px l qx-^-r =-'0, *■* 4 *P* r . —• *=:0, and a-.* 

— px 5 r*= 0 } the latter into thefe, x } -+■ pAr 1_ h4* 

+ r = o, x' +px' — qx + r=zOf x'—px* + * 

S=c, x % —px'—qx~~r = o, # } -fp* 2 -^-r=:0, and 
* 5 —rpx 2 -^-r=o« The Ddmonfiration of aft wbioh Gafti 
IHay be carry’d on in the fame Words with the two already 
demonftrated, by onjy changing the Situation of the 
Eines. ‘ t •* ^ 

Thefe are the chief ConftrucHens of Problem^, by, inscrib¬ 
ing a right Line given in Length fb hetween a Circle anq 
a right Line given in Polition, that the, infcrib’d right Line 
produc’d may pafs through a given Point. And fuch a ri^hf 
Line may be infcrih'd by defcribing a Ctpnejioid, of which 
let that Point, through which the rigty| ; Line given ough^ 
to pafs, be the Pole, {he other right line given in pofition | 
the Ruler orAfymptote, and the Interval* the Length of th^; 
infcrih’d Line. For this Conchoid will cut the Circle in thy 
Point Ej through which the right Line to be iidcrib’d muft 
be drawn. But it will be fumcier^t iiTPr^&ice to dravy 
the right line between a Circle and a right Line given id 
Portion by any Mech^n^ck Method* , 

But in thefe Cbnflru&ioos obferve, t ]lat the Quantity n if 
undetermin’d and left to be taken at Pleafure, that the Con- 
ftruQion may be more conveniently fitted to particular Frol 
blems. We fiiall give Examples of this in finding two meai^ 
Proportionals, and in trifechng an Angle. 

lit # andy be two mean Proportionals to be found be- - 
tween a and K Bccaufe a, x y y, I ^re .continual Proportio¬ 
nals, a* will be to x 2 as x to b , therefore z=b*a, 
x' ~aqb^Q. Here the Terms p gnd q of the .Equation 
are wanting, and — aab is in the rbcfm of the Term r ; 
therefore in the firft Form of the Coriftru&ions, where the 
right Line E 1 ' tending to the given Point if, is drawn be¬ 
tween other two right Lines, £ X and YC> given in Pofition, 

and fiippofe the right Line C 2 T— - J H **? let n be 
Q » js 2 

pkfa equal to 4, and then C-T will be = — b. Fronji 
whence the like Confiru£Hon comes out. * [ride figure 99.] 


lia 
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l draw any Line, KA~z 4, and bifefl it in C, and from 
the Center , with the Diftance ¥ C, deferibe the Circle 3 

CX, to which I inferibe the right Line CX~b, and be- o 

tween AX and CX, infinitely produc’d, I fo inferibe E T 
e* CA, that E T being produc’d* may pafs through the Point 
JC So KA, XT, KE , CX will be continual Proportionals, 
that is, XT and KE two mean Proportionals between a - 
and b. This Conftruftion is known. \VUe Figure ioo.] 

But in the other Form of the Gonfhru&ions, where the 
right Line E T converging to the given Point G is inferib'd 
between the Circle GECX and the right Line A K, and 

CX— —, that is, (in this Problem) = —I put, ap 

SS HU 

before, n — d, and then CX will be —b, and the reft are , 
done as follows. [Vide Figure ioi •] , 

I draw any right Line KA—a t and bifeft it in Q’and from 
the Center A, with the Diftance AK, I deferibe the Circle 
KG, to which I inferibe the right Line KG — lb, confti- j 

tuting the lfojcelet Triangle A KG, Then, through the Points c 

CjK,Gl deferibe the Circle, between the Circumference of t 
which and the right Line A K produc’d, 1 inferibe the right e 
line ET—CK tending to the Point G. Which being done, j 
AK, EC, KT, \KG are continual Proportionals, that is, [ 
£ C and KT are two mean Proportionals between the given ( 
Quantities a and b. j 

Let there be an Angle to be divided into three equal 
Parts; [Vide Figure 102/j and let that Angle be ACB. 
and the Parts thereof to be found be AC D, ECD , and 
ECB; from the Center C, with the Diftance C A, let the 
Circle ADEB be deferib’d, cutting the right Lines CA, 

CD, CE, CB in A,D,E,B, Let AD, DE, EB be 
join’d, and AB cutting the right Lines CD, CE at F and 
H, and let DG, meeting AB in (7, be drawn parallel to 

CE. Becaufe the Triangles CAD, ADF, and D F £?are 

Similar, CA, AD, D F, and FG are continual Proportio¬ 
nals, Therefore if ACss d, and AD — x, D F will be < 

equal to Z*, and FG=e —. And A 8= BH HG + 

f a - 44 

FA—GF seZAD.—GFzzZx—?—. E$t/ 4 Bssb, then 

44 
X * 

*==3*—■—, or x' *-2ddx-)r ttabsso, Here pf the fe- 
. . cond 
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cond Term of the ./Equation, is wanting, and inlUadjof q 
and r we have —344 and 44*. Therefore in the fir ft Form 
of the Conflruaions, where p was =: o, T KA~rt,KB ~ 

i , and CX= —, that is, in this Problem, KB 
» »» n 

and CJf =s —thefe Quantities may come out as fim- 

ple as poflible, I put 9 = 4 ) and fo Or:“ 3 ^i and C X 
— b. Whence this ConflruSion of the Problem cornea 

° U Draw any Line, KA=a y and on the contrary Side make 
KB=Z*. [Tide Figure to? ] Bifetf BAinC, and from 
the Center K, with the Diflance KC, defcribe a Circle, to 
which infcribe the right Line CX—b y and the right Line 
AX being drawn between that infinitely produc’d and the 
right Line CX y infcribe the right Line EY—AC, and fo 
that it being produc’d, will pafs through the Point K. So 
XT will be — x. But (fee the laft Figure) becaufe the Cir¬ 
cle ADEB =: Circle QXA y and the Subtenfe AB— Sub- 
tenfe CX, and the Parts of the Subtenfes B H and XT are 
equal 5 the Angles ACB , and CKX will be equal, asalfo 
BCH XKT‘ andfo the Angle XK T will be one third 
Part of the Angle CK X. Therefore the third Part XKY 
of any given Angle CKX is found by inferring the right 
Line ET=AC, the Diameter of the Circle between the 
Chords CX and AX infinitely produc’d, and converging at 
K the Center of the Circle. 

Hence, if from K, the Center of the Circle, yon let fall 
the Perpendicular K H upon the Chord CX, the Angle 
HKT will be one third Part of the Angle HKX-, fo that 
if any Angle HKX were given, the third Part thereof 
HXt, may be found by letting fall from any Point X of 
any Side KX, the Line HX perpendicular to the other Side 
UK and by drawing XE parallel to HK, and by inferib- 
ing the right line TEsxiXK between XH and XE y fo 
that it bong produc'd may pafs through the Point K. Or 
thus. [ Vide Figure 104O 

Let any Angle Afi K be given. To one of its Sides AX 
taifea Perpendicular XH, and from any Point Kot the 
other Side XK kt there be drawn the line KE, the Part 
of which ET (lying between the Side AX produc’d, and 
the Perpendicular XH.) is double the Side XK y and the An¬ 
gle KEA will be one third of the given Angle AXK. 

Again, 
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Again; thePejrj#ndwtdar RZ,hm g rais'd, and XF beings 
drawn, mhdc Part ^£, between ££ and £ Z, Jet be doa¬ 
ble to~X£, and,the Angle XF -4 will be one third of the 
Angle KE A \ and fo you may go on by a continual Tri- 
iirftioir of ah Angle ad infinitum . This Method isin the 3 2d 
Prop . of the 4th Book of Pappus . . 

If yo*. would.trife&ao Angle by the other Form of Coo-. 
ftrudions, where th^right Line is to be infcrib’d between 

another right Line, and 9 Circle, here alfo will KB 2 —, 


f 

and CX±z , thatis, in the Problem we an? now about, 

. nn :. \ r • . 

XB-zz — and CX= ; and ft) by putting n—^ 
T ’» 7 nn 

XB will be =r— 3if, and CX— b. Whence this Conftrq- 
&ioh comes out. ^ i 1 

From any Point X let there be drawn two right Lines 
towards the fame Way, KA = a^ and X 0 = $* A 
figure 105O Bife& A B in C, and from the Center A with 
the Diftance AC deferibe a Circle., Jo which inferibe the 
right Line CX—t. Joh rAX, and produce it till it cuts 
the Circle again in 6 . Then between this Circle and the 
right Lite AC) infinitely produc’d, inferibe the Line ET = 
AC , and paflfing through the Point G ; and the right Lind 
E G being drawn, will bt equal to x the Quantity fought, 
by Which the thkd Part ot the given Angle will befub- 
tended. ( . *’ \ 

This Conflrufliori aiifes from the * Form above ; which, 
however, comes out better thus :• Becaufe the Circles A Dp $ 
* and K XG are equaf, and alfo the Subtepfes CX and A B, 
$he Angles C A or 'KA G ,' and A€lt are equal, therefore 

CE is the Subtehfe of' Orte third Parc of-the A\}g\tr J£AG. 
Whence in any given Apgle that its • third fari 

CAE may be' found, -inferibe the -right Line E fr equri to 
the Semi-Diameter jtfO* pf the-Gitete-^CCJ, between thfe 
Circle «nd : the Sidfe *of the ^rigle, ^infinitely produc’d, 

and tending to the Point G. bimedes; iff timm§ 8. 

taught to trifect an Anglo. The" fameKloiTfiru^idns mat be 
more ealily exjblrirf d than 1 have dene herc j. But hi theft 
I would (how how 1 , from the general Conftru&ioris^of Pro¬ 
blems I have already explain’d, we jnay derivethe mojft 
limple Coftftrufiiens ofpajticpkr Problems# ; : : 

Befides 
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’’Belides -the Conflrdflions here' fet doWn, We might add 
many more. [Vide Figure 106.] As if there were two 
-mean Proportionals to hefound "between a and b. Draw 
any right Line AK~ b, '• and perpendicular to it A B 
Bifefl A K in /, and in AK put AH eqaal to the Sub- 
\tnieBl j and allb in die Line AB produc’d, AC'-±: Sub- 
tenfe B H. Then in the Line A K’ on the other Side : df-the 
Point A take AD of any Length and D£ equal to it. and 
from the Centers D and •£, with the Diftances DRSiktEQ 
defcrihe two Circles, B F and CG, and between them draw 
the right Line FG equal to the right Line A I, and con¬ 
verging &tthe Points, and A F will be the firft of the 
two meari Proportionals that were to Be folind. 

The Ancients taught how to find two mean Proportionals 
■by the Cifloid ; but no'Body that 1 know of hath given a 
-good manual Defcriptidn of this Curve. [Vide Figure 107.] 
let-'AG be the Diameter, and F the Center of a Cirde to 
whichthe Cifloid belongs. At the Point F let the Perpen¬ 
dicular 'FD be erected, -and produc’d in-infinitum. And let 
FG be produc’d to F, thatFF may be equal to the Dia- 
'tneter of the Circle. Let the Ruler P ED be moved, -fo 
that' the Leg E P may always pafs thrOiigh the Point F, arid 
the other Leg ED muft be equal to the Diameter AG, or 
F P, with its End D, always moving in the Line FD ; arid 
the middle Point C of this Leg will defcribe the Cifloid 
G CK which was defired, as has been 'already 'lhewn, 
WherefOre, if between arty two Quantities, 4 and b, there 
be two ’ mean Proportionals to be found: Take AM —4, 
raife the Perpendicular MBl—b. 'Join AN, - and move 
the Rider PE D, as was juft now lhewn, 'utltil its Point C 
fell upOn the right Line AN. Then let fall CB perpendi¬ 
cular to AP, take t to B H, and v to BG, as MN is to 
BC, and becaufe A B, BH, BG, BC are continual Propor¬ 
tionals,' 4,' t, v, b will alfo be continual Proportionals. 

By the Application of fuch a Ruler other folid Problems 
may be conftruQed. 

Let there be propofed the Cubick /Equation pxx~— 
qx rz±o; where q is always Negative, r Affirmative, 

■... 1 

and p of any Sign. Make AG e= and bife <9 k in F. and 

. ■ 3 , . 

take FRizz and that towards A -iF is Affirmative, if 

not towards F. MoXeowr* mak vAB and eteft die 

Perpen- 
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Perpendiculars FD and BC. And in the Leg ED of the 
Ruler) take ED == AG and £ C = AR\ then let the Leg of 
the Ruler be apply'd to the Scheme, fo that the Point D 
may touch the Line FD , and the Point C the right Line B C, 
■mi BC will be the Root of the ^Equationfought, = x. 

Thus far, I think, 1 have expounded the Conftvuction of 
folid Problems by Operations whofe manual Practice is moft 
(impleand expeditious. So the Antients, after they had ob¬ 
tain’d a Method of folving thefe Problems by a) Competi¬ 
tion of folid Places, thinking the Confiru&ions by the 
Conick ,Se£tions ufelefs, by reafon of the Difficulty of de- 
feribing them, fought eafier Conftru&ions by the Con¬ 
choid, CifToid, the Extenfion of Threads, and by any Me- 
cbanick Application of Figures. Since ufeful Things, though 
Mechanical, are juftly preferable to ufelefs Speculations in 
Geometry, as we learn from Pappus. So the great Archi¬ 
medes himfelf negle&ed the Triifefiion of an Angle by the 
Conick Se£tions, which had been handled by other Geome¬ 
tricians before him, and taught how to trifed an Angle in 
his Lemma’s as we have already explain’d. If the Anti¬ 
ents had rather conftrult Problems by Figures not receiv’d 
in Geometry in that Time, how much more ought thefe Fi- 
gures now to b^ preferfd which are receiv'd by many into 
Geometry as well as the Conick Se&ions. 

However, I don’t agree to this new Sort of Geometrici¬ 
ans, who receive all Figures into Geometry. Their Rule 
of admitting all Lines to the Conftru&ion of Problems 
in that Order in which the ^Equations, whereby the Lines 
are defin’d, afeend to the Number of Dimentions, is arbi¬ 
trary and has no Foundation in Geometry. Nay, it is falfej 
for according to this Rule, the Circle ihould be joined with 
the Conick Se&jons, but all Geometers join it with the 
right Line ; and this being an inconftant Rule, takes away 
the Foundation of admitting into Geometry ail Analytics: 
Lines in a certain Order. In my Judgment, no Lines ought 
to be admitted into plain Geometry betides the right Line 
and the Circle. Unlefs fome Diflin&ion of Lines might be 
firft invented, by which a circular Line might be joined 
with a right Line, and feparated from all the reft. But 
truly plain Geometry is not to be augmented by the Num¬ 
ber of Lines. For all Figures are plain that are admitted 
' into plain Geometry, that is. thofe which the Geometers 
poftulate to be deferibed in piano . And every plain Prohlem 
is that which may be contoured by plain Figures. So 

therc- 
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therefore admitting the Conick Se&ions and other Figures 
more compounded into plain geometry, all the folid and 
more than folid Problems that can be conftrufled by thefe 
Figures will become plane. But all plane Problems are of 
the fame Order. A right Line Analytically is more limpid 
than a Circle • neVerthelefi, Problems which are conftrufted 
bf right LineS alone, and thofe that are conftru&ed by Cir¬ 
cles, sire of the fame Order. Thefe Things being poflulat- 
dd, a Circle is reduced to the fame Order with a right Line* 
And mnch more the Ellipfe, which differs much lefs from a 
Circle than a Circle from a right Line, by populating tUd 
right Defcriptlon thereof in piano , will be reduc’d to the 
fame Order with the Circle. If any, in conlidering the 
Ellipfe. fhould fall upon fome folid Problem, and fhould 
conftru 61 it by the Help of the fame Ellipfe, and a Circle : 
This would be counted a plane Problem, becaufe the Ellipfe 
was fuppos’d to be defctib’d in planb , and every* Conftru£U- 
dn belides will be folv’d by the Defcription of the Circle 
dnly. Wherefore, for the fame Reafon, every plane Pro- 
bleiti whatever may be conftru&ed by a given Ellipfe. 

For Example, [Fide Figure 108.] If the Center O of the 

5 ;iven Ellipfe ADFG be requir’d, I would draw the Paral- 
_els A By CD meeting the Ellipfe in A,B, C, D ; and alfa 
two other Parallels E F,G H meeting the Ellipfe in E, F, < 7 , 
Hj and I would bifift them in /, K, L, M % and produce IX % 
L M , till they meet in O. This is a real Conftru6lion of a 
plane Problem by an Ellipfe. There is no Reafon that an El¬ 
lipfe mufft be Analytically defin’d by an ./Equation of two Di- 
tnenfions. Nor that it fhould be generated Geometrically by 
the Se£Hon of a folid Figure. The Hypothecs, only confix 
dering it as already defcrib d in piano , reduces all folid Pro¬ 
blems conftruflt d by it to the Order of plane ones, and con¬ 
cludes, that all plane ones may be rightly conftrufled by it. 
And this is the State of the Populate. But perhaps, by' 
the Power of Poftulates it is lawful to mix that which is 
now done, and that which is given. Therefore let this be 
a Poftulate to defcribe an Ellipfe in phmo , and then all thofe 
Problems that can be conftru&ed by an Ellipfe, may be re¬ 
duc’d to the Order of plane ones, and all plape Problems 
may be conftru&ed by the Ellipfe. 

It is neceffary therefore that either plane and folid Pro¬ 
blems be conftrfed ariiong one another, or that all Lines be 
flung out of .plane Geometry, belides the right Line and the 

K k Circle, 
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Circle, unleft it happens that fometime fome other b given 
lptthe State of conftrufling fome Problem. But certainly iyjpe 
Will permit the Orders of Problems to be oonfufed. There- 
fore the Conick Seniors and all other Figures muft he cafl 
OUt of plane Geometry, except the right Line and the Cir¬ 
cle, and thofc which happen to be given in the State of the 
Problems. Therefore aU rhefe Defcriptiona of the Conicks 
in pLmQj which the Moderns are fo fond of, am foreign to 
Geometry. Neverthtlefe, the Conick Seflioqs ought not to 
be flung out of Geometry. They indeed am not deferibed 
Geometrically ipt piano , but are generated in the plane Su¬ 
perficies of a geometrical Solid. A Cone is conflituted geo 
metrically, and cut by a Geometrical Plane. Such a Seg- 
spent of a Cone is a Geometrical Figure, and has the fame 
Place in folid (geometry, as the Segment of a Circle has in 
Plane and for this Reafon its pafe, which they call a £o-r 
nick Scfliop, b a Geometrical Figure. Therefore a Conick 
Seflipn hatha Place in Geometry lb far as the Superficies is 
of a Geometrical Solid ; tut is Geometrical for po other 
Reafon than that it is generated by the Seflion pf a Solid, 
and therefore was not in former Times admitted only into 
folid Geometry. But foch a Generation is difficult, and ge¬ 
nerally ufelefe in Praftice, to which Geometry ought to be 
moft feryfoeable. Therefore the Anriente betook themfolvos 
to various Mechanical Defcripjtions of Figures in plw* And 
tye, after their Example, have handled in the preceding 
Conftruflions. Let thefe Conftruflions bp Mechanical ; and 
to the Conftruflions by Conkk Seflions defejibd in pUno 
be Mechanical. Let the Conftruflions by Conick Serious 
giyep he Geometrical; and fo the Conflruflions by any o- 
ther given Figures are Geometrical, and of the fame Order 
with the Conflruflions pf plane Problems. There is no Rea¬ 
fon that the Conick Seflipng fhould be preferr’d in Geome¬ 
try before any other Figures, unlef$ fo far as they are de¬ 
riv’d from the Seflion of a Cone; they being generally un- 
ferviceable in Praflice in the Solution of Problems. But 
leaf! 1 mould altogether neglefl Confirmations by the Conick 
Seflions, it will be proper to fay fomething concerning 
them, in which alfo we will confider fome commodious ma¬ 
nual Defcription. 

The Ellipfe is the moft Ample of the Cohick Seflions, 
tuoft known, and neareft of Kin to a Circle, and eafieft 
deferib'd by the Hand in piano « Though many prefer the 

Para- 
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Parabola before it, for the Simplicity of the Equation by 
which it is exprefsM But by this Reafon the Parabola 
ought to be preferr’d before the Circle it feif, which it never 
is. Therefore the reaforting from the Simplicity of the E* 
quation will not hold. The modern Geometers are too fond 
of the Speculation of Aquations. The Simplicity of thefe 
is of an Analytick Confideration. We treat of Corapoft- 
tion, and Laws are not given to Compofition from Anst- 
lyfis ; Analyfis does lead t6 Compofition : But it i$ not true 
Compofition before its freed from Analyfis. If there be 
never fo little Analyfis in Compofition, that Compofition* 
is not yet true. Compofition in it feif is perfeft, and far* 
from a Mixture of Analytick Speculations. The Simplicity 
of Figures depend upon the Simplicity' of their Genefis 
and Ideas, and an ./Equation is nothing elfe than a Ddcrip* 
tion (either Geometrical or Mechanical) by which a Figure 
is generated' and rendered mote eafy to the Conception. 
Therefore we give* the Etlipfe the firft Place, and fluil noW 
fbow how to coriftruS Aquations by it. 

Let there be arty* Cufcick Aquation propos’d, x* zspx* 
where p y q y and r fignify given Coefficients 
of the Terms of the Aquations, with their Signs + and 
and either of the Terms p and <7, or both of tliem, may 
be waiting. For fo we fhall exhibit the Conftrufrions of 
all CuBick Afl ua tions in orte Operation, whfch folldWs : 

From the Point B in any given right Line, take any two 
right Ltnes^ BC artdftF, on the fame Side the Point 2% 
and alfo B D, fo that it may be a mean Proportional be¬ 
tween them. \Vide Figure ic$>} And call BC y n y in the 

fame right Line alfo take B A = and that towards the 

n 

Point C, if —9, if not, the contrary Way. At*the Point 
A ereQ a Perpendicular, and in it take AF = p, FG — 

AF y F/sc—, and FH to FI as BC is to BE. But F H 
nn 

and FI are to Be taken on the fame Side of the Point F t<x- 
wards G y if the Terms p and r have the fame Signs ; and 
if they have not the fame Signs, towards the Point A. Let 
the Parallelograms IACK and HA EL be compleated, 
and from the Center K, with the Diflance KG, kt sf Cir¬ 
cle be deferib’d. Then in the Line H L let theifc be taken 
PR on either Side the Point H; which let be tvHL as 

K k 2 BD 
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BD to B E ; let G R be drawn, cutting EL in S> and let 
the Line GRS be moved with its Point R falling on the 
Line HL , and the Point S upon the Line EL y until the 
Point Q in describing the Ellipfe’ meet the Circle, as is to 
be feen in the Pofition of <r. For half the Perpendicular 
7 X let fall, from > the Point of meeting, to AE will be 
the Root of the ^Equation. Rut G or y is the End of the 
Rule G RSy or y ? cr, meeting the Circle in as many Points 
as there are poj/fible Roots. And thofe Roots are Affirmative 
which fall towards the fame Parts of the Line EA y as the 
tine FI drawn* from the Point F does, and thofe are Ne¬ 
gative which fill towards the contrary Parts of the Line 
AE if r is Affirmative; and contrarUy if t is Negative. 

But this Confiru&ion is demonftrated by fhe Help of th$ 
following Lemma's. 

Lemma I. All being Suppos’d as in the Conftruftion, 
uCAX— AXq=zyXq — 2AlxyX+2JiG*Fl. 

For from the Nature of the Circle, Kyq r-*CXqz* 

yX^AI] \ Bur K>q=zGlq+ ACq, and CXg = 
AX~ AC \ % that is, zzzAXg — zCAX ACg y an d 

fo their Difference G/4 + 2 CAX—AXq=zyX — Al\ z 
t=zyXq*—2Al'Xy$-\-Alq* Subtrafl Gig from both^ 
and there will remain 2 CAX — AXq = y Xq— 2 AI >c 
7X f* Alq~~G Iq • But (by Prop . 4. Book 2. Elem .) Alq 
sr AGq-\- %AG 1 -p G / q % and {oAlq—mGlq~AGq 

+ 2 AG 1 j that is, —2 AG X f AG^GL or 5-2 AG* 
Fly and thence 2 CAX—AXq — ? Xq — 2 At X * X + 
zAGxFI. Q.E.D. 

Lemma II. All Things being conflrufted as above 2 EAX 

.. . v FI v 2 FI AT1 v ^ ' ‘ 

+—AXqz=:y^ Xyq AH%Xy\ 2 AG X FI. 

For it is known, that the Point y 9 by the Motion of the 
Ruler >fcr aflign’d above, deScribes an pllipfe, the Center 
whereof is L, and the two Axis coincide with the two 
right Lines LE and LH, of which that which is in LE 
— 2 y ?, or — 2 GR y and the other which is in L //— 2 y <r, 
or — 2GS. And the Ratio of thefe to one another is the 
fame as that of the Line HR to the Line HL y or of the 
J-ine BD to the Line BE* Therefore the Laws Tranfvcr- 
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(iim is to the principal Latus Rtttum, as BE is to BC, or 
as I 7 / is to FH. Wherefore fince yT is rightly apply’d to 
HL t it will be from the Nature of the Bllipfe that G Sq-~ 

L fa — Ty fquar’d. But ET=lAE—AX, and Ty 
* p H 

~—Xy _ AH, let the Squares of which be put inftead of 

LTq and Tyq, and then G Sq — AEq-\- 2 EAX — AXq 

— ^ x X y q —r 2 A H X X y + A H q. But GSq — AEq 

- FH 

z=GH-\- LS\\ becaufe GS is the Hypothenufe of a 
Reflangled Triangle, the Sides whereof are equal to AE 
and GH-VLS. And (by reafon of the fimilar Triangles 
RGH and RSL) LS is to GH as LR is to HR, and by 
Compofition GH + LS is to GH as HL is to HR, and 

by fquaring the Proportions G H L S \ z is to G Hq as 
HLq is to HRq, that is, (by Conftru&ion) as BEq is to 
B Dei. that is, as BE is to B C, or as FI is to F H, and fo 
F / FH 

G ti + LS| 1 = 9 i* G Sq A Eq = yy GH q, 

andfo—GHq+zEAX—AXq^^xXtq—iAH 

FI 

xXy + A Hq, and by fubtrafiing ^ G H q from both 


Sides, there will remain 2 EAX—AXq — XXyq-n 

zAHx Xy\-AHq—>GHq. But AH-AG-\-GH, 
and fo A Hq — AGq \ 2 AGH -\-GHq, and by fub- 
jra^ing G Hq from both, there will remai n AHg — GHq 

z=AGq + 2AGH, that is, -2AGx^AG-\-GHss 
2 AG X FH, and therefore 2 EAX — AXq==p^ X Xyq 


FI 2 pi 

■—2 AH% Xy -\-2AG x Ffl,thatis,z=^rg^^— 

AHX Xy + 2 AG X F/. Q. E* D> 


Lemma III. All Things Handing as before, AX will 
be to Xy — A G as Xy is to 2 B C. 

For if from the Equals in the fecond Lemma there be fob-' 
trailed the Equals in the foil Lemma, tftere will remain 

* •••• - * aC E 
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aCExAXsz yljXy q— 2 ~AHxXy+ 2 AlxX?. 

Let both Sides be multiply’d by FH, and 2 FH xCE x 
AXzsHlxXyq — 2FI X AHxXy + 2AIXPHX 
Xy. But Al— Hl-\-AH, and fo 2Flx AH — 2BK 
xAI — iFJx AH—2FHA — 2FHI. But 2 F 1 X 
HA—2FHA—2AHI, and 2AHI— 2FHI — 2HI 
X AF. Therefore 2 Fix AH— 2FH X Al =* 2HI X 
AF, andfo 2 FHxCE x AX = Hl x Xyq — 2HI X 
AF xXy* And thence a a HI is to F H, fo is 2C£x 
AX to Xy q— 2 AFx Xy. But by ConftruSion HI is to 
F H as C£ is to B C, and fo as 2 CF. x AX is to 2 BCx 
AX, and thence 2 BCx AX^zXyq — 2AFxXy, (by 
Prop, p, Bopk <{. Elem.) But becaufe the. Re&angles are e- 
qual, the Sides are proportional, AX to X> — 2AF, (that 
»s, Xy — AG) as Xy it to 2 fiC. Q,E.D. 

Lemma IV. The fame Things being Bill fuppos’d, 
aFI is to AX —-2 AB as Xy is to 2 BC 

For if from the Equals in the third Lemma, to wit, 2 BC 
X A X=z Xyq — 2AF X Xy, the Equals in the firft Lemma 
be fubtracted, there will remain — 2AB X AX-\- AXq 

a;2 Fix Xy^ll^ G * FI > thatis > AX * AX—2AB 
—ziFlX Xy — AG. But becaufe theReilangles are Equal, 
the Sides are Proportional, 2 FI is to AX—2AB as AX' 
is to Xy — AG, that is, (by the third Lemma) as Xy is 
tbd&C. Q. E. D. 

At length, by the Help of thefe Lemma’s, theConftruflion 
of thtf Problem is thus ckmonfttated. 

By the fourth Lemma, Xy is to 2 B C as 2 F l is to A X 
— 2 AB, that is, (by Prop. 1. Book 6. Elem.) as 2 BC X 

2 FI is to 2 BCx AX—2AB, or to 2BCXAX —2 BC 
X lAB. But by die third Lemma, AX is to Xy — 2 AF 
as Xy is to 2 BC, or 2BCxAX~Xyq — 2AFxXy, 
and fo Xy is to 2 BC as 2BCX2FI is to Xyq — 2 AFx 
Xy—2BCX2AB. And by multiplying the Means and' 
£xtreams into themfelves, Xy cub. — 2 AFx Xy q —4 B C 
X AB x Xy — SBCq XFI. And by adding 2 AF x Xyq 
-{• qBCX ABx Xy tobothSides Xycub.=z2AFxXyq 
Jfr q BC X, ABX XyZBCq X F 1 . But ± X> in the 
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Conflruaion to be demonftrWei wu equal the Root of die 
^Equation = *•, and AF=p, BC=n, AB z= —, aqd FI 

ft 

\ 

—: —, and {oBCtAB — q. And BCqX.FI—r. Which 

tl ft 

being fubflituted, will make x % = px l + qx + r. 
Q.E.D. 

Corol. Hence if AF and AB be fuppos’d equal to no¬ 
thing. by the third and fourth Lemma, 2 FI will be to AX 
as A X is to Xy } and Xy to 2 BC. From whence arifes the 
Invention of two mean Proportionals between any two, gi¬ 
ven Quantities, FI and BC, 

Scholium . 'Hitherto I have only expounded the Conftnj£ti- 
on of a Cufcick ^Equation by the Ellipfe ; but the Rule is of 
a more univerfal Nature, extending it felf indifferently to 
all the Conick Sections. For, if inftead of the Ellipfe you 
would ufe the Hyperbola, take the Lines B C and BE on the 
contrary Side of the Point B f then let the Points A % F, G, 
J, H y K , L, and R be determin'd as before, except only that 
FH ought to be taken on the Side of F not towards /, and 
that HR ought to be taken in the Line AI not in HL , on 
each Side the Point H 9 and inftead of the right Line GRS P 
two other right Lines are to be drawn from the Point L to 
the two Points R and R for Afymptotes to the Hyperbola. 
With thefe Afymptotes LRyLR defcribe an Hyperbola 
through the Point < 7 , and a Circle from the Center JC with 
the Diftance G K: And the halves of the Perpendiculars 
let fall from their Interfe&ions to the right Line AE will be 
the Roots of the Equation propos'd. All which, the Signs 
4 - and — being rightly chang'd, are dcraonftrated as 
above. 

But if you would ufe the Parabola, the Point E will be 
remov'd to an infinite Diftance, and 10 not to be taken any 
where, and the Point H wiU coincide with the Point F, 
and the Parabola wiU be to be describ'd about the Axis HL 
with the principal Imus Re£lum B C through the Points G 
and Ay the Vertex being plac'd on the fame Side of the 
Point F, on which the Point B is in rcfpeS of the Point 

Thus the Conftru&ions by the Parabola, if you regard A- 
nalytick Simplicity, are the moft Ample of all Thofe by 
the Hyperbola next, and thofe which are folv’d by the El- 

lipfe. 
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lipfc have flie third Place. But if ill defcrlbingbf Figures; 
the Simplicity of the manual Operation be rtfpe&ed, the 
Order muft be chang’d. 

But it is to be obferv’d in thefe Con ftruciions, that by the 
Proportion of the principal LattuReftum to the Lam Tranf ~ 
verjunty the Species of the Ellipfe and Hyperbola may be deter¬ 
min’d, and that Proportion is the fame as that or the Lines 
' B C and B £, and therefore may be affunf d: But there is 
Jbut one Species of the Parabola, which is obtain’d by put¬ 
ting BE infinitely long. So therefore we may conftrufl any 
CuSick ^Equation by a Conick Seflion of any given Species* 
To change Figures given in Specie into Figures given in 
Magnitude, is done by encreafing or diminifhing all the 
lines in a given Ratio, by which the Figures were given 
in Specie, and fo we may conftruft all Cubick ^Equations 
by any given Conick Se&ion whatever. Which is more 
fully explain'd thus. 

Let there be propos’d any Cubick Equation x'~pxx. 
• qx.ry toconftruft it by the Help of any given Conick 
Section. [Vide Figuret i io and t 11.] 

From any Point B in any infinite right Line BC£, take 
any two Lengths BC\ and BE towards the fame Way, if 
the Conick Se&ion is an Ellipfe, but towards contrary Ways 
if it be an Hyperbola. But let B C be to B E as the princi* 
pal Lam-ReRum of the given Se£fion, is to the Lam Tranf- 

verjum, and call B C, », take BA = •?-, and that towards 

C, if q be Negative, and contrarily if Affirmative. At the 
Point A ere& a Perpendicular A 1 , and in it take AF^zp i 

and FG = AF\ and FJz=—. But let FI be taken to¬ 
rt* 

wards G if the Terms p and r have the fame Signs, if not, 
towards A . Then make as FH is to FI fo is BC to BEj 
arid take this FH from the Point F towards /, if the Se¬ 
ction is an EUipfe, but towards the contrary Way if it is an 
Hyperbola. But let the Parallelograms IACK and HA EL 
becompleated, and all thefe Lines already deferib’d trans- 
ferr’d to the given Conick Se&ion $ or, which is the fame 
Thing, let the Curve be defenb'd about them, fo that its 
Axis or principal tranfverfe Diameter might agree with the 
right Line LA y and the Center with the Point L . Thefe 
Things being done, let the Lines KL and GL be drawr?, 

cutting 
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in g~ In LK tike LI, Which 
G. and from the .Center jl, wjtH 
i Circle. From the Points wfbere 
t fall Perpendiculars to the ljifa 
'ne. Partly, towards > take TT^ 
> to Lg, and this TT produc’d 
XT will be one of the Root! 
thofe Roots are Affirmative 
ts of AB as p/ lies from F, and 
e on the contrarySide, ifris-J-i 

-ubick ./Equations conftrufled b# 
ola’s : But if a Parabola ihattld 
to be taken equal to the Latqf 
Points ^, F, G, /, and K, being 
uft be deferib'd from, the Ceptei 
and the Parabola mall be ifo ap» 
deferib’d, (or the Scheme to thh 
through the Points A snd<J, ajjd 
nt F parallel to At, the Vertex 
the Point F as the Point B falls 
mg done, if Perpendiculars werji 
here the Parabola interfeffe the 
leir Halves will be equal to the 
be conftrufled. 

here the feconi Term of thd JE-i 
the Pattis Reflum of the Parabola 
ftruflion comes odt thi fame a* 
’d in hii Geometry, with this 

Lines are the double of therm 
" Cbnftruflions. But where par* 
s’d, we ought to confult the molf 
ms. For the Quantity h remain! 
tch the ./Equation may, for the 
: limple. One Example of which 

lipfe Ana let there be two ideact 
letween the given Lines a and (f. 

ind a , x will be continurfl 

oi * % fsidb, is theJSqiai 

ifl. Here the Tsrjsjs p and a ate 
hi ‘ " '' tinttoj, 
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lipfe have flie third Place. But if irf defcribing 6f Figured j 
the Simplicity of the manual Operation be refpe&ed, thi jU- 

Order muft be chang’d. -1 _ 

But it is to be obferv’d in thefe Con ft ructions, that by t h __ 
Proportion of the principal LanuReftum to the Lams Tranf 
verJutMy the Species of the Ellipfe and Hyperbola may be deter* 
min’d, and that Proportion is the fame as that of the Line| 

B C and B £, and therefore may be aflum’d: But there li 
Jbut one Species of the Parabola, which is obtain’d by put¬ 
ting BE infinitely long. So therefore we may conftru£l any 
Cubick ^Equation by a Conick Section of any given Species* 

To change Figures given in Specie into Figures given in 
Magnitude, is done by encreafing or diminilhing all the 
Tines in a given Ratio, by which the Figures were given 
in Specie, and fo we may conftruS all Cubick ./Equations 
fcy any given Conick Seflion whatever. Which is more 
fully explain’d thus. 

Let there be propos’d any Cubick ^Equation x' — pxx. 
m qx.r % toconflruft it by the Help of any given Conick 
Section. \Vide Figuret 11o and T11.] 

From any Point B in any infinite right Line BCEj take 
any two Lengths BC t and B E towards the fame Way, if 
the Conick Se£tion is an Ellipfe, but towards contrary Ways 
if it be an Hyperbola. But let BC be to BE as the princi¬ 
pal Latus-ReRttm of the given Section, is to the Lam Trdnf- 


verJuMj and call B C, », 


take BA = •?-, and that towards 
n 


7 


C 9 if q be Negative, and contrarily if Affirmative. At the 
Point A ere& a Perpendicular A l , and in it take A ^ 2= p, 

and EG = AFx and Fl= —. But let FI be taken to¬ 
wn 

wards G if the Terms p and r have the fame Signs, if not, ; 
towards A L Then make as FFI is to FI fo is BC to BE 9 
and take this FH from the Point F towards /, if the Se¬ 
ction is an Ellipfe, but towards the contrary Way if it is an 
Hyperbola. But let the Parallelograms IACK and HA EL j 

be compleated, and all thefe Lines already deferib’d trans- j 

ferr’d to the given Conick Se&ion 5 or, which is the fame J 

Thing, let the Curve be defcrib'd about them, fo that its ] 

Axis or principal tranfverfc Diameter might agree with'the j 

right Line LA y and the Center with the Point L . Thefe , 

Things being done, let the Lines KL and GL be drawi?, 

cutting ■ 
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ciittihg the Conick Seftibn in g- In LK tale £ 1 , which 
let beto LK as Lg to LG, and from the Center i , wit^ 
the Difiance kg, defcrifce a Circle. From the Points Where 
it cuts the give a Curve, let fall Perpendiculars to the Luffe 
1 >H, whereof let Ty be one. Laftly, towards y take TT,i 
whiph let be to Ty as LG to Lg, and this TT produc'd 
will cut AB in X, and XT will be one of .the Root! 
of die Equation; But thofe Roots are Affirmatiyq 
which lie towards fuch Parts of AB as F/ lies.frofn F, and 
thofe are Negative which lie on the contrary Side, if r is -j-j 
and toe contrary if r is , / ' .• 

After this Manner are Cubick .Equations conAiufled by 
«voi\ElUpfts and Hyperbola’s : But if a Parabola fcopld 
be given, the Line BC is to be taken equal to th* Latuf 
Rectum it felf. Then .the Points A, F, G, /, and if, being 
found as above, at Circle mull be describ'd front, the Centef 
Afw jtji the Difiance ArC, and the Parabola mafi be fo ap> 
fdy’d to the Scheme already deferib’d, (or the Scheme to th«$ 
Parabola) that it may pafs through the Points A and G\ aj)d| 
its Axis through the Point F parallel to A C, the Vertex 
falling on the fame Side of the Point F as the Point B falls 
off the Point C; thefe being done, if Perpendiculars were 
let fall from the Points where the Parabola interfere the 
Circle to the line B C, their Halves will be equal to the 
Roots of the ^Equation to be conArufted. 

And take Notice, that where the feconl Term of the E- 4 
quation is wanting, and fo the Latus Re&um of the Parabola 
is the Npmber 2, the ConAru&ion comes odt the fame ai 
that which Dei Cartes prov’d in his Geometry, with this 
Difference only, that theft lines are the double of them. 
This is a general Rule of ConAruflions. But where par¬ 
ticular Problems aie propos’d, we ought to confult the moff 
fimple Forms of ConAru&ions. For the Quantity h remain! 
free, by the taking of which the ./Equation may, for the 
tnofl part, be render'd more fimple. One Example of which 
1 will give. 

Let there be given an EHipfe dria let there be two ideal! 
Proportionals to be found between the given Lines * and (f. 

iet the fitft of them be x. dnd a.x. — ,f> will be continual 

d 

jM f 

Proportionals, and fa dk-- —, or — sst, is thejEqtfcui 

fton Which you mail conflruQ. Her* the Petal p and a ate 
* ■ Tt * ‘ 1 '* Wsnttny, 
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naming, and the Term r = 4db, and thrtefonrte Badand A F 
ire ss o, 1 and VI— — . That the laft Term may he mom 

fftl 

Ample, let»'be alfum’d — «r, and let Fl—b. And then 
the ConArUfhon will be thus: ■ 

Ftofti arty Point r A in any infinfceright Line A £, <ak£ 
‘At ^ i»,and on the fame Side of the Point A take AE to AC, 
bt the principal La to Re&um of the Ellipfe is to the Latot 
Ttanfietfum. Then in the Perpendicular Al take Ai^sb, 
uid Aft to A J as AC to A E. [Fide Figun 112.] Let the 
Parallelografn* IACK, HAEL becompleatea. join t>A 
hnd L K. XJpoh this Scheme lay the given Ellipfe, and it 
Wttl Wit the tight Line AL in the Point r. Make L i to 
LK ai L? to LA. prom the Center i, With the Diftance 
ig, delaine a Circle cutting the Ellipfe ih y. Upon A £ 
let fall the Perpendicular yX, cutting Hi, in 7 *, and let that 
beptoduc’d to T, that 7T may be to 7 > as TA to Tg. 
And fo XT — x 'will be equal to die fitft of the two mean 
Proportionals, Q. E.I. 
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A New, Exaft, and Eajy Method , of find* 
ing the Roots of any ^Equations Generally 
and that without any previous BjtduBion. 
By Edm. Halley, Savilian ProfeJJ'or of Geo - 
metry. [Publifh'd in the Philofophical Tranf- 
adions, Numb. 210. A. D*. 1694.3* 


HBHBKSp|||HE principal Ufe of the Analy tick Art, is to 
bring Mathematical Problems to' ./Equations, 
IBfTl ^ and to exhibit thofe Equations in the moft 
Ample Terms that can be. But this Art would 
fjMHBSH juftly feem in fome Degree defective, and not 
fufficiently Analytical, if there were not fome. 
Methods, by the Help of which, the Roots (be they line* 
or Numbers) might be gotten from the ^Equations that are 
found, and fo the Problems in that refpeQ be folved. The 
Antients fcarce knew any Thing in thefe Matters beyond 
Quadratick ./Equations. And what they writ of the Geome- 
trick VUonftruChon of folid Problems, by the Help of the 
Parabola, Cifloid, or any other Curve, were only particular s 
Things defign’d for fome particular Cafes. But as to Nu¬ 
merical Extraction, there is every where a profound Silence 5 
fo that whatever we perform now in this Kind, is entirely 
owing to the Inventions of the Moderns. 

And firft of all, that great Difcoverer and Reflorer of the 
Modern Algebra. Francis Fieta 9 about loo Years lince, 
lhew’d a general Method for extracting the Roots of any j£- 
quation, which he publifh’d under the Title of, A Numeri¬ 
cal Refilmim of Powers , &c. Harrioty Ougbtred , and others y 
as well of our own Country, as Foreigners, ought to acknow¬ 
ledge whatfoever they have written upon this Subject, as 
taken from Fieta. But what the Sagacity of Mr. M wtono 
Genius has perform’d in this BuGnefi we may rather conje¬ 
cture (than be fully allur'd of) from that (hort Specimen 

LI 2 give* 
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given by Dr. Wallis in the 94th Chapter of his Algebra, 
And we muft be forc'd to expe& it, till his great Modefty 
ibaH yield t6 the lntreaties of his Friends, and fuffer thole 
curious Difcoveries to fee the Light. 

Not. long fince, (viz,.* A. D. 1690,) that excellent JPerfon, 
Mr. Jofeph Ralphjon , F. R.S. publifh d his Univerfal Analyfis 
of *AEquations , and illuftrated his Method by Plenty of Ex¬ 
amples ; by all which he has given Indications of a Mathe-r 
matical Genius, from which the greateft Things may be 
«cpe£led. ‘ 

By his Example, M. de Lagnty, an ingenious Profeffor of 
Math&natick$ at Partin was encourag'd to attempt the fafne 
Argument $ but he being almoft altogether taken up in ex- 
pa&ing the Roots of pure Powers (efpecially the Cubick) 
adds but little about affe£led ^Equations, and that pretty 
much perplex’d too, and not fufficiently demonftrated : Yet 
he gives two very compendious Rules for the Approximate 
ot of a Cubical Root ; one a Rational, and the other an Ir¬ 
rational one. fe'gr. That the Side of the Cube 444 b 


15 between 4 -—j— and ^+44 + G+ | 4 . And 

3444+4*’ ,. 4 " 1 34 

the Root of the ^th Power, 4' + 4 , he makes — 1 4 + 

^T^ + i_j44 (where note, that ’tis 444 , not 

4 tJ 4 ; 

i 44, as *tis Cfroneoufly printed in the French Boo,k.) Theft 
ules weye communicated to me by a Friend, I having not 
feen the Bookj but having by Trikl found the Goodnds of 
them, arid'adqiiring the Compendium,’1 was wiping to find 
put the Demonftfation. Which having done, } prefenrJy 
found that the fame Method might be accommodated to the 
Refolution of all Sorts of .Equations, And I was the rather 
inclin’d to improve thefe Rules, becaufe 1 faw that the whole 
Thing mightbe explain’d in a Synopjis and that by this 
means, at evety repeated Step of the Calculus, the Figures 
already found in the Root, would be at leaf! trebled, which 
all other’Ways are’eiiCreafed but in an equal Nurhber with 
the given ones. Now, the ’foremention’d' Rules are eafily 
demonftrated from'the Genefis of the Cube, and the 5th 
Rower. For, fuppofing the Side df arty Cdbe = 4 + r, the 
Cube arifing from ; thence is + 344;+ 3 Ate + eee. 
And confequently, if we fuppofe 444 the next lefsCube, to 
Shy given Nba-Cubick Number, then eee wiH be lefs than 
'' 1 ' ^ , Unity, 
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Unity, and the Remainder b, will = the other Metnbersof 
the Cube, 344* +J 4 te + tec. Whence rejecting ere* 
upon the Account or its Smallnefs, we have b s= 344; 4* 
24 et. And fince 4 4 e is much greater than 4 ee, the Quag- 

b b 

tity — will not much exceed e ; fo that putting t =- 

344 • r ° 344 

then the Qpantity - p - — (to which e is nearly equal) 


will be found ^ 


344+ 34* 
b 


344^- 


4 b 


34 y 

0/24 


or 


, 

344^. - 


that is, 


344 
be 4-* 


-7— — r. And fo the Side of the Cube 444 4* f will 
T» 

• 4 - r -r, which is the Rational formula of M. it 
3 aa-fb 

Lagnty. But now, if 444 .were the next greater Cubicle 
Number to that given, the Side of the Cube aaa—b, will, 

after the lame Manner, be found to be 4— ———- - And’ 

344 —b 

this eafy and expeditious Approximation to the Cubick 
Root, is only (a very fmaU Matter) erroneous in point of 
DefeEl f, the Quantity e, the Remainder of the Root thus 
found, coming fomething lefs than really it is. 

As for the Irrational Formula , ’tis deriv’d from the la me 

b 1 

Principle, vi*. bz=$aat + $aee, or — s=ae-{-te t and 

fo a * + ^ = 14 + e, and ^4 4 4 + ^ + f 4 — 4+e; 

the Root fought. Alfo the Side of the Cube aaa—b, af¬ 
ter the fame Manner, will be found to be f 4 -f- 




3 ' 


And this Formula comes fomething nearer 

to the Scope, being erroneous in point of Exctjt, as the other 
was in JDtftu , and is more accommodated to the Ends of 
Practice, fince the Refiitution of the Calculus is no thing 
elfe hut the continual Addition or Subtraction of the Quan¬ 
tity—, according as the Qpantity t can be known. So 
! 34 ■ 

t that 
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tfcsitwe fliopld rather #rite ^$4 + 


T 






4- f 4, iw the 


e te—mh 


fbrtner Cafe, and in the latter, f 4 -{- " \aa- 4 - 

... . .34 

Rnf by either of the two Formula's the Tigures already 
known irj the Root, to be extra&ed are at leaft tripled ; 
which I conclude will be very grateful to all the Students in 
Arithmetick, and I congratulate the Inventor upon the Ac¬ 
count of hiaDifcovery, . 

But that the Ufq, of thefe Rules Qiay he the better per¬ 
ceiv’d, I think it proper to fubjoyh an Example or two, 
let it b^ propos’d tQ find the Side pf the double Cube, or 

44 d-\- ‘b — 2 . Here 4 — I, and f,and fo or 

i,i 6 , be found to be the true Side nearly. Now, the Cube' 

V 


of 1,26, is 2,000376, and fo 0,63 4- * ,3p6p 


,000037 6 
3 > 7 « 

or 0,63 + v',2<?68 oq 5291 ©; ■$ 291 s= t,2*}pp2i04<?Sp5 —- ; 
which in 13 Figures gives the Side of the double Cube 
with very little Trouble, viz,, by one only Divifion, and the 
Extrafiion of th£ Square Root ; when as by the coihhUwi 
W ay of working, how much Pains it would have eoft, the 
Skillful very well know. This Calculus a Man may continue 
as far as he pleafes, by encreafingthe Square by the Addition 

of the Quantity —r ; winch Correction, in this Cafe, will 
3 a 

give but the Encrcafe of Unity in the 14th Figure pf the 
Root. , 

Example’ll, let it be propos’d to find the Sides of *a Cube 
equal to that Engliih Meafure commonly call’d a Gallon* 
which contains 25? fohd Ounces. The next lefs Cube is 
216, whofe ISide 6 =4, and the Remainder 15 ; andT q 

for the firft Approximation, we have 3 + V5?+4 == the 
Koot. And fince ^9,8333 .. . is 3,1358..., ’ris plain, 
that 6,558 = 4-|- Now, let 6,1358 =r a ; and we (hall 
then have for its Cube 23 1,00085 3894712, and 'according 

to the Rule, 3,0679 + ^9,41201041 — is 

J 18,^070 

moft accurately equal to the Side of the given Cuoe, which, 
within the Space of an Hour, I determin’d by Calculation to, 

be 
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** 6.15^24^9^61^89/, which ts exi® ill the igth'Fi- 
gure, defective in the 19th. And this Formula is deferred]/ 
preferable to the Rationale, upon the Account of the great 
Divifor, which is. not to be managed without a greit Uealqf 
' labour j whereas the Extra£Uon of the Square Root proceeds 
much more eafily, as manifold Experience has taught me. 

Butthe Rule fot -the*Root of a pure Stfffclid,Or.the itft 
Power,' IsftFfotaething si higher Enquiry, and does much 
more perftflly yet do the Bufinefs; for, it does at leaft Quin¬ 
tuple the given Figiitrt of the Root, neither i* the-Calculus 
very large or operofe. Tho’ the Author no where ihews his 
Method of Invention, or any Demonfttttion,. altho’ itfeems 
to fag very much Wanting ; efpecially firice all things art 
^jight in the printed Book, which may eafily deceive the 
Unficilfol. Now the «;th Power of the. Side a 4- < is.co m - 
posu 01 thele Meiribers, 4 " 4 * $ a* e-p ios^i* -p 10 4* e* 
*T S 4 * 4 +«' = 4 ' +i; from whence b — 104’r* 

*T I 04 ’e*‘ -j- 5 a e 4 , rejefUng r' bedhufe of its Smallnc!^' 

Whence —sjaV-h 24 ***-p 24 t’+e 4 , and adding oh' 

tofisSittef')**,' weHullhave ^ | 4 4 -p i- ;» ■y^ 4 , 4 k 4 , e 
■T + 2 rf*> , +s 4 aB , | 44 ’ 4 *ilr 4 "Sfi then fubtraflinq 

544 from both Sided, f 4will 33 4*+i-u.£44 : 

to which, if f 4 be a tjded, then wilL 4 + t 4 + 

i/ b V~ ■' ' • 

* Vf 4 4 + —— 1 44 = the Root of the Power 4*+fc 

But if it had 4' — t-f-the Quantity 4 befog toa gifeat) the 
Kule would have beef) thus* 1 4 

And this Rble^pproaches wonderfully, fo that there is hardly 
any need ,of Reftitution. 

But while I ccmffckr’d thefe Thingh with rtiy fetf. f Ikhf 
upon general Method for the Formula's of all Powers what- 
foever, end (which being handfome ahsj concife enough) I 
thought ! would not conceal ftoni the PobKcfe. 


thefe 
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Theft Formulas, (at well the Rdtitnal as the hrr*t\m*T 
tow) are thus. 

Ys4 +b = v'ss + *, «4 + 

V» 4'+*=*4 + f / 'i 44 + -, or4 + £ 777 +V 

. £/ TT . 4* 

4 * + *S= } 4 + ' *44 + or 4 + 44 


^+1 = 54 + ^ 44 +^, “ 4 + — £jp-j. 
V' 4 # +^SST^+^fvr 44 + -^, or 4 +J^TIpP' 
y^’+& = *4+ ^tV 44 + ~~7» or 4 + ' 

’.,*•• ' t ' • * ' * ' . " 

And fo alfo o£ the other higher Powers. But if 4 were 
aflum’ d bigger than the Root fought, (which is done with 
fome Advantage, as often as the Power to he' refolv’d is 
much nearer, the Power of the ttexpgreiter whole Numbei, 
than of the next left) in this Cafe, Mfttttis Mmtttdit, we 
foal! have the Cune Expreflions ofthc Roots, tte. ■• • 


V44 — *s=V44 — b. 


or 4- 


4* 


244 — kb' 


VU'— hs±k+^ ^ 44 >*~, °r 4 *- ^yi - f 

. ,V” * 4t 

V‘4’--trs!4 + ^*44 —— ,or »— 5 -;—i £ 

4* 


r T7 44 

---»or 

IO 4 5 . 

f~Z. 

b 

OX 4“ 

Tt 4 4 

154 4 ’ 

y,:~ 

TT 44 

& 

— -014- 

- 214' 


vi 


d 4 ‘— 
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An 3 " within thcfe two Terms the true Root is ever found* 
being fomething nearer to the Irrational thin the Rationm 
Expreffion. But the Quantity e found by the Irrational For - 
mala, is always too great, as the Quotient refulting from 
the Rational Formula , is always too little., And corifequenr- 
ly, if we have + b y the Irrational Formula gives the Root 
fomething greater than it fhould be, and the Rational fomer 
thing lefs. But contrary wife if it be — b. ' / > 

And thus much may fuffice to be faid concerning'.the Ex<? 
traction of the Roots of pure Powers ; which notwithftandt 
ing, for common Ufes,. may be had much more eafily by 
the Help of the Logarithms. But when a Root is to be de¬ 
termin’d very accurately, and the. JLpg&rithmiek Tables will 
not reach fo far, then we muft neceffariiy have Recourfe to 
thefe 9 or fuch like Methods, Farther* the Invention and 
Contemplation of thefe Formula's leading me to a certain 
univerfal Rule for adfeSed Aquations, (which I hope will 
be of Ufe to all the Students in Algelra and Geometry) I was 
willing here to give fome Account of this Difcovery, which 
I will do with all the Perfpicuity I can. I had given ac 
N° 188. of the Tranfaftions, a very eafy and general Con- 
ftru&ion of all adfeded Aquations, not exceeding the Bi- 
quadratick Power; from whichTime I had a very great De«* 
fire of doing the fame in Numbers. But quickly after, Mr, 
Ralphfon feem’d in great Meafure to have fatisfy’d this Defire, 
till Mr. Lagney, by what fie had perform'd in his Book, in¬ 
timated, that the Thing might be done more compendioufly 
yet. Now, my Method is thus: f 
Let*,, the Root of any Aquation, be imagin’d to be 
compos’d of the Parts or— e, of which, let 4 be af- 
fum’d as near a, as is poflible^ which is notwithftanding not 
neceffary 9 but only commodious. Then from the Quantity 
4 + * f or 4—f, let there be form’d all the Powers of 
found in the Aquation, and the Numerical Co-efficients be 
refpeftively affix’d to themThen let the Power to be re- 
folv'd be fubtracled from the Sum of the given Parts (in the 
firft Column where e is^-not found) whicn they call the Ho- 
momentum Cmparationis , and let the Difference be + b. In 
the next Place, take thz Sum of all the Co-efficients of e in 
the fecond Column, to which put z=zs. Lallly, in the third 
Column let there be pu^down the Sum of all the Co-effici¬ 
ents of ee 9 which Sum call U Then will the Root 4 Hand 


thus in the Rational Formal 4, vie. e=a-± 


sb 


apd 


ss±tb’ 

M m thus 
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ihusintbe Jrrathual Found*> viz* j&bs 4 ^ t t 

which perhaps it may he worth while to illuftrate by fomft 
Examples. And inflead of an lnjhrument let this Table ierve, 
which fhews the Genefis of the federal Powers of 4 + e, 
and if need be, may eafily be continued fartherj which, for 
Its Ufe, I may rightly call a General Analytical ' Speculum. 
The foremention’d Powers anting from a continual Multi¬ 
plication by 4 + e (=*.) come out thus with their adjoyn’d 
Co-efficients. 
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But now, if it be <r— e =so, the Table is compos’d of 
the fame Members, only the odd Powers of e, as e, eV*Y 

are Negative, and the even Powers, as*’,* 4 ,* 6 , Affir¬ 
mative. Alfo, let the Sum of the Co-efficients of the Side 
e, be — t ; the Sum of the Co-efficients of the Square ee 
—r, the Sum of the Co-efficient of «’ =«, of e 4 ■sr»» of 
e' =.x, of e 6 — J, &c. But now, force e is fuppos’d only a 
fmall Part of the Root that is to be enquir'd, all the Powers 
of e will be much lefs than the correfpondent Powers of d t 
and fo.far the foil Hypothefo; all the fuperior ones may be 
rejected* and forming a new Equation, by fubftituting 
4 + e=a, we (hall have (as was faid) +&=s+r*it**« 
The following Examples will make this more dear. 

Example I. Let the .Equation a 4 —3**+ 75 * 
t= 10000 be propos’d. For the foil Hypothefis, let 4 = I 0 » 
and fo we have this Equation j 

* 4 = -f 4 4 44’e-f 64*ee 4 4*’e + « 4 

— dz. 1 — — da 1 da e> — dee 

+ cz, — -J- <?4 c e 

cs+10000 40Ooe-h < 5 ooee 40e J + e 4 

— 300 60 1 — 3*e 

Hr 750 7 S« ' 

— toooo _ t 

H* 4^0—4015c+ 597 ee “ 4 °*’ H" <4 — 0 

S. t H 

The Signs -f and —, with refpea to the Quantities e and 
e J , ate left as doubtful, till it be known whether* be.Nes- 

S jative or Affirmative ; which Thing creates fome Difficulty, 
ince that in Equations that have feveral Roots, the Jzome? 
genea Comparationis (as they term them) are oftentimes en- 
creafed by the minute Quantity 4, and on the contrary, that 
being encreafed, they are diminiih’d. _ But the Sign of r is 
determin'd from the Sign of the Quantity b. Fox taking a- 
way the Reftlvend frOm the Homgemdl form’d of 4 ; the 
Sign of s e (and confequently of the prevailing Parts in the 
Compofoion of it) will always be contrary to the Sigh’of 
the Difference b. Whence 'twill be plain, whether it muft 
be H- *, or — r ; and confequently, whether 4 be takm 
greater or lefs than the true Rett. Now the Quantity t is 

-= | s when b and t have the fame Sign, but 

Mm a . 5<toen 
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__ f/k ss * 4 “ 


• \ u But 


when the Signs are different, e is = 

y 

afeer it is found that it will be — e, Jet the Powers r, e 
t\ &c. in the affirmative Members of the Equation be * 
made Negative, and in the N gativc be made Affirmative; 
that is, let them be written with the contrary Sign. On 
the other hand, if it be 1 (let thofe foremention *d Powers) 
be maeje Affirmative in the Affirm ttive, and Negative 
in ti e Negative Members of the Equation. 

Now we have in this Example of ours, 10453 inftead of 
the Refohrend iococ, or 450, whence it*s plain, 

that 4 is taken greater than the* Truth, and consequently, 
that *tis e. ’Hc/ice the Equation comes to be, 10450-^ 
40-i5 1 4- 4/’ 4 ’ icooo. That is ? 440 — 

4015*4* 597** = o'; and fo 450 = 4015^ — 597 ec, or 

$ = — tec, whofe Root 


f = | 


// • 


bt S 

— or-*■ 

, * . ; 2t 

that is, in the fcrefent Cafe, 

4 tt t • r ’ 

* — - —^ 1 ?^ 14:16 4 From whence we have the Root 

•597 

fouglit, 9,8865 which is near the Troth. , But then fubftt* 
tuting this for a feconi Suppofition, there comes 4+t- rt, 
nfoft accurately, p,88626639364^$•,fcarceexceedingthe 

Truth by 2 in the laft Figure, viz, when ^ 

1 f . *' .f * ' •: • . t 

And this (if need be) may be yet much far¬ 
ther verify’d, by fubtracHne (if it be -f e) the Quantity 
f*#* 4- j j _ ■ 

Jf Tb ' 1 ^ rcm l ^ e ^ 00t before found ; or (if it be — e) 


by adding 


— it* 


\Siss~-tb 


to that Root. Which Compendium 


■is fo much tlie more valuable, in; that fometimes from the 
, firfe Supposition alone, but always from the fecond,' a Man 
may continue the Calculus (keeping the feme Co-efficients) 
as far;as hfe pleafes. It may be noted, that the fort-menti- 
ori’d .tquati-jn lias alfo a Negative .Root/wst.. z.*~ 10,26. • • • 
-ivliich any pne that itts a- Mind) may determine more.ac¬ 
curately. 
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Example H. Soppofe *» — 17*+ 54* = 350, and 
let *■= 10. Then according to the Prefcript of the Rule, 

+ ** = 4 » + 34’* + 5<V* + « } 

^ —Ax. i — A* t —2d*t-~de 1 

' + f* = *<* + 4 * 

£ / f ' 'i 

That is, + 1000 + 300 e + 30*’ + e* 

— 1700 —340c —17c 1 , > . 

+ 540 + 54 « 

— 350 __ 

"Or, 510+ 14 « + I3«e + e* =0 


Now, fince we have — <510, it is plain, that a is a {Turned 
lefs than the Truth, and confequently that t is Affirmative. 
And from (the .Equation) 510 = 14* + 13c 1 , comes its. 

S£EE±± m *#a= 7 . Whence .=15,7.::; 
f « *3 

which is too much, bccaufe of « taken wide. Therefore, 
Secondly, let a— 15, and by the like Way of Reafoning we 


{hall find t: 


j r — tb 1094—Viryroj 


, ,8 >*" 4 
confequently, *= 14,954068. If the Operation were to be 
repeated the third Time, the Root will be found conforma¬ 
ble to the Truth as far as the 25th Figure $ but he that it 
contented with fewer, by writing tb + te* inftead of tb, or 

fobtrafting or adding to the Root before found, 

will prefently obtain his End. Note, the /Equation propos’d 
is not explicable by any other Root, bccaufe the Rtjolvtni 

\y d 

350 is greater than the Cube of —, or -. 

3 3 


Example Ilf. Let us take the Equation z,* —80&’ 
+ 1998*’ —14937*+5000=0, which Dr. WaBit ufes 
Chap. 62. of his Agtbra, in the Refolution of a very difficult 
Arithmetical Problem, where, by Viva * Method, be has 
obtain'd the Root mod accurately ; and Mr. Ralpbfm brings 
it alio as an Example of his Method, Pagt 25, 26. Now 
this Equationis of the Form which may have fcveral Af¬ 
firmative Roots, and (which increafes the Difficulty) the 
Qrtfficitnts arc very great in refpc& of the ReJdvmA given. 

But 
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‘ But tbit it mty He theeafier manag’d,' let 7 itl>e divided, 
and according m dheknowA Rules of Pointings let — *>+ 4^ 
8* c — 20 a. 1 + z, =^o,5 (where the Qppntity ^ u of 
* in the ^Equation propos’d) and for the fir ft Suppofijion, 
kt^r=i. Then -V — 2 e* «d" 4 g ? * — -Q,$;=:0; 

, . , . . Viss-l-bt — \s . 

that is, 11 =: 5e 2ce ; hence * =r —-- - 1 -V 13 

^jn — , and fo s = 1,27; whence ’tis manifeft, that 
4 

<12,7 is neat the true Root of the ./Equation propos'd. Now, 
Secondly, let us fuppofe *, = 12,7, and then according to the 
Directions ofthe Table of Powers, there arifes 

•• '1 , 

b t t h 

— 26014,4641— 8193,532* — 967,74< 1 — 50,8*’ — t * 

4* 163870,640 .4. 38709,60 * -4- 3048 So * ’ 

— 3 aaa 17,4 a — 50749,2 # — 1998 '«* 

4**89699,9 4-14937. ‘ « 

— - jrooo. .... • < 


4 r 298,655 9 — 5296,132*4- 82 ,a 6 **. 4 - a 9 »*** ■** i * 4ac0 ' 

And fe —7298,6559 = —. 1296,112 e 4 * 82,26 e e , whofif 

Ropt « (according to the Rule) — -V T* L\ comes 

2648,066—V6987686 106022 ’ , _ 

tO —■ 3 ------2^,05644080531.... 

*—r e lefs than the Truth. But that it may be corrected, ’tis 

■. t '< >, ,, , hue' — Ie 4 ,002620! .... . . 

to be connder d, that -~~, or --.-- is 

•Vj[js—bt 2643,423.. 

,00000099, and confequently t corrected,,is =0564470448. 
And if you deiire yet more Figures of the Root, from the e 
correfled, letthe* bemade tw ’-—r* 4 ^ 0,43105602423..-, 

„ . fx—V'fxr —bt — t«e’4-re 4 ... . „ „ 

and/-~—-,—-- or which is all one, 

' ' f 

2648 , ^66—4/6987685,67496597577.... 

• 82,26. . r - • 

,05644179448074402 =2 e ; whence a -\-e-z, the Root is 
mol} accurately 12,75644x79448074402 ... , as Dr 
'found in the fbremenrion’d Place; where it may be obferv’d, 
that the Repetition of the Gtlcttlus docs ever triple the true 
Figures iii the aflum’d *, which the firft Correction, or 
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*bt ^ oes quintuple; which ia jllfd qomjnodiopfly 

done by the Logarithms. But the other Correction after the 
ferftdotsalfo double the Number of Figures, To that it 
senders the affumei altogether Seven-fold; yet the firA Cor¬ 
rection is abundantly fufficient for Arithmetical Ufcs, for the 
moA Part. • 

But as to what is faid concerning the Number of Places 
rightly taken in the Root, I would have underAood fo, that 
wnen a is but —r Part difiant from the true Root, then 
the firA Figure is rightly a (Turned; if it be within j±- Part, 
then the two firA Figures are rightly aiTumed ; if within 
T v r n and then the three firA are fo ; which confequently, 
manag'd according to pur Rule, do prefently become nine 
Figures. * f \ V \ 

It remains how that I add fomething concerning out 

Rational Formula, viz. e — — S -r—r, which feems expeditious 

ss+tb 

enough, and is not much inferior to the former, fince it 
will triple the given Number of Places. Now, having 
form’d an Equation from a+- z-, as before, it will pre- 
fen tly appear, whether a be taken greater or leifer than the 
Truth ; fince re ought always to have a Sign contrary to the 
Sign of the Difference of the Refolvend , and its Homogtneal 
produc’d from a. / Thep fup^ofinjg e-\-a —tee = 0, 

the Divifor rs ;r—tfc, as often as t and b have the fame 
Signs; but it is ss when they have different opes. 

But it feems moA commodious for Practice, to write the 

Theorem thus, e —• - fince this Way the Thing isdone 

£ . / . 

by one Multiplication and two Divifions, which otherwise 
would require three Multiplications, and one Divifion. - 
let us take now one Example of this Method; from the 
Root (of the fore mention’d ^Equation) 12,7...., where 

298,6559 —5296,132*^+ $2,z6ee + 29,ae’ — t* = o> 

'+* — r +* 

b th. ■ ' 

fo 1 -= « i that is, let it be as s to#,, fo J fo 


= 5296,132) 298,6559 into 82,26 (4,63875 ... where¬ 


fore the Divifcr is /— — = 5291,49325.....) 298,6559 

(0,05644* 
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(0,056441 s e, that is, to five true Figm»,'add 
to the Root that was taken. But this Ftrmula cannot 
cone&ed, as the foregoing Irrational one was ; and fo 
ftore Figotes of the Root ate delued, ’ds the beft to make 
a hew Suppofition, and repeat the Calculus again: And then 
a new Quotient, tripling the known Figotes of the Root, 
will abundantly CttisQr even the moft Scrupulous. 


F I N I & 



ADVERTISEMENT. 


A New and Compleat Treatife of the Do£trine of Fractions* 
Vulgar and Decimal; containing not only all that hath hi* 
thertobeen publifh’d on this Subjedl; but alfo many other com* 
pendious Uftgcs and Applications of them, never before extant. 
Together with a compleat Management of Circulating Numbers, 
which is entirely New, and abfolutely neceflary to the right ufing 
of Fra&ions. To which is added, an Epitome of Duodecimals, 
and an Idea of Meafuring. The whole is adapted to the meaneft 
Capacity} and .very, ufefulto Book-keepers, Gaugers, Surveyors, 
ana to all Perfons whofe Bufinefs requires Skill in Aritbmerick. 
By Samuel Gwm, Teacher of the Machematicks in Litcbfiellfireef 
near Newport-Markets The ad Edition. Printed For f. Senex at 
th tQhbe in Salisbury Court; W, Tayjor ^t the Ship, andT, 
at the Blatk-Boy in Fattr-iiofUr Jtow. Price bbufld jl s. 1 
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